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Abstract

Refuge provides an important mechanism for preserving many ecosystems. Prey refuges directly benefit 
prey but also indirectly benefit predators in the long term. In this paper, we consider the complex dynamics 
and bifurcations in Holling-Tanner model with generalist predator and prey refuge. It is shown that the 
model admits a nilpotent cusp or focus of codimension 3, a nilpotent elliptic singularity of codimension at 
least 4, and a weak focus with order at least 3 for different parameter values. As the parameters vary, the 
model can undergo three types degenerate Bogdanov-Takens bifurcations of codimension 3 (cusp, focus 
and elliptic cases), and degenerate Hopf bifurcation of codimension 3. The system can exhibit complex 
dynamics, such as multiple coexistent periodic orbits and homoclinic loops. Moreover, our results indicate 
that the constant prey refuge prevents prey extinction and causes global coexistence. A preeminent finding 
is that refuge can induce a stable, large-amplitude limit cycle enclosing one or three positive steady states. 
Numerical simulations are provided to illustrate and complement our theoretical results.
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1. Introduction

Refuges, for instance coral reefs, are critical in the preservation and persistence of an ecosys-
tem. Prey can stay in a refuge to escape from predation, while predators can also benefit from 
the prey refuge effect in the long term. Clearly prey refuges facilitate the coexistence of prey and 
predators in a habitat [4,25]. Motivated by three typical ecosystems, Wang et al. [36] quantita-
tively formulated and explored three mechanisms of refuge-mediated prey-predator interactions 
that lead to paradoxical inverted biomass pyramids. Gause et al. [13] constructed a Filippov 
predator-prey model to describe the effect of the prey refuge. Prey refuges were widely believed 
to have two most significant roles: preventing prey extinction and damping predator-prey oscil-
lations [27]. The former one was confirmed by some empirical evidences, but the latter was still 
in doubt [27,28]. Moreover, McNair [27] found that several kinds of refuges can exert a locally 
destabilizing effect and create stable, large-amplitude oscillations which would damp out if no 
refuge was present. McNair [28] found that a prey refuge with legitimate entry-exit dynamics 
is quite capable of amplifying rather than damping predator-prey oscillations. The methodology 
of incorporating prey refuges into predator-prey models were various [27,28,31,34,35]. As a ba-
sic topic in ecology, researchers have extensively investigated the effects of prey refuge on the 
predator-prey dynamics [5,18,20,26,29].

To introduce our model, we start from the general Leslie type predator-prey system as follows 
(Freedman and Mathsen [11]):

ẋ = (ρ1 − b1x)x − p(x)y,

ẏ = (ρ2 − a2y

x
)y, (1.1)

where x(t) and y(t) denote densities of prey and predators at time t , respectively; and p(x) is the 
so-called functional response describing the per capita consumption rates of predators depend-
ing on prey density. System (1.1) with different functional responses p(x) has been thoroughly 
studied in the literature (see [12,16,17,30,38] and references therein).

Aziz-Alaoui and Okiye [3] considered generalist predator and Holling II functional response 
in system (1.1) as follows

ẋ = x(ρ1 − b1x) − a1x

n + x
y,

ẏ = (ρ2 − a2y

q + x
)y, (1.2)

where a1 is the maximum rate of predation, and n is the half-saturation constant. Here x + q

is the new carrying capacity for predators, and q > 0 can be seen as an extra constant carrying 
capacity coming from all the other food sources for predators. Note that when x = 0, the second 
equation in system (1.2) becomes ẏ = (ρ2 − a2y

q
)y, that is the predator can survive by switching 

to other food source even its favorite prey disappears. Thus, the predators in system (1.2) can be 
regarded as a generalist predator. System (1.2) and its variations have been studied extensively, 
see for example, Aziz-Alaoui and Okiye considered the boundedness of solutions, the existence 
of an attracting set, and global stability of the coexisting interior equilibrium of system (1.2) [3]. 
Later Li and Song [23] made a detailed study about the global stability of the unique positive 
equilibrium of system (1.2). Recently, Xiang, Huang and Wang [38] showed the existence of 
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degenerate Bogdanov-Takens bifurcation of codimension 3 (cusp case) and Hopf bifurcation 
with codimension at most 2. Moreover, they showed that the prey population can go extinct for 
some positive initial densities.

The simplest yet important refuge is the constant prey refuge, which is assumed to be a con-
stant (say μ). When the prey population is below the quantity μ, the predators cannot capture 
prey, whereas when the prey population is above this quantity, predation takes place. Recently, 
Slimani et al. [32] considered a constant prey refuge in model (1.2) as follows:

ẋ = x(ρ1 − b1x) − a1(x − μ)+
n + (x − μ)+

y,

ẏ = y(ρ2 − a2y

q + (x − μ)+
), (1.3)

where (x − μ)+ = max{0, x − μ}, and μ ≥ 0 represents the constant refuge of prey and leaves 
(x − μ)+ of the prey available to the predator. When the predator is absent, the density of prey x
satisfies a logistic equation and converges to ρ1

b1
. For system (1.3), there exists a certain threshold 

values μ such that, if x > μ, i.e., the density of prey is relatively high, then the prey could go 
out of the refuge to seek food since most food sources for prey to survive are outside the refuge, 
hence (x −μ)+ = x −μ; if x < μ, i.e., the density of pres is relatively low and the prey will stay 
in the refuge, then (x − μ)+ = 0. The attracting set, the existence and rough types of positive 
equilibria, globally asymptotical stability of a unique positive equilibrium, the existence of limit 
cycles were studied in [32]. However, the biological effect of constant prey refuge, the complex 
dynamical behaviors and bifurcation phenomena still remain unknown, especially for the high 
codimension bifurcations in system (1.3).

In this paper, we revisit system (1.3) for the case μ > 0. We perform the classification of 
positive equilibria of system (1.3). By the normal form theory, we will show that system (1.3) has 
three types nilpotent positive equilibria: cusp and focus with codimension at most 3, elliptic with 
codimension at least 4, and system (1.3) can undergo three different types degenerate Bogdanov-
Takens bifurcations of codimension 3 (cusp, focus and elliptic cases). For the Hopf bifurcation 
problem, using the resultant elimination and pseudo-division to solve the semi-algebraic varieties 
of focal values, we will prove that the order of a weak focus of system (1.3) is at least 3, and 
system (1.3) can undergo degenerate Hopf bifurcation of codimension 3. Moreover, we will 
further prove that all the boundary equilibria of system (1.3) are unstable, which implies as t
tends to +∞, prey and predators with positive initial population densities will eventually coexist 
in the form of periodic oscillations or positive steady states.

For simplicity, we first nondimensionalize system (1.3) with the following scaling:

x = ρ1

b1
x, y = ρ1ρ2

b1a2
y, t = τ

ρ1
,

dropping the bar and still denoting τ by t for convenience leads to

ẋ = x(1 − x) − ay(x − b)+
k1 + (x − b)+

,

ẏ = cy(1 − y

k2 + (x − b)+
), (1.4)
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Fig. 2.1. Phase portraits of system (1.4). (a) b = 1.2 > 1. (b) 0 < b = 0.4 < 1.

where all parameters are positive, and a = a1ρ2
a2ρ1

, b = b1μ
ρ1

, c = ρ1
ρ2

, k1 = b1n
ρ1

, k2 = b1q
ρ1

,

(x − b)+ = max{0, x − b} .

