Math 209
Solutions to Assignment 7

Due: 12 Noon on Thursday, November 10, 2005

1. Find the gradient vector field of the following functions:
(a) f(z,y) =In(z+2y);

(b) f(z,y,2) = wcos(y/2).
Solution. (a)

Thus, the gradient vector field is

1 2

vi=( ! 2 ) i+ j
= s = 1 .
T+2y 4+ 2y x4+ 2y 33—|—2y‘]

(b) i i
fo=cos(y/2)), fy =~ sin(/2), .= T sin(y/2).

Thus, the gradient vector field is
xr . Ty .
v/ = (cos(y/2)), = sin(y/2), 75 siny/2))

=cos(y/z)) i— gsin(y/z) j+ % sin(y/z) k.

2. Suppose f(x,y) = 22 — y?. Find / f ds where
c

(a) C is formed from the edges of a triangle with vertices at (0,0), (2,1) and (1, 2).
(b) C is a circle of radius 2 centered at the origin.

Solution. (a) For convenience, we denote by C7, C2 and C the line segments from (0,0) to (2, 1),
from (2,1) to (1,2) and from (1, 2) to (0, 0), respectively. Then C = Cy+C3+C3 and the parametric
equations of C7, Cy and C'5 as given as follows:

—0-(1—t)+2t=2t
o 4r=0- =t 0<t<1,
Cy: 7 1=+ 0<t<1,
y=101—1)+2t =t+1,

=1-(1— t=1=
C, T (1—-¢t)+0-¢ t 0<t<1
y=2(1—-t)+0-t=2—2t,

Thus,

/Cfds—/01fds+/czfds+/03fds

:/0 (47521— t?)\/gdtJrl/o ((2—“2—(“1)2)&‘1”/0 (=624 -12)V5at
:3\@/0 t2dt+\/§/0 (3—6t)dt+\/5/0 (—3 + 6t — 3t2) dt
~0.



(b) The paramentric equation of C' is

= 2cost
* OB <t <om
y = 2sint,

Thus

27
/deZ/ (4005215—4sin2t)\/4sin2t+40052tdt
c 0

27

=0.

2
= 8/ cos(2t) = 4sin(2¢t) .
0

. Evaluate / (x +yz) dx + 2x dy + zyz dz, where C consists of line segments from (1,0,1) to (2,3,1)
c
and from (2,3,1) to (2,5,2).

Solution. We denote by Cy and Cy the line segments from (1,0,1) to (2,3,1) and from (2,3,1) to
(2,5,2), respectively. Then

Cu: (@), y(t), 2(t) = (1,0,1)(1 —t) + £(2,3,1) = (1 +£,3t,1), 0<t<1,
Cy: ((t),y(t), 2(t)) = (2,3, 1)(1 — 1) + 1(2,5,2) = (2,3 + 26,1 +1), 0<t<1.

Thus,
1
/(m+yz)dx+2xdy+wyzdz:/ ((1+t+3t)+2(1+t)-3+3t(1+t)-0)dt
Cq 0
1
:/ (7 +10t) dt = 12,
0
1
/(m—l—yz)dm—i—?xdy—i—xyzdz:/ ((2+(3+2t)(1+t))~O+8+2(3+2t)(1+t)>dt
Cs 0

! 61
:/ (14+10t+4t2)dt:?
0

1
/:/ +/ g BT
c Jo Jo, 3 3

. The formula for a cycloid is given parametrically by (¢ — sin(¢), 1 — cos(t)). Find the length of the
curve over one cycle 0 <t < 27.

Solution. The length is

Therefore

i V(@' ()2 + (v ()2 dt = /0 i \/(1 —cost)? +sin? tdt

0

27 27
t
= \/2—2COStdt=2/ sinidt:&
0

0

. Determine whether or not F is a conservative vector field, if it is, find a function f such that
F=V/.

2

(a) F(z,y) = (2xcosy —ycosz)i+ (—x°siny — sinx)j.

()  F(z,y) = (ye* +siny)i+ (e* + z cosy)j.



Solution. (a) Let

P(z,y) =2xcosy —ycosz, Q(r,y)= —x*siny — sinz.

Since )
P, = —2zsiny —cosz =

throughout the open, simply connected domain R?, it follows that F is conservative.

Now assume Vf = F. Then
fz =P =2xcosy —ycosz,

and hence
f= /P(x,y) dz + g(y) = x* cosy — ysinz + g(y).

On the the hand, since f, = @,
9 x? cosy — ysinx + = —22siny — si
dy y —ysinz + g(y) x7siny —sinx,

that is
—2%siny —sinz 4 ¢/(y) = —a?siny — sinz.

Thus, ¢'(y) = 0 and g(y) = K, where K is a constant. Therefore
f(z,y) = 2% cosy — ysinz + K.

