Math 209
Assignment 9 — Solutions

1. Evaluate // /4y + 1dS where S is the first octant part of y = 22 cut out by 2z +y + 2z = 1.
s

Solution

We need a parametric representation of the surface S. In vector form this is: 7 = <x,x2,z> for
(z,z) € D. Now determine the normal vector:

or or ~ Jr _or
—:<1,2I,0>7 _:<07071>7 N=—Xx—_—

Ox 0z or 9z (22,-1,0).

To determine the domain D, we find the curve of intersection of the surface S: y = 2 and the plane:

2c+y+x=1:
2

y=x 1 2
2z—|—y+z_1}:>'z_1 2z — a7,

then, for the part in the first octant:

z2=1—-2x—=x

2
.20 }:>x2+2x—1—0:>x——1+\/§.

Thus, the domain D is given by D = {(z,2) € R?; 0 <z < -1+ 2, 0 < z <1 -2z — 2?}. Now to
evaluate the surface integral:

//\/4y+1d5'://\/4x2+1 IN|dz dz
D

S

—14+v2 pl—2z—2? 1
= / / (422 4+ 1) dzdx = = (=61 + 44V/2). 1
0 0

2. Evaluate // xy dS where S is the first octant part of z = /22 + y?2 cut out by 22 +y% = 1.
S

Solution

We need a parametric representation of the surface S. Since S is a surface of revolution we can use
polar coordinates, so in vector form this is: r = (tcos8,¢sind,t) for (t,0) € D, where we have used ¢
in place of r to avoid confusion with the position vector 7. Now determine the normal vector:

a—::<0089,sin9,1>, a—g=<—tsint9,tcose,0>7 N:a—Zx 8—g:<—tcose,—tsin9,t>.
The domain D consists of the portion of the surface S: z = y/x2 + y2 that lies within the first octant
and within the cylinder 22 + 32 = 1. In polar coordinates (¢,6), this gives D = {(¢,0) € R?; 0 < t <
1, 0 < 6 < 7/2}. Now to evaluate the surface integral:

_ w/2 pl \/5
//xde://t2sin0(:ost9|N|dtd0:/ / \/§t3sin(9cosedtd9:?. |
0 0
s D
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3. Calculate the surface area of the curved portion of a right circular cone of radius R and height h.

Solution
We need a parametric representation of the surface S. Since S is a surface of revolution we can use
polar coordinates, so in vector form this is: r = <t cos 6, tsind, %> for (t,0) € D, where we have used

t in place of r to avoid confusion with the position vector 7. Now determine the normal vector:

or . h or - ar ar ht
E—<cosﬁ,sm0,§>, ) = (—tsinf,tcosh,0), N = N W_<_EC s6, — R51n9,t>.

The domain D consists of the portion of the surface S: z = (h/R)+/2? + y? that lies within the cylinder
2? +y? = R% In polar coordinates (t,6), this gives D = {(t,0) e R?; 0 <t < R, 0 <0 < 27}. Now
to evaluate the surface integral:

N 2r  rR
// dS:/ |N|dtd6:/ / t\/1+ (h2/R%)dtd) = TRVR® + h2. 11
0 0
S D

ds
4. Evaluate // o where S is the part of the sphere 2 + y? + 22 = 4R? between the planes z = 0
T Yy

S
and z = R.

Solution

We need a parametric representation of the sphere S. The easiest way to paremeterize the sphere is to
use spherical coordinates with p = 2R, so in vector form this is: r = 2R (sin ¢ cos 6, sin ¢ sin 6, cos )
for (¢t,0) € D. Now determine the normal vector:

or = 2R (cos ¢ cos b, cos psinf, — sin ) , ar = 2R (—sin ¢ sin #, sin p cos §,0) ,
Op ol

- 9r ar

N = a—: X a—; = 4R? <—s1n @ cos B, sin” @ sin 6, sin p cos gp).

The domain D consists of the portion of the surface S that lies within the planes z =0 and z = R. In
spherical coordinates these correspond to ¢ = 7/2 and ¢ = 7/3 respectively. Thus, the domain D is:
D= {(p,0) e R% 7/3< o< /2, 0<0<2r}. Now to evaluate the surface integral:

|N| 27 pm/2
> > dgpd@z cscpdpdfd =mIn3. N
x +y 4R? sin® 0 /3
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5. Evaluate //(y22?+ye’”;+xk)~ﬁds where S is defined by y =22, 0 < y <4,0< 2 < 1,and n is
s

the unit normal to the surface S with positive y-component.

Solution
We need a parametric representation of the surface S. In vector form this is: 7 = <x,x2,z> for
(x,2) € D, where D = {(z,2) € R?; —2< 2 <2, 0<2<1}. Now determine the normal vector:

or or - Jr _or
a—x—<1,2$,0>7 E—<07071>, N—a—xXa—<2fL’,—170>

Now, to evaluate the surface integral:
//(yz27 + yezy +zk) -ndS= //(J;QzQ? + x2ez; +zk) - Ndxdz
s D

1 g2
= / / (—22%2 + 2%e®) dx dz = 2¢* — 10e72. 1
0o J-2

6. Evaluate //(m7 + y;) -1 dS where S is the part of z = /22 + y2 below z = 1, and 7 is the unit

s
normal to the surface S with negative z-component.