The remaining paper is organized as follows. In section 2, we study the existence of nonnega-
tive equilibria and their types. In section 3, we analyze three different types of Bogdanov-Takens 
bifurcations of codimension 3 and provide some numerical simulations. The Hopf bifurcation 
of the center-type equilibrium corresponding to system (1.4) is studied in section 4. Finally, in 
section 5 we explain some important theoretical results and conclude the paper.

2. Equilibria and their types

In this section, we analyze the number and types of nonnegative equilibria of system (1.4) in 
R2+ = {(x, y)|x � 0, y � 0}. Obviously, system (1.4) is locally Lipschitz and piecewise-smooth, 
and the positive invariant and bounded region of system (1.4) is (see Fig. 2.1)

� = {(x, y)|0 ≤ x ≤ 1, 0 ≤ y ≤ k2 + max{0,1 − b}}.

System (1.4) is equivalent to the following two systems:

ẋ = x(1 − x),

ẏ = cy(1 − y

k2
), 0 < x < b, (2.1)

and

ẋ = x(1 − x) − ay(x − b)

k1 + (x − b)
,

ẏ = cy(1 − y

k2 + (x − b)
), x ≥ b. (2.2)
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Note that system (1.4) has a switching line �, where

� = {(x, y) ∈R+ ×R+ : x = b},

which separates the interior of the first quadrant into two subregions

S1 = {(x, y) ∈ R+ ×R+ : x < b},
S2 = {(x, y) ∈ R+ ×R+ : x > b}.

System (1.4) always has three boundary equilibria E00(0, 0), E10(1, 0) and E20(0, k2). Con-
sidering the corresponding Jacobian matrix of system (1.4) at these boundary equilibria, we can 
obtain the following results.

Lemma 2.1. System (1.4) always has three boundary equilibria: E00(0, 0) is always an unstable 
node, E10(1, 0) and E20(0, k2) are always hyperbolic saddles.

2.1. Case I: b ≥ 1 (i.e., μ ≥ ρ1
b1

)

In this case, system (1.4) has a unique positive equilibrium (1, k2), which is always a stable 
hyperbolic node. Moreover, we have the following result.

Theorem 2.2. If b ≥ 1, then the unique positive equilibrium (1, k2) is a global attractor for 
system (1.4) in the interior of the first quadrant.

Proof. When b ≥ 1, all of the trajectories of system (1.4), starting in S2, will cross the line 
x = b from right to left. In the region S1, system (1.4) becomes as system (2.1). The unique 
positive equilibrium (1, k2) is located on the invariant line x = 1 of system (2.1). Moreover, 
the three boundary equilibria are all unstable, and the positive invariant and bounded region of 
system (2.1) is � = {(x, y)|0 ≤ x ≤ 1, 0 ≤ y ≤ k2} (see Fig. 2.1(a)). Thus the unique positive 
equilibrium (1, k2) is a global attractor for system (1.4) in the interior of the first quadrant. �
2.2. Case II: 0 < b < 1 (i.e., 0 < μ < ρ1

b1
)

In this case, all of the trajectories of system (1.4), starting in the region S1, will cross the line 
x = b from left to right; all of the trajectories of system (1.4), starting in the region S2, will cross 
the line x = 1 from right to left (see Fig. 2.1(b)).

Next, we study the positive equilibria of system (1.4). In fact, we only need to focus on system 
(2.2). The positive equilibria satisfy the following equations:{

x(1 − x) − ay(x−b)
k1+x−b

= 0,

1 − y
k2+x−b

= 0,
(2.3)

and x ∈ (b, 1). From (2.3), we have

x3 − (1 + b − a − k1)x
2 + ((1 − 2a)b + ak2 − k1)x + ab(b − k2) = 0, (2.4)
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which have at most three positive roots, denoted as xi (i = 1, 2, 3), in the interval (b, 1), cor-
respondingly, system (2.2) can have at most three positive equilibria: Ei(xi, yi) (i = 1, 2, 3). 
Define

F(x) = x3 − (1 + b − a − k1)x
2 + (b(1 − 2a) + ak2 − k1)x + ab(b − k2),

f (x) = dF

dx
= 3x2 − 2(1 + b − a − k1)x + (b(1 − 2a) + ak2 − k1). (2.5)

Through a direct calculation, we have

F(b) = (b − 1)bk1 < 0, F (1) = a(1 − b)(1 + k2 − b) > 0. (2.6)

The Jacobian matrix of system (1.4) at any positive equilibrium E(x, y) takes the form:

J (E) =
(

1 − 2x − k1x(1−x)
(x−b)(k1+x−b)

− x(1−x)
k2+x−b

c −c

)
,

from which we have

Det(J (E)) = c(
x(1 − x)

k2 + x − b
− 1 + 2x + k1x(1 − x)

(x − b)(k1 + x − b)
),

Tr(J (E)) = 1 − 2x − k1x(1 − x)

(x − b)(k1 + x − b)
− c.

Let F(x) = 0, then a can be solved as

a = x(1 − x)(k1 + x − b)

(x − b)(k2 + x − b)
. (2.7)

Substituting (2.7) into Det(J (E)) and f (x) leads to

Det(J (E)) = c

(x − b)(k1 + x − b)
f (x). (2.8)

According to the root formula of the third-order algebraic equation, we define

A = (1 + b − a − k1)
2 − 3(b(1 − 2a) + ak2 − k1),

� = −4A3 + (−3(1 + b − a − k1)A + (1 + b − a − k1)
3 + 27ab(b − k2))

2. (2.9)

Since the maximum number of positive roots of (2.4) is determined by the constant term of 
equation (2.4), next we classify the number and type of positive equilibria of system (1.4) into 
the following two cases: (1) b < k2 (i.e., μ < q); (2) b ≥ k2 (i.e., μ ≥ q).
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Fig. 2.2. The positive roots of F(x) = 0 in (b, 1) when b < min{1, k2}. (a)(b) F(x) has a single root; (c) F(x) has a triple 
root; (d)(e) F(x) has a single root and double root; (f) F(x) has three distinct single roots.

2.2.1. The case of b < k2 (i.e., μ < q)
In this case, system (1.4) has three boundary equilibria: a hyperbolic unstable node E00, two 

hyperbolic saddles E10 and E20, and at most three different positive equilibria, which correspond 
to at most three positive roots in (b, 1) (see Fig. 2.2). Thus, we have the following results.