(b) Let
P(z,y) = ye" +siny, Q(z,y) =e" +zcosy.

Then
Py=¢e"+cosy=0Q,

throughout R2. Thus, F is conservative.
Now assume Vf = F. Then

fz,y) = /P(x,y) dx + g(y) = ye” + xsiny + g(y).

Since f, = @,

0
a (yex + xsiny + g(y)) =e® + xcosy.
It follows that ¢’(y) = 0 and hence g(y) = K. Therefore

flz,y) =ye* +zsiny + K.

. Evaluate / F - dr along the given curve C:
c

2
i )i+t (2yarctanz)j, C: x(t) = () i+ (20, 0<t<1,

(b) F(z,y,2) = (y*cos2)i+ (2zycos2)j — (zy’sinz)k, C: r(t) = (t?) i+ (sint) j+1k,

Solution. (a) Let

P(z,y) = =—, Q(z,y) =2yarctanzx.



Then it’s easy to verify that
Vf=F=(PQ),

where
f(z,y) = y*arctan .

It follows by the fundamental theorem that
[ Pede= [ 95 dr = f6(0) - F60) = £(1,2) - £0.0) = .
c c

(b) Let
f(z,y,z) = zy? cos 2.

Then it’s easy to verify that
Vf = (y*cos z,2xy cos z, —xy? sin z) = F.

Therefore,
[ Pede= [ 95 -dr = fe(m) = £(6(0) = 1%, 0.) = £(0,0,0) =0,
c c
. Show that the line integral is independent of path and evaluate the integral:

/ (1 —ye *)dx+e "dy,
c

where C is any path from (0, 1) to (1,2).
Solution. Let
F=(1-ye ™ e ") =(PQ).

Suppose the equation of C is given by

r=r(t).
Then

/(1—ye_m)dx+e_rdy:/ de—i—Qdy:/ F - dr.
c c c
Let
flzy) =z +ye ™.

then it is easy to verify that

Vf=F.

Therefore F is conservative and the integral / F - dr is independent of path. Moreover, by the
c
fundamental theorem,

/F~dr:/Vf-dr:f(l,Q)—f(O,l):26_1.
C C

. Find the work done by the force field F(x,y) = (y?/2?) i — (2y/x) j in moving an object from
P(1,1) to Q(4, —2).
Solution. Let

Y
f(xfy)* T
Then )
v 2y
= (—, —— :F
vi=(% -2



10.

Therefore the work done by the force field F(z,y) = (y?/22) i — (2y/x) j in moving an object from
P(1,1) to Q(4,-2) is

/F-dr:/Vf-drzf(4,—2)—f(1,1):—1—(—1):0.
C c

. Show that if the vector field F = P i+ @ j+ R k is conservative and P, (@, R have continuous

first-order partial derivatives, then

P 9Q 9P OR 0Q OR
oy  Ox’

9z oz’ 0z Oy

Solution. Suppose
F=Pi+Qj+Rk

is conservative. Then there exists a function f(z,y, z) such that

fac:Pa fy:Qa fz:R~

Therefore
oP 0Q
aiy _fwyv aj_fy:va
OP OR
E _fa;zv % —fzxa
0Q ., OR
% _fyzv aiy —fzy-

It then follows by Clairaut’s theorem that

oP_oq o _or o _on
oy ox’ 0z Ox’ 0z Oy’

—yita]
x2_|_y2
P_ 0

5}
(a) Show that o or

Let F(x,y) =

(b) Show that / F - dr is not independent of path. [Hint: Consider the upper and lower halves of
c
the circle 2 4+ y% = 1 from (1,0) to (—1,0)]

Proof. (a) Since
—y T
P(z,y) = m, Qz,y) = m,
Bj _ 1 y-2y y? — 2
dy - x2 4+ 92 (x2+y2)2 - (x2—|—y2)2’
37Q B 1 r-2r y? — x?
or  x2+y? (2 +y2)? (a2 +y?)?
Thus
P _0Q
oy Oz’



(b) We denote by C; and Cs the upper and lower halves of the circle 22 4+ y? = 1 from (1,0) to
(—1,0), respectively. Then

Cy: r(t) = (cost,sint), 0<t<m,
Cy: r(t) = (cost,—sint), 0 <t <.

Thus,

—y T
F.dr = ——dr+ ——d
/;1 /C'1I2+y2 z2_|_y2 Y

= / ((fsint)(f sint) + (cost - cost)) dt =,
0
—Y T
F.-dr = — _de+ —d
/Cz /02 r? +y? 22tz Y

= /Ow((sint)(— sint) + (cost)(— cos t)) dt = —m.

Thus / #+ and / F - dr is dependant on path. ( Note: This happens because the domain of
Cq Ca C
definition of F is R?\ {(0,0)}, which is not simply connected. )



