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Question 1. [p 77, #26]
Solve the initial value problem
y"'+9y=F(t)
y(0)=0
y'(0)=0
Ft) = i cosnt (- )nsinmf
N — n? n

where F(t) is the 27-periodic input function given by its Fourier series

1

Question 2. [p 107, #8]
U= ——

/IQ +y2 +22
Ugz + Uyy + Uz, = 0.

Verify that the function

is a solution to the three dimensional Laplace equation
Solve the one dimensional wave equation with the boundary conditions and initial conditions as given below

Question 3. [p 123, #2]
0%u 1 8%u
gu__24 1, t>0
ot? w2 0x2’ <rz<hLit>
u(0,t) =0, t>0
u(l,t)=0, t>0
u(z,0) =sinmrcosma, 0<z <1,
O<ax<l,

ou
5 (z,0) =0,

using the Method of Separation of Variables.
Solve the one dimensional wave equation with the boundary conditions and initial conditions as given below

O<zx<1l,t>0

Question 4. [p 123, #4]
0%u

)

0%u

o2~ Ox?’

u(0,t) =0, t>0

u(l,t)=0, t>0

u(z,0) = sinwx + %sin?nrx—i—?)sin?mc, 0<x<l,
)

p)
a—?(:c,() —sin2rr, 0<z<l,

using the Method of Separation of Variables.




Question 5. [p 124, #12]

Damped vibrations of a string. In the presence of resistance proportional to velocity, the one dimensional
wave equation becomes
0%u 0 0?
LRI e S
ot? ot 0x?
Solve this equation subject to the boundary conditions

O<z<L,t>0.

u(0,t) =0 and u(L,t) =0 for all ¢ >0,
and the initial conditions
u(z,0) = f(x) and —(x,0) = g(x) for 0<z<L

as follows:

(a) Assume a product solution of the form wu(z,t) = X (x)T'(t), and derive the following equations for X
and T,

X"+ X =0, X(0)=0, X(L)=0,
T" + 2kT" + (uc)®T = 0,

where p is the separation constant.

(b) Show that pu = p, = ﬂi—w and X =X, =sin(nnz/Li), n=12....

(c) Solve the equation T + 2kT/, 4+ (nmwe/L)* T, = 0 for T, n=1,2,. ...

(d) Conclude that when % is not a positive integer, the solution is

u(z,t) = e * Z sin (nwz /L) (ay, cosh At + by, sinh A, t)

1<n<kL/mc
ekt Z sin (nwxz/L) (ay, cos Ant + by, sin A\, t)
kL/me<n<oo
where these sums run over integers only, A, = ‘k2 _ (mrc/L)2‘, and where

92 L
w =7 [ f@sinGm/L) do. n=1.2....,
0

and the b, are determined from the equation

9 L
—kan + Apby = Z/ g(x)sin (nra/L) de, n=1,2,....
0

(e) Conclude that when % is a positive integer, the solution is as in (d) with the one additional term

sin (kx/c) (akL/wcefkt + bkL/mte*kt

with a,, and b, as in (d), except that by, /nc is determined from the equation

9 L
—kagrjre + bkLjre = f/ g(x)sin (kz/c) d.
0



Question 6. [p 133, #4]
Use D’Alembert’s solution to solve the boundary value problem for the wave equation

0%y 0%u
—_— = — 0 1,t>0
o = 0<e<lt>
w(0,6)=0, t>0
u(l,t)=0, t>0
u(z,0) =0, O0<z<l,
0
E%LMZL 0<z<l.

Question 7. [p 133, #8]
Use D’Alembert’s solution to solve the boundary value problem for the wave equation

?u 9%*u
gu_ou 1, t
BID 972 O0<x<l, t>0
u(0,t) =0, t>0
u(l,t) =0, t>0
u(z,0) =0, O0<z<l,
@(CC,O):SIHTF.T, 0<z<l1

Question 8. [p 134, #16]
D’Alembert’s solution for zero initial velocity. Show that the solution to the wave equation

Pu 0%

W:C@, O<.T<L7t>0
u(0,t) =0, t>0
u(L,t)=0, t>0
u(z,0) = f(z), 0<zx<L,
0
2 2,0)=0, 0<z<L

is given by .
u(z,t) = % Z by, [sin (nm(z — ct)/L) + sin (nm(z + ct)/L)]

2 L
where b, = Z/ f(z)sin (nmz/L) dz, n=1,2,....
0

Question 9. [p 144, #2]

Solve the boundary value problem for the one dimensional heat equation

Ou_0%u o b0
_— = — X s
ot  0x?’ ’
w(0,t) =0, t>0
u(m, ) =0, t>0

u(xz,0) =30sinz, 0<z<m,

and give a brief physical explanation of the problem.



Question 10. [p 144, #6]

Solve the boundary value problem for the one dimensional heat equation

ou  O%u
— = — 1, t
9% 92 0<x<l, t>0
u(0,t) =0, t>0
u(l,t) =0, t>0

u(z,0)=e™*, 0O0<z<l,

and give a brief physical explanation of the problem.