Lemma 2.3. When b < min{1, k2}, system (2.2) (or system (1.4)) has at least one positive equi-
librium and at most three different positive equilibria. Moreover,

(I) system (2.2) has a unique positive equilibrium if one of the following conditions is satisfied:
(i) � < 0, and 1 < x2 < x3 or x1 < x2 < b. The unique positive equilibrium E1(x1, y1)

(or E3(x3, y3)) is an elementary anti-saddle;
(ii) � = 0, A > 0, and x∗ > 1 or x∗ < b. The unique positive equilibrium is E1 or E3;

(iii) � = A = 0. The unique positive equilibrium E∗(x∗, y∗) is degenerate;
(iv) � > 0. The unique positive equilibrium is E3;

(II) if � = 0, A > 0 and b < x1 < x∗ < 1 or b < x∗ < x3 < 1, then system (2.2) has two positive 
equilibria: an elementary anti-saddle E1 (or E3), and a degenerate equilibrium E∗(x∗, y∗);

(III) if � < 0 and b < x1 < x2 < x3 < 1, then system (2.2) has three positive equilibria: a 
hyperbolic saddle E2(x2, y2), two elementary anti-saddles E1 and E3.

Proof. According to equation (2.8) and the property of f (x), we have Det(J (Ei)) > 0 (i = 1, 3), 
Det(J (E2)) < 0, Det(J (E∗)) = 0 and Det(J (E∗)) = 0, hence E1, E2 and E3 are all elementary 
equilibria and only E2 is a hyperbolic saddle, E∗ and E∗ are both degenerate equilibria. �
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We next explore the detailed types of degenerate equilibria E∗ and E∗ in Lemma 2.3.
Case (II ) of Lemma 2.3: E3 and E∗. we first look for some parameter values such that 

E3(x3, y3) is a nonhyperbolic equilibrium satisfying Det(J (E3)) > 0 and Tr(J (E3)) = 0, and 
the degenerate equilibrium E∗(x∗, y∗) satisfying Tr(J (E∗)) = 0. From F(x∗) = f (x∗) = 0, and 
Det(J (E∗)) = Tr(J (E∗)) = Tr(J (E3)) = 0, we can express a, b, k1, k2, y∗, x3 and y3 by x∗ and 
c as follows:

a = (3x∗(x∗ − 1) + 1 − c2)c

2c(1 − c) + (1 − 4c)x∗ − x2∗
, b = x∗(c(1 − c − x∗) + x2∗)

3x∗(x∗ − 1) + 1 − c2 ,

k1 = x∗(1 − x∗)(1 − c − 2x∗)3

(3x∗(x∗ − 1) + 1 − c2)(2c(1 − c) + (1 − 4c)x∗ − x2∗)
,

k2 = x∗(1 − x∗)(3x2∗ + (2c − 3)x∗ + 1 − c)

c(1 − c2 + 3x∗(x∗ − 1))
, y∗ = x∗(1 − x∗)

c
, (2.10)

x3 = (1 − c − x∗)(c(1 − c − x∗) + x2∗)

2c(1 − c) + x∗(1 − 4c) − x2∗
, y3 = (c + x∗)2(1 − c − x∗)2

c(2c(1 − c) + (1 − 4c)x∗ − x2∗)
,

where 0 < x∗ < 1−c
2 and 0 < c < 1. Then we have the following results.

Theorem 2.4. If the conditions in (2.10), 0 < x∗ < 1−c
2 and 0 < c < 1 hold, then system (2.2)

has two positive equilibria: a cusp E∗(x∗, y∗) of codimension 2, and an unstable weak focus 
E3(x3, y3) of order 1.

Proof. First we prove E3 is a weak focus. Make the following linear transformations succes-
sively:

x = u + x3, y = v + y3;

u = − ă01
√

d

ă2
10 + d

X − ǎ10ǎ01

ǎ2
10 + d

Y, v = Y,

where d = Det(J (E3)) and

ă10 = c, ă01 = − c(c2 + cx∗ − (x∗ − 1)2)(c2 + c(x∗ − 1) − x2∗)

(c2 + c(2x∗ − 1) + (x∗ − 1)x∗)(2c2 + c(4x∗ − 2) + (x∗ − 1)x∗)
.

Then system (2.2) becomes (denote X and Y by x and y, respectively)

ẋ = −√
dy + f̌ (x, y), ẏ = √

dx + ǧ(x, y), (2.11)

where

f̌ (x, y) = ǎ20x
2 + ǎ11xy + ǎ02y

2 + ǎ30x
3 + ǎ21x

2y + ǎ12xy2 + ǎ03y
3 + o(|x, y|3),

ǧ(x, y) = b̌20x
2 + b̌30x

3 + b̌21x
2x + o(|x, y|3),

ǎij and b̌ij can be expressed by c and x∗, to save space, here we omit them. According to the 
formula of First Lyapunov number [6]
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σ1 = 1

16
(f̌xxx + f̌xyy + ǧxxy + ǧyyy

+ f̌xy(f̌xx + f̌yy) − ǧxy(ǧxx + ǧyy) − f̌xx ǧxx + f̌yy ǧyy√
d

)|x=y=0

= 1

16
(6ǎ30 + 2ǎ12 + 2b̌21 + 2ǎ11(ǎ20 + ǎ02) − 4ǎ20b̌20√

d
)

= − x∗(1 − x∗)R01(x∗)
8(1 − c − 2x∗)(c + x∗)4(1 − c − x∗)4 ,

where

R01(x∗) = 3x6∗ + (30c − 9)x5∗ + (75c2 − 75c + 9)x4∗ + 3(36c3 − 50c2 + 20c − 1)x3∗
+ c(95c3 − 162c2 + 82c − 15)x2∗ + c2(c − 1)2(44c − 7)x∗ + 2c2(c − 1)3(4c + 1).

Since 0 < x∗ < 1−c
2 and 0 < c < 1, then all the factors except R01(x∗) of σ1 are greater than 

zero. Note that R01(0) = −2c2(1 + 4c)(1 − c)3 < 0 and R01(
1−c

2 ) = − 3(1−c2)3

64 < 0. Hence, for 
any c ∈ (0, 1), Lemma 3.1 in Yang [39] indicates that the number of roots for R01(x∗) in interval 
(0, 1−c

2 ) is equal to that of positive roots for

�1(x∗) = (1 + x∗)6R01(
1 − c

2(1 + x∗)
) = − (1 − c)3

64
φ(x∗),

where

φ(x∗) = 128(1 + 4c)c2x6∗ + 32(31 + 52c)x5∗ + 48(5 + 41c + 45c2)cx4∗ + 8(3 + 60c + 214c2

+ 172c3)x3∗ + 4(9 + 84c + 182c2 + 107c3)x2∗ + 6(3 + 10c)(1 + c)2x∗ + 3(1 + c)3.

Obviously φ(x∗) > 0 for any x∗ > 0, which means �1(x∗) < 0 for x∗ > 0, i.e., �1(x∗) has no 
positive root. Hence, R01(x∗) < 0 hold for 0 < x∗ < 1−c

2 and 0 < c < 1, then σ1 > 0, which 
implies E3 is an unstable weak focus of order one.

