Math 209
Midterm — Solutions

1. Either compute the following limit or show that it does not exist:
VrZyz+1-1
@y—00  z*+y*

Solution
We have (by passing to polar coordinates z = r cosf and y = rsin6)

_ Vatyz+1-1 i z2y? i 1
1m —_——— = 1m — 1m —_——
(@y—00)  z24+y? 29)—(0,0) 22 + y? (2,9)—0,0) \/2x2y2 + 1+ 1
i x2y2 1
= 1m _ . =
z,y)—(0,0) 2 +y2 2
1 tcos?fsin®0 1
= — lim resuvsmuy_Z lim r2 cos® §sin? 6.
2 r—0 r2 2 r—0

By applying the squeeze property
0<7r?cos?fsin?20<r?—0 as r— 0,

we obtain
vty +1-1 1
lim L:_.OZO_ [

(z,5)—(0,0) 22 + y? 2

2. (a) Let u(x,y, 2) = e 4 cos(52). Find all values of the constant “a” which make the following true:
u P o _
0x2 Oy 022

(b) Find % and % at the point P: (1,In2,In3) if ze¥+ye*+2Inz—2—-3In2=0.
Z Y

Solution

(a) Taking derivatives we have:

2
g—z = e cos(52) = au, % = ag—z = a®u,
ou wz 0%u ou
9 46T cos(52) = 4u, 92 4@ = 16w,
2
g_u = —5e¥ W gin(52), % = —5227 T cog(52) = —25u.
z z

Therfore

2 2 2
%“1‘%4‘%20 when (a2 +16—25)u=0 ie. when a==+3.
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(b) Let F(x,y,2z) = ze¥ +ye® + 2Inz — 2 — 3In2. Taking derivatives we have:

2
F(x,y,2) :ey—i—g, F,(1,In2,In3) =4,
Fy(z,y,2z) = xe¥ + €7, F,(1,In2,In3) = 5,
F.(z,y,z) =ye?, F.(1,In2,In3) =3In2.
Therefore
0z|  Fy(1,In2,In3) 4 0z|  F,(1,In2,In3) 5
or|p  F.(1,In2,In3) 32’ dylp  F.(1,In2,In3)  3In2’

3. (a) Find the equation of the tangent plane to the surface 22 + 2y? + 322 = 6 at the point (1,—1,1).
(b) Find the differential du for the function u = zy + zz + yz .
Solution
(a) Let
F(z,y,2) = 2% + 2y% + 32°.

Then
VF = (F,,F,, F,) = (2z,4y,62),

which implies VF(1,-1,1) = (2, —4,6).
Thus, the equation of the tangent plane to the surface F(z,y,z) = 6 at the point (1,—1,1) is
(2,-4,6)- (z—1,y+1,2—1) =0,
that is
2@—-1)—4(y+1)+6(z—1)=0.
Simplifying this last equation gives
T —2y+ 32 =6.
(b) Note that
Uy =Y+ 2, Uy =2+ 2, Uy =2+ Y.

Thus

du = uzdx + uydy + u.dz
(y+2)de+ (z+ 2)dy + (x + y)dz. 1

4. The Temperature at a point (x,y, 2) is given by
T(x,y,z) = 100e~* ~wv=="+2

(a) Find the rate of change of the temperature at the point (1,0, 1) in direction of v = (1,1, 1).
(b) In which direction does the temperature increase fastest at P?

(¢) Find the maximum rate of change of the temperature at P.

Solution
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(a)

VT(2,y,2) = (—2x—y,—x,—322)100e % —2v—="+2
VT(1,0,1) = 100(—2,—1,—3)
1 1 1 1
HU” = ﬁ U= (—3,_37%)
D,T(1,0,1) = VT(1,0,1)-u
= @(—2 -1-3)= 00 00y,

V3

(b) The temperature increases fastest in P in direction

V3

VT(1,0,1) = (—200,—100, —300).
Also correct are any positive scalar multiple of the above vector, e.g. (—2,—1,-3) or
(—2/V/14,—1/+/14,-3//14) etc.

(c)
|VT(1,0,1)] = 100v4 + 1+ 9 = 100v/14. B

5. (a) Find the local maximum and minimum values and the saddle points of the function f(z,y) =
(@ + )=
(b) Find the extreme values of the function f(x,y) = e~*¥ on the region described by the inequality
2% 4 4y? < 1. Use Lagrange multipliers to treat the boundary case.

Solution

(a) First, to find the critical/singular points we need to compute the first-order partial derivatives:
fo= 2176927762(1 — 2% —y?), fy :2yey2*m2(1—|—x2—|—y2).

Clearly f, = 0 if ad only if y = 0. Using this into f; = 0 we get 2xe‘w2(1 — 22) = 0, which gives
=0 or x = +1. Thus |the critical points are (0,0), (1,0) and (—1,0) ‘ To classify these points
we use the second derivative test. Note that

foz = e’ (1 -2 —y?)(1—22%) — 227),
Joy = fya = _4xy6y2712 (12 + yQ)a
Fow = 26777 (1 + 22 +92) (1 + 29°) + 2¢°) .

The Hessian matrix at (0,0) is which is positive definite, therefore (0,0) gives a local

2 0
0 2
minimum (turns out to be the global minimum), and its value is f(0,0) = 0.
—4e~ ! 0

The Hessian matrix at (£1,0) is < 0 do—1

> which is indefinite, therefore (1, 0) are saddle
points.

(b) Since the region is closed and bounded, the function attains its max. and min. there. All we have
to do is find the critical points, singular points, etc. and evaluate the function at those points.
First we work in the interior (z2 + 4y? < 1). Here we find the critical points. We see that
Vf(z,y) = (—ye *¥,—ze™¥) equals (0,0) if and only if x = 0 and y = 0. Thus (0,0) is the only

critical point in the interior. At this point we have | f(0,0) = 1| There are no singular points.
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Second, we work on the boundary (22 + 4y? = 1). Here we use Lagrange multipliers with
f(z,y) = e~*¥ being the objective function, and g(z,y) := 2% + 4y?> = 1 the constraint. From
Vf = AVg we get the equations

—ye "V =2z (A)
—ze 7Y = 8)\y. (B)

Combining these two equations we get x2 = 4y?, and using this into the constraint 22 4+ 4y? = 1
we obtain z = :I:% and therefore y = :I:ﬁﬁ. We evaluate the function at these points:

2
1 1 i 1 1Y _ s
f (iﬁ’*z—ﬁ):”’ ! (iﬁim)—e |

. 1 1 . L1 .. .1
Since e~ 1 < 1 < e, the maximum of f on the region is ¢4, and the minimum is e~2. §}

6. Find the volume of the solid under the paraboloid z = 2% + y? and above the triangular region in the
zy-plane bounded by the lines y =z, x =0, and x + y = 2.

Solution

= [[ @ yizay.

where D = {(z,y) |2 <y < 2—-2 and 0 <z <1}

2—x

1 p2-2 1 3
V= //(:1c2 +yH)dzdy = / / (22 +y?)dxdy = / (x2y+ %) dx
0 Jx 0 T
D

:/Ol(ﬁ(z—xwr@—aﬁ x)dm- (% (2_3—@3)@:
S

72t 28 (2—a2)%\! 7 16 16 4
Y L C ik ) R A —=—_=-.1
123 2 ), 1273 12 12 12 3