Solution
We need a parametric representation of the surface S. Since S is a surface of revolution we can use
polar coordinates, so in vector form this is: r = (tcos8,¢sind,t) for (t,0) € D, where we have used ¢

in place of 7 to avoid confusion with the position vector 7. Now determine the normal vector:

or or - 9r _or
_— = 1 1 —_— = (= 1 N = — _— = — 1 — .
pr (cosf,sinf, 1), 50 (—tsind,tcosb,0), 50 X r (tcos@, —tsin 6, —t)

The domain D consists of the portion of the surface S that lies below z = 1, i.e. in the region 22+ < 1.
In polar coordinates (¢,6), this gives D = {(t,0) e R?; 0 <t <1, 0 < 6 < 27}. Now to evaluate the
surface integral:

— — N — — — 27 1
//(:m'+yj)'ndS=//(tCOSGi+tsin9j)~thd9:/ /tdtd9:2§. |
o Jo
s D
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7. Evaluate //(x2y7 +xy; +zk)- n dS where S is defined by z = 2 — 22 — 2, 2 > 0, and n is the unit

s
normal to the surface S with negative z-component.

Solution
We need a parametric representation of the surface S. Since S is a surface of revolution we can use
polar coordinates, so in vector form this is: r = <t cosf,tsinf,2 — t2> for (¢,0) € D, where we have

used t in place of r to avoid confusion with the position vector 7. Now determine the normal vector:

or or - 9r _Or
8_:; = (cosf,sind, —2t), a—g = (—tsinf,tcosh,0), N = a—; X 8_: = <—2t2 cos 6, —2t> sin@,—t).

The domain D consists of the portion of the surface S for which z > 0, i.e. in the region z2 + y?
In polar coordinates (t,6), this gives D = {(t,0) € R?; 0 <t < /2, 0< 0 < 2r}. Now to evaluate the
surface integral:

—

//(a:zy?—l—xy?—l—szﬁdS: //(tBCOS2HSin97—I—tQCOSeSintg;+ (2—t2);)-thd9
s D

27
= / / (—2t° cos® fsin 0 — 2t* cosfsin® 6 — 2t + tS) df dt

V2 4 9 .3 0
— / (t5 SR V2 e 2t)0)
o 2 3

V2
:27r/ (3 —2t)dt = —27w. 1
0

2

dt
0

8. Find the centroid of the surface S consisting of the part of z = 2 — 22 — 32 above the zy-plane.

Solution
We need a parametric representation of the surface S. Since S is a surface of revolution we can use
polar coordinates, so in vector form this is: r = <t cosf,tsinf,2 — t2> for (¢,0) € D, where we have

used t in place of r to avoid confusion with the position vector 7. Now determine the normal vector:

or . or ., . - 9r _9r _, ., -
E—(COSG,&HG‘, 2t), 50 = (—tsinf,tcosh,0), N = 50 X 5 —< 2t° cos B, —2t" sin b, t>.

The domain D consists of the portion of the surface S for which z > 0, i.e. in the region z2 4+ y? < 2.
In polar coordinates (t,6), this gives D = {(t,0) € R?; 0 <t < \/_, 0 < 6 < 27}. The area of S is

given by:
27 \/5
- 1
:// dS:/ |N\dtd0:/ / t\/1+4t2dtd9:%.
0 0
S D

By symmetry, it follows that £ = § = 0. Thus, z-component of the centroid is:

- //Zd —A—//2—t N|dtd6_fs)/o%/oﬁt@—tz)mdtdo_21247(7;).

Thus, the centroid is: (z,7,2) = (0,0, 31). 1
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9.

10.

Find the moment of inertia about the z-axis of the surface S consisting of the part of z = 2 — % — /2

above the zy-plane.

Solution
We need a parametric representation of the surface S. Since S is a surface of revolution we can use
polar coordinates, so in vector form this is: r = <t cosf,tsinf,2 — t2> for (¢,0) € D, where we have

used t in place of r to avoid confusion with the position vector 7. Now determine the normal vector:
or ar

i (cos@,sin @, —2t) 50

= (—tsinf,tcosb,0), N = or x or

30 5 = <—2t2 cos 6, —2t%sin 6, —t> .

The domain D consists of the portion of the surface S for which z > 0, i.e. in the region 22 + y? < 2.
In polar coordinates (t,6), this gives D = {(t,0) € R% 0 <t < /2, 0 < 6 < 27}. The moment of
inertia about the z-axis is:

1 - 2m V2 1497
I,=—— 24+ 42)dS = tQthdez/ / 31+ 4e2dtdo = —. 1
A<S>//("” +)as = [[IN] 0 o - 130

S D

A circular tube S : 22+ 22 =1, 0 < y < 2 is a model for a part of an artery. Blood flows through the
artery and the force per unit area at any point on the arterial wall is given by

1 —

Feevn ~
e n—l—y2+1j,

where 7 is the unit outer normal to the arterial wall. Blood diffuses through the wall in such a way

that if dS is a small area on S, the amount of diffusion through dS in one second is E -1 dS. Find the
total amount of blood leaving the entire wall per second.

Solution

We need a parametric representation of the surface S. Since S is a cylinder with axis parallel to
the y-axis, the most prudent way to parameterize the surface is by using polar coordinate 6 in the
zz-plane and y as the parameters, so in vector form this is: 7 = (cosB,y,sin ) for (y,0) € D, where
D ={(y,0) €eR? 0<y <2, 0<6<2n}. Now determine the normal vector:

88_; =(0,1,0), aa—g = (—sin6,0,cos0), N = %—; X 88—; = (cos0,0,sin6) .
The unit normal n and surface element dS are given by:
n = — = (cosb,0,sin0) , dS = |N|dydf = dydb.
[N

The total amount of blood leaving the entire wall per second is:

N N . 27 2
//F-ﬁdsz//(eyﬁ+ 21 j>~ndyd0:/ /e*ydycw:%(l—e*?). |
g /s y*+1 o Jo