Next we prove that if the conditions in (2.10) hold, then E∗ is a cusp of codimension 2. We 
first make the following linear transformations successively:

x = u + x∗, y = v + y∗; u = X + Y

c
, v = X,

then system (2.2) becomes

Ẋ = Y − 1

x∗(1 − x∗)
Y 2 + o(|X,Y |2),

Ẏ = c2(1 − c − 2x∗)
x∗(1 − x∗)

X2 + 3c(1 − c − 2x∗)
x∗(1 − x∗)

XY + 2 − c − 4x∗
x∗(1 − x∗)

Y 2 + o(|X,Y |2), (2.12)

and according to Lemma 3.1 in Huang et al. [15], we know that system (2.12) is equivalent to
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ẋ = y + o(|x, y|2),

ẏ = c2(1 − c − 2x∗)
x∗(1 − x∗)

x2 + 3c(1 − c − 2x∗)
x∗(1 − x∗)

xy + o(|x, y|2). (2.13)

c2(1−c−2x∗)
x∗(1−x∗) �= 0 and 3c(1−c−2x∗)

x∗(1−x∗) �= 0 since 0 < x∗ < 1−c
2 . Hence, E∗ is cusp of codimension 

2. �
Case (II ) of Lemma 2.3: E1 and E∗. Define

Cr(x∗, c) := (c − 2)(c − 1)4c3 + 4(3c2 − 4c − 4)(c − 1)3c2x∗
+ 4(c − 1)2(13c3 − c2 − 38c + 6)cx2∗

+ 8(9c4 + 26c3 − 117c2 + 112c − 30)cx3∗ − 8(13c4 − 135c3 + 221c2 − 105c + 6)x4∗
− 48(9c3 − 33c2 + 28c − 4)x5∗ − 48(11c2 − 21c + 6)x6∗ + 96(2 − 3c)x7∗ − 48x8∗,

(2.14)
and

h(c) := √
2c(1 + c), a2 := −c(c2 + c(6x∗ − 3) + 6x2∗ − 6x∗ + 2)

c2 + c(2x∗ − 1) + 2(x∗ − 1)x∗
,

b2 := x∗(c2 + c(4x∗ − 1) + 2x2∗)

c2 + c(6x∗ − 3) + 6x2∗ − 6x∗ + 2
,

k22 := (1 − x∗)x∗(3c2 + 5c(2x∗ − 1) + 6x2∗ − 6x∗ + 2)

c(c2 + c(6x∗ − 3) + 6x2∗ − 6x∗ + 2)
,

k12 := − 4(x∗ − 1)x∗(c + 2x∗ − 1)3

(c2 + c(2x∗ − 1) + 2(x∗ − 1)x∗)(c2 + c(6x∗ − 3) + 6x2∗ − 6x∗ + 2)
. (2.15)

Lemma 2.5. Assume h(c)−2c
2 < x∗ < 1−c

2 and 0 < c < 1, then Cr(x∗, c) < 0.

Proof. If we take c as a parameter, then Cr(x∗, c) can be regarded as a function of degree 8 with 
respect to x∗. By straightforward calculation, we can get Cr(

h(c)−2c
2 , c) < 0 and Cr(

1−c
2 , c) < 0

for any c ∈ (0, 1). Lemma 3.1 in Yang [39] indicates that the number of roots for Cr(x∗, c) in the 
interval (h(c)−2c

2 , 1−c
2 ) is equal to that of positive roots for

�2(x∗) = (1 + x∗)8Cr(
1 − c + (h(c) − 2c)x∗

2(1 + x∗)
, c)

= φ0 + φ1x∗ + φ2x
2∗ + φ3x

3∗ + φ4x
4∗ + φ5x

5∗ + φ6x
6∗ + φ7x

7∗ + φ8x
8∗,

where φi are given in Appendix A.
By Sturm’s Theorem we can prove that φi < 0 (i = 0, 1, 2, 3, 4, 5, 6, 7, 8) for c ∈ (0, 1). 

Hence, �2(x∗) < 0, which implies �2(x∗) has no positive root. Thus Cr(x∗, c) < 0 for h(c)−2c
2 <

x∗ < 1−c and 0 < c < 1. �
2
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Theorem 2.6. If (a, b, k1, k2) = (a2, b2, k12, k22), 
h(c)−2c

2 < x∗ < 1−c
2 and 0 < c < 1, then sys-

tem (2.2) has two positive equilibria: a stable hyperbolic focus (or node) E1(x1, k22 + x1 − b2), 
and a cusp E∗(x∗, x∗(1−x∗)

c
) of codimension 3.

Proof. When (a, b, k1, k2) = (a2, b2, k12, k22), 
h(c)−2c

2 < x∗ < 1−c
2 and 0 < c < 1, we have

Det(J (E1)) = c3(c + 2x∗ − 1)3

(c2 + 2cx∗ − c − 2x2∗ + 2x∗)(c2 + 2cx∗ − c + 2x2∗ − 2x∗)
> 0,

Tr(J (E1)) = − 3c2(c + 2x∗ − 1)3

(c2 + 2cx∗ − c − 2x2∗ + 2x∗)(c2 + 2cx∗ − c + 2x2∗ − 2x∗)
< 0. (2.16)

Hence, E1 is a stable focus (or node).
Moreover, the Jacobian matrix of system (2.2) at E∗ has two zero eigenvalues, and system 

(2.2) can be rewritten as

u̇ = ă10u + ă01v + ă20u
2 + ă11uv + ă30u

3 + ă21u
2v + ă40u

4 + ă31u
3v + o(|u,v|4),

v̇ = b̆10u + b̆01v + b̆20u
2 + b̆11uv + b̆02v

2 + b̆30u
3 + b̆21u

2v + b̆12uv2 + b̆40u
4 + b̆31u

3v

+ b̆22u
2v2 + o(|u,v|4),

(2.17)
where ăij and b̆ij can be expressed by c and x∗, here we omit them to save space.

Next following the steps in Huang et al. [15] (see also [1,2,24]), we can rewrite system (2.17)
as

ẋ = y,

ẏ = x2 + M̄x3y + o(|x, y|4), (2.18)

where

M̄ = Cr(x∗, c)
4c2

√
x5∗(1 − x∗)5(1 − c − 2x∗)3

,

from Lemma 2.5 we can know that Cr(x∗, c) < 0 when h(c)−2c
2 < x∗ < 1−c

2 and 0 < c < 1, which 
implies M̄ < 0. Hence, E∗ is a cusp of codimension 3. �

Case (I )(iii) of Lemma 2.3: system (2.2) has a unique positive equilibrium E∗(x∗, y∗). 
From F(x∗) = f (x∗) = 0 and the relationship between root and coefficient, we can express a, 
k1 and k2 by x∗ and b as follows

a = (3x∗2 − 3x∗ + 1)b − x∗3

b(1 − b)
, k1 = (x∗ − b)3

b(1 − b)
,

k2 = (1 − 2b)x∗3 + 3bx∗2 − 3b2x∗ + b2

3bx∗(x − 1) + b − x∗3 . (2.19)

Moreover, from Tr(J (E∗) = 0 and (2.19) we can obtain
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b0 = x∗2(x∗ + c)

3x∗2 − (3 − 2c)x∗ + 1 − c
, (2.20)

then (2.19) can be simplified as follows

a = c(3x∗2 + (2c − 3)x∗ + 1 − c)

(c + x∗)(1 − c − x∗)
, k1 = x∗(1 − x∗)(1 − c − 2x∗)3

(c + x∗)(1 − c − x∗)(3x∗2 + (2c − 3)x∗ + 1 − c)
,

k2 = x∗(1 − x∗)(3x∗2 + (4c − 3)x∗ + (1 − c)2)

c(3x∗2 + (2c − 3)x∗ + 1 − c)
, (2.21)

where 0 < x∗ < 1−c
2 and 0 < c < 1.

Define

C(x∗, c) := c(1 − c − 2x∗)3 − 8x∗(c + x∗)(1 − x∗)(1 − c − x∗),

P+ :=
{
(x∗, c)|C(x∗, c) > 0, 0 < x∗ <

1 − c

2
, 0 < c < 1

}
,

P− :=
{
(x∗, c)|C(x∗, c) < 0, 0 < x∗ <

1 − c

2
, 0 < c < 1

}
,

P0 :=
{
(x∗, c)|C(x∗, c) = 0, 0 < x∗ <

1 − c

2
, 0 < c < 1

}
, (2.22)

then we have the following results.

Theorem 2.7. If � = A = 0 and the conditions in (2.19) hold, then system (2.2) has a unique 
positive equilibrium E∗. Moreover,

(I) E∗ is a stable (or unstable) degenerate node of codimension 2 if 0 < b < b0 (or b0 < b <

k2);
(II) if b = b0 and (x∗, c) ∈ P− (or (x∗, c) ∈ P+), then E∗ is a nilpotent focus (or elliptic sin-

gularity) of codimension 3;
(III) if b = b0 and (x∗, c) ∈ P0, then E∗ is a nilpotent elliptic singularity of codimension at least 

4.

Proof. (I) When b �= b0, the Jacobian matrix of system (2.2) at E∗ has a zero eigenvalue. First, 
we make the following linear transformations successively

x = X + x∗, y = Y + y∗; X = x + b(3x∗2 − 3x∗ + 1) − x∗3

c(x∗2 − 2bx∗ + b)
y, Y = x + y,

t = b(3x∗2 + (2c − 3)x∗ + 1 − c) − (x∗ + c)x∗2

x∗2 − 2bx∗ + b
τ,

then system (2.2) becomes (still denote τ by t)
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ẋ = ĉ11xy + ĉ02y
2 + ĉ30x

3 + ĉ21x
2y + ĉ12xy2 + ĉ03y

3 + o(|x, y|3),
ẏ = y + d̂20x

2 + d̂11xy + d̂02y
2 + d̂30x

3 + d̂21x
2y + d̂12xy2 + d̂03y

3 + o(|x, y|3), (2.23)

ĉij and d̂ij can be expressed by b, c and x∗, here we omit them for brevity.
According to the center manifold theory, letting y = m̂x2 + n̂x3 + o(x3), we can get

m̂ = 0, n̂ = bc(1 − b)(x∗2 − 2bx∗ + b)

(x∗ − b)((c + x∗)x∗2 − b(3x∗2 + (2c − 3)x∗ + 1 − c))2
,

then the reduced system restricted to the central manifold is

ẋ = bc(1 − b)(x∗2 − 2bx∗ + b)

(x∗ − b)((c + x∗)x∗2 − b(3x∗2 + (2c − 3)x∗ + 1 − c))2
x3 + O(x4), (2.24)

where the coefficient of x3-term is not zero since 0 < b < 1, according to the Theorem 7.1 in 
chapter 2 of Zhang et al. [40], E∗ is an unstable degenerate node of codimension 2 if b0 < b < k2, 
and a stable degenerate node of codimension 2 if b < b0.

(II) If b = b0, then the Jacobian matrix of system (2.2) at E∗ has two zero eigenvalues. Make 
the following linear transformations successively:

x = X + x∗, y = Y − x∗(1−x∗)
c

; X = x + y
c
, Y = x; x = X, y = Ẋ,

then system (2.2) becomes

ẋ = y,

ẏ = ã11xy − ã30x
3 − ã21x

2y3 + y2(ã02 + ã12x + ã03y) + o(|x, y|3), (2.25)

where

ã11 = c(1 − c − 2x∗)
x∗(1 − x∗)

, ã02 = 1 − 2x∗

x∗(1 − x∗)
, ã30 = c(c + x∗)(1 − c − x∗)

x∗(1 − x∗)(1 − c − 2x∗)
,

ã21 = − (c + x∗)(1 − c − x∗)(3x∗2 + (2c − 3)x∗ + c(c − 1))

x∗2(1 − x∗)2(1 − c − 2x∗)
,

ã03 = − (c + x∗)2(1 − c − 2x∗)2

c2x∗2(1 − x∗)2(1 − c − 2x∗)
,

ã12 = −2c4 + 5(2x∗ − 1)c3+(17x∗2−17x∗+3)c2 + 5x∗(2x∗2 − 3x∗ + 1)c + 3(1 − x∗)2x∗2

cx∗2(1 − x∗)2(1 − c − 2x∗)
,

it is obvious that ã30 > 0 and ã21 > 0 for 0 < x∗ < 1−c
2 and 0 < c < 1.

Next, we make a rescalling of coordinates and time by

x =
√

ã30

ã
X, y =

√
ã3

30

2 Y, t = ã21

ã
τ,
21 ã21 30
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Fig. 2.3. A unique positive equilibrium E∗ of system (1.4) when b < min{1, k2}. (a) A nilpotent focus of codimension 3. 
(b) A nilpotent elliptic singularity E∗ of codimension 3.

then system (2.25) becomes (still denote τ by t)

Ẋ = Y,

Ẏ = −X3 + b̃11XY − X2Y + Y(b̃02 + b̃12X + b̃03Y) + o(|X,Y |3), (2.26)

where

b̃11 = ã11√
ã30

=
√

c(1 − c − 2x∗)3

x∗(c + x∗)(1 − x∗)(1 − c − x∗)
> 0,

b̃02 =
√

ã30ã02

ã21
, b̃12 = ã30ã12

ã2
21

, b̃03 = ã2
30ã03

ã3
21

,

through a simple calculation, we obtain b̃11 = 2
√

2 is equivalent to C(x∗, c) = 0. Hence, ac-
cording to [10] (see also [16,24,37]), E∗ is a nilpotent focus of codimension 3 if C(x∗, c) < 0, a 
nilpotent elliptic singularity of codimension 3 (or at least 4) if C(x∗, c) > 0 (or C(x∗, c) = 0). �
Remark 2.8. We next provide some examples to show C(x∗, c) < 0, > 0, = 0, respectively.

(1) C(x∗, c) = − 95
256 < 0 and (a, b, k1, k2) = ( 5

16 , 1
10 , 3

80 , 35 ) when (x∗, c) = ( 1
4 , 14 ), and E∗( 1

4 , 34 )

is a nilpotent focus of codimension 3 (Fig. 2.3(a));
(2) C(x∗, c) = 7272

39065 > 0 and (a, b, k1, k2) = ( 73
95 , 1

1825 , 3888
34675 , 1392

9125 ) for (x∗, c) = ( 1
25 , 15 ), i.e., 

E∗( 1
25 , 24

125 ) is a nilpotent elliptic singularity of codimension 3 (Fig. 2.3(b));

(3) C(x∗, c) = 7272
39065 = 0 and (a, b, k1, k2) = ( 50

√
61−383
13 , 93

√
61−721
596 , 2(45037−5753

√
61)

1937 ,

3091
√

61−23249
3576 ) for (x∗, c) = ( 1

10 (3
√

61 − 23), 15 (17 − 2
√

61)), i.e., E∗( 1
10 (3

√
61 − 23),

5 (7
√

61 − 53)) is a nilpotent elliptic singularity of codimension at least 4.
24
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2.2.2. The case of b ≥ k2 (i.e., q ≤ μ)
In this case system (1.4) always has three boundary equilibria: hyperbolic unstable node 

E00(0, 0), hyperbolic saddles E10(1, 0) and E20(0, k2). From (2.6), we can see that system (1.4)
has exactly one positive equilibrium in (b, 1).

Lemma 2.9. If k2 ≤ b < 1 (i.e., q ≤ μ < ρ1
b1

), then system (2.2) (or system (1.4)) has a unique 
positive equilibrium E3(x3, y3), which is an elementary anti-saddle.

3. Degenerate Bogdanov-Takens bifurcations of codimension 3

According to Theorems 2.6 and 2.7, we know that system (1.4) may exhibit three types (cusp, 
focus and elliptic types) of degenerate Bogdanov-Takens bifurcation of codimension 3 by choos-
ing proper bifurcation parameters.

3.1. Cusp case

By Theorem 2.6 we know that system (2.2) may exhibit degenerate Bogdanov-Takens bifur-
cation of codimension 3 (cusp case) around E∗. To make sure if such a bifurcation can be fully 
unfolded inside the class of system (2.2), we choose a, k1 and k2 as bifurcation parameters, then 
the unfolding system for system (2.2) takes the following form:

ẋ = x(1 − x) − (a + ξ1)(x − b)y

k1 + ξ2 + x − b
,

ẏ = cy(1 − y

k2 + ξ3 + x − b
), (3.1)

where ξ = (ξ1, ξ2, ξ3) ∼ (0, 0, 0).

Theorem 3.1. When b < min{1, k2}, system (2.2) can undergo a degenerate Bogdanov-Takens 
bifurcation (cusp case) of codimension 3 around E∗ as (a, k1, k2) varies near (a2, k12, k22). 
There exist a series of bifurcations with codimension 1 and 2 originating from E∗.

Proof. Following similar steps as in [1,21,37] and performing a sequence of near-identity trans-
formations and time rescaling (preserving orientations of orbits), we can reduce system (3.1) to 
the following form:

ẋ = y,

ẏ = η1 + η2y + x2 + η3xy − x3y + P(x, y, ξ),
(3.2)

where P(x, y, ξ) = y2O(|x, y|2) +O(|x, y|5) +O(ξ)(O(|y|2) +O(|x, y|3)) +O(ξ2)O(|x, y|).
Using MATHEMATICA software we obtain∣∣∣∣D(η1, η2, η3)

D(ξ1, ξ2, ξ3)

∣∣∣∣
ξ=0

= A1M1Cr(x∗, c)
8x2∗(1 − x∗)2A2

5
√

c23(1 − c − 2x∗)44Cr(x∗, c)
,

where
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Fig. 3.1. The projection of Bogdanov-Takens bifurcation diagram of codimension 3 (cusp case). 
H, C, L, DH, HO, D, BT denote Hopf bifurcation, homoclinic bifurcation, saddle-node bifurcation of limit cy-
cles, degenerate Hopf bifurcation, degenerate homoclinic bifurcation, Hopf and homoclinic bifurcations simultaneously, 
Bogdanov-Takens bifurcation, respectively.

M1 = A1A2 + 4x∗(1 − x∗)(1 − c2), A1 = 2x2∗ + 2(c − 1)x∗ + c(c − 1),

A2 = 6x2∗ + 6(c − 1)x∗ + c2 − 3c + 2,

and Cr(x∗, c) is given in (2.14). For x∗ ∈ (
√

2c(1+c)−2c
2 , 1−c

2 ) and 0 < c < 1, we can prove A1 < 0
and M1 > 0 by using the similar argument as in the proof of Lemma 2.5, for brevity we omit the 
proof process. Note that a2 = − cA2

A1
> 0 (where a2 is defined in (2.15)), then A2 > 0. Moreover, 

Cr(x∗, c) < 0 by Lemma 2.5. Thus we have 
∣∣∣D(η1,η2,η3)

D(ξ1,ξ2,ξ3)

∣∣∣
ξ=0

�= 0.

According to Dumortier et al. [9], system (3.2) is the versal unfolding of the Bogdanov-Takens 
singularity (cusp) of codimension 3, and the reminder terms P has no influence on the bifurcation 
phenomena. Thus the dynamics of system (2.2) (or (1.4)) in a small neighborhood of E∗ as 
(a, k1, k2) varying near (a2, k12, k22) are equivalent to system (3.2) in a small neighborhood of 
(0, 0) as (μ1, μ2, μ3) varying near (0, 0, 0). �

According to Dumortier et al. [9], we have the projection of Bogdanov-Takens bifurcation 
diagram of codimension 3 (cusp case) in Fig. 3.1.

Now we summarize the bifurcation phenomena of system (3.2), which is equivalent to those in 
the original system (2.2). There are three bifurcation curves in Fig. 3.1: C stands for homoclinic 
bifurcation curve, H stands for Hopf bifurcation and L stands for saddle-node bifurcation curve 
of limit cycles. The curve L is tangent to H at a point DH and tangent to C at a point HO. 
The curves H and C have first order contact with boundary of S at the points BT + and BT −. 
In the neighborhood of BT + and BT −, system (3.2) is an unfolding of the cusp singularity of 
codimension 2. The detailed bifurcations are listed below:

(1) Codimension-1 bifurcations: Hopf bifurcation H (except the point DH), homoclinic bifur-
cation C (except the point HO), saddle-node bifurcation L of limit cycle;
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Table 1
Dynamical behaviors in Fig. 3.2. Here“−”, “SN”,“SF”,“UF” and “SA” denote“does not exist”, 
“stable node”,“stable focus”, “unstable focus” and“saddle”, respectively.

a k1 E2 E3 Limit cycles and homoclinic orbits

0.6839

0.0413 - - No (Fig. 3.2(a))
0.04147 SA UF No (Fig. 3.2(b))
0.041623 SA SF An unstable limit cycle (Fig. 3.2(c))
0.0416236 SA SF An unstable limit cycle, a homoclinic loop (Fig. 3.2(d))
0.041625 SA SF Two limit cycles (inner one unstable) (Fig. 3.2(e))
0.042 SA SF No (Fig. 3.2(f))

(2) Codimension-2 bifurcations: degenerate Hopf bifurcation DH, Bogdanov-Takens bifurca-
tion BT + and BT −, degenerate homoclinic bifurcation HO, Hopf and homoclinic bifurca-
tion simultaneously D.

Next, we provide some numerical simulations to illustrate the theoretical results. Fixing 
(b, c, k2) = ( 1

120 , 12 , 1
10 ) and varying a and k1, we plot some phase portraits in Fig. 3.2, where 

parameter values and corresponding dynamical behaviors are given in Table 1. From Fig. 3.2 and 
Table 1, we can see that with the increase of k1, system (2.2) undergoes the following bifurca-
tions successively: saddle-node bifurcation, subcritical Hopf bifurcation, attracting homoclinic 
bifurcation and saddle-node bifurcation of limit cycles.

3.2. Focus and elliptic cases

Define

a3 := c(3x∗2 + (2c − 3)x∗ + 1 − c)

(c + x∗)(1 − c − x∗)
, b3 := x∗2(x∗ + c)

3x∗2 − (3 − 2c)x∗ + 1 − c
,

k13 := x∗(1 − x∗)(1 − c − 2x∗)3

(c + x∗)(1 − c − x∗)(3x∗2 + (2c − 3)x∗ + 1 − c)
,

k23 := x∗(1 − x∗)(3x∗2 + (4c − 3)x∗ + (1 − c)2)

c(3x∗2 + (2c − 3)x∗ + 1 − c)
, (3.3)

where 0 < x∗ < 1−c
2 and 0 < c < 1.

Theorem 2.7(II) indicates that if (a, b, k1, k2) = (a3, b3, k13, k23) and C(x∗, c) �= 0, then the 
unique positive equilibrium E∗ of system (2.2) is a nilpotent focus or elliptic singularity of 
codimension 3, and system (2.2) may exhibit nilpotent focus or elliptic type Bogdanov-Takens 
bifurcation of codimension 3 around E∗. If we chose a, k1 and k2 as bifurcation parameters, then 
the unfolding system of system (2.2) is

ẋ = x(1 − x) − (a + λ1)(x − b)y

k1 + λ2 + x − b
,

ẏ = cy(1 − y

k2 + λ3 + x − b
), (3.4)

where λ = (λ1, λ2, λ3) is a parameter vector around (0, 0, 0).
C. Xiang, J. Huang and H. Wang Journal of Differential Equations 343 (2023) 495–529
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Fig. 3.2. Phase portraits of system (2.2) around nilpotent cusp E∗ of codimension 3 with (a, b, c, k2) =
( 6839

10000 , 1
120 , 12 , 1

10 ). The detailed dynamical behaviors are described in Table 1.
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Define

G(x∗, c) = 6x∗4 − 12(1 − 2c)x∗3 + 6(4c2 − 6c + 1)x∗2 + 2c(5c2 − 12c + 7)x∗

− c(1 − 2c)(1 − c)2,
(3.5)

and

R+ =
{
x∗ ∈ (0,

1 − c

2
), c ∈ (0,1)|G(x∗, c) > 0

}
,

R− =
{
x∗ ∈ (0,

1 − c

2
), c ∈ (0,1)|G(x∗, c) < 0

}
. (3.6)

Remark 3.2. R+ and R− are non-empty. Letting c = 1
10 and x∗ = 1

10 , one has G( 1
10 , 1

10 ) =
1160
189 > 0. Letting c = 1

10 and x∗ = 1
20 , one has G( 1

20 , 1
10 ) = 345

1444 < 0.

Theorem 3.3. Suppose b < min{1, k2}, we have

(I) if (x∗, c) ∈ P−∩R+, then system (2.2) (i.e., system (1.4)) undergoes a degenerate Bogdanov-
Takens bifurcation (focus case) of codimension 3 around E∗ as (a, k1, k2) varies in a small 
neighborhood of (a3, k13, k23). There exist a series of bifurcations with codimension 1 and 2 
originating from E∗;

(II) if (x∗, c) ∈ P+ ∩ R+, then system (2.2) (i.e., system (1.4)) undergoes a degenerate 
Bogdanov-Takens bifurcation (elliptic case) of codimension 3 around E∗ as (a, k1, k2) varies 
in a small neighborhood of (a3, k13, k23). There exist a series of bifurcations with codimen-
sion 1 and 2 originating from E∗.

Proof. Firstly, we make the following transformations successively

x = X + x∗, y = Y + x∗(1 − x∗)
c

;

X = x + y

c
, Y = x;

x = X + 1 − 2x∗

2x∗(1 − x∗)
X2 − 1

x∗(1 − x∗)
XY, y = Y + 1 − 2x∗

x∗(1 − x∗)
XY,

then system (3.4) becomes

Ẋ = Y + ẽ00(λ) + ẽ10(λ)X + ẽ01(λ)Y + ẽ20(λ)X2 + ẽ11(λ)XY + +ẽ02(λ)Y 2 + ẽ30(λ)X3

+ ẽ21(λ)X2Y + ẽ12(λ)XY 2 + ẽ03(λ)Y 3 + o(|X,Y |3),
Ẏ = f̃00(λ) + f̃10(λ)X + f̃01(λ)Y + f̃20(λ)X2 + f̃11(λ)XY + f̃02(λ)Y 2 + f̃30(λ)X3

+ f̃21(λ)X2Y + f̃12(λ)XY 2 + f̃03(λ)Y 3 + o(|X,Y |3), (3.7)

where ẽij and f̃ij are smooth function of λi , c and x∗, to save space we omit the detail ex-
pressions. When λ1 = 0 (i = 1, 2, 3), we have ẽ00(0) = ẽ10(0) = ẽ01(0) = ẽ20(0) = ẽ11(0) =
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ẽ02(0) = ẽ30(0) = f̃00(0) = f̃10(0) = f̃01(0) = f̃20(0) = f̃02(0) = 0, ẽ21(0) = ẽ21, ẽ12(0) = ẽ12, 
ẽ03(0) = ẽ03, f̃30(0) = f̃30, f̃21(0) = f̃21, f̃12(0) = f̃12, f̃03(0) = f̃03.

Secondly, we make the following smooth coordinates transformations successively:

X = x+ 2ẽ21(0) + f̃12(0)

6
x3+ ẽ12(0) + f̃03(0)

2
x2y, Y = y− f̃12(0)

2
x2y+ f̃03(0)xy2 − ẽ03(0)y3;

x = X, y = dX

dt
,

then system (3.7) can be rewritten as

ẋ = y,

ẏ = g̃00(λ) + g̃10(λ)x + g̃01(λ)y + g̃20(λ)x2 + g̃11(λ)xy + g̃02(λ)y2 − g̃30(λ)x3

− g̃21(λ)x2y + g̃12(λ)xy2 + g̃03(λ)y3 + o(|x, y|3),
(3.8)

where g̃ij (λ) can be expressed by x∗, c and λ, here we omit them to save space.
Thirdly, notice that

g̃30(0) = c(c + x∗)(1 − c − x∗)
x∗(1 − x∗)(1 − c − 2x∗)

> 0, g̃21(0) = G(x∗, c)
2[x∗(1 − x∗)]2(1 − c − 2x∗)

,

obviously, 2[x∗(1 − x∗)]2(1 − c − 2x∗) > 0 since 0 < x∗ < 1−c
2 . Thus g̃21(0) > 0 when 

(x∗, c) ∈ P− ∩R+. Next, we first analyze the case g̃21(0) > 0 (the case g̃21(0) < 0 can be treated 
similarly), making the following smooth coordinate transformations successively:

x = X − g̃20(λ)

3g̃30(λ)
, y = Y ;

X =
√

g̃30(λ)

g̃21(λ)
x, Y =

√
g̃3

30(λ)

g̃2
21(λ)

y, t = g̃21(λ)

g̃30(λ)
τ, (3.9)

then system (3.9) becomes (still denote τ by t)

ẋ = y,

ẏ = ε1(λ) + ε2(λ)x − x3 + y[ε3(λ) + A1(λ)x − x2] + y2Q(x,y,λ) + o(|x, y|3), (3.10)

where εi(λ) (i = 1, 2, 3) and A1(λ) can be expressed by λi (i = 1, 2, 3), x∗ and c, Q(x, y, λ) is 
a C∞ function at most first order with respect to (x, y), whose coefficients depend smoothly on 
λ1, λ2 and λ3, we omit the detail expressions here to save space.

Since ∣∣∣∣ ∂(ε1, ε2, ε3)

∂(λ1, λ2, λ3)

∣∣∣∣
λ=0

= cx∗(1 − x∗)G2(x
∗, c)g̃6

21(0)

3
√

g̃7
30(0)G3(x∗, c)

,

where
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G2(x
∗, c) = 3x∗2 + (4c − 3)x∗ + 2c(c − 1), G3(x

∗, c) = 3x∗2 + (2c − 3)x∗ + 1 − c,

treating x∗ as variable in G2(x
∗, c) and G3(x

∗, c), we can get G2(x
∗, c) < max{G2(

1−c
2 , c),

G2(0, c)} = max
{

3(c2−1)
4 ,2c(c − 1)

}
< 0 and G3(x

∗, c) > G2(
1−c

2 , c) = 1−c2

4 > 0 for any c ∈
(0, 1). Hence, if (x∗, c) ∈ R±, then 

∣∣∣ ∂(ε1,ε2,ε3)
∂(λ1,λ2,λ3)

∣∣∣
λ=0

�= 0. Furthermore, in system (3.10), the co-

efficients of x3 and x2y are −1, the coefficient of xy is A1(λ), and

0 < A1(0) = g̃11(0)√
g̃30(0)

=
√

c(1 − c − 2x∗)3

x∗(c + x∗)(1 − x∗)(1 − c − x∗)
,

further analysis shows that system (3.10) is a generic 3-parameter family of nilpotent focus of 
codimension 3 if (x∗, c) ∈ P− ∩R+; a generic 3-parameter family of nilpotent elliptic singularity 
of codimension 3 if (x∗, c) ∈ P+ ∩R+ [10]. �
Remark 3.4. P− ∩R+ and P+ ∩R+ are non-empty. If (x∗, c) = ( 1

10 , 14 ), then g̃21(0) = 16655
1188 >

0, and A1(0) = 11
√

55
6
√

91
< 2

√
2, hence, P− ∩R+ is non-empty. If (x∗, c) = ( 1

20 , 14 ), then g̃21(0) =
5487025
823296 > 0, and A1(0) = 335

√
67

8
√

12354
> 2

√
2, hence, P+ ∩R+ is non-empty.

According to Dumortier et al. [10], we have the bifurcation diagram (focus case) in Fig. 3.3. 
From Fig. 3.3, we can see that there exist a series of bifurcations with codimension 1 and 2 
originating from the nilpotent focus E∗ of codimension 3, such as:

(I) Codimension-1 bifurcations: a Hopf bifurcation, three homoclinic bifurcations, two 
saddle-node homoclinic bifurcations, a saddle-node bifurcation of limit cycles and two 
saddle-node bifurcations;

(II) Codimension-2 bifurcations: a degenerate Hopf bifurcation, two Bogdanov-Takens bi-
furcations, two cuspidal bifurcations, a degenerate homoclinic bifurcation and four 
saddle-node homoclinic bifurcations.

Next, we provide some numerical phase portraits to illustrate the theoretical results. Fixing 
(b, c, k2) = ( 7

1060 , 14 , 4
25 ), we plot some typical phase portraits in Fig. 3.4, where the parameter 

values and corresponding dynamical behaviors are given in Table 2. From Fig. 3.4 and Table 2, 
we can see that system (2.2), as a and k1 vary, can undergo following bifurcations: saddle-
node bifurcation (Fig. 3.4(a)(d)), supercritical Hopf bifurcation (Fig. 3.4(a)(b)), subcritical Hopf 
bifurcation (Fig. 3.4(b)(c)), Degenerate Hopf bifurcation of codimension 2 (Fig. 3.4 (a)(c)).

4. Hopf bifurcation of codimension 3

From Lemma 2.3 or Lemma 2.9, we know that E1 or E3 is an elementary anti-saddle, which 
can be a center-type equilibrium if Tr(J (E1)) = 0 or Tr(J (E3)) = 0, and system (1.4) may 
exhibit Hopf bifurcation around E1 or E3. For simplification, we use z to denote xi (i = 1, 3) 
and Ez to denote the equilibrium (z, z(1−z)

).

a+c+2z−1
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Fig. 3.3. The projection of Bogdanov-Takens bifurcation diagram of codimension 3 (focus case). 
H, C, SN , DH, CP, BT , DC, DL, SNL denote Hopf bifurcation, Homoclinic bifurcation, saddle-node bifur-
cation, degenerate Hopf bifurcation point, cuspidal point of codimension 2, Bogdanov-Takens bifurcation point, 
saddle-node bifurcation of limit cycle, Homoclinic to neutral saddle, Homoclinic to saddle-node, respectively.

Table 2
Dynamical behaviours in Fig. 3.4 with (b, c, k2) = ( 7

1060 , 14 , 4
25 ).

(a, k1) E1 E2 E3 Limit cycle and homoclinic loop

(0.6,0.085) - - SF No (Fig. 3.4(a))
(0.6,0.075) - - UF A stable limit cycle (Fig. 3.4(b))
(0.55,0.063) - - SF Two limit cycles (inner one stable) (Fig. 3.4(c))
(0.5,0.045) SF SA SF No (Fig. 3.4(d))
(0.52,0.048) SF SA SF An unstable limit cycle (Fig. 3.4(e))
(0.55,0.052) SF SA UF No (Fig. 3.4(f))
(0.65,0.0776) SF SA UF A big stable limit cycle (Fig. 3.4(g))
(0.65,0.0778) SF SA UF Two limit cycles (one small encircle E1) (Fig. 3.4(h))
(0.652,0.0783) UF SA UF A big stable limit cycle (Fig. 3.4(i))

Make a time variation t = τ
(k1+x−b)(k2+x−b)

, then system (2.2) becomes (still denote τ by t)

ẋ = (k2 + x − b)(x(1 − x)(k1 + x − b) − a(x − b)y),

ẏ = c(k1 + x − b)y(k2 + x − b − y).
(4.1)

From Tr(J (Ez)) = F(z) = 0, we have

aH := z2(1 − z)2

(k2 + z − b)(z(c + z) + b(1 − c − 2z))
, kH

1 := (z − b)2(1 − c − 2z)

z(c + z) + b(1 − c − 2z)
. (4.2)

By simple calculation, we can claim that aH > 0, kH
1 > 0 and Det(J (Ez)) > 0 if and only if 

(b, c, k2, z) ∈ D, where

D :=
{
(b, c, k2, z) ∈ R4+|0 < b < z,0 < c < 1,0 < k2 <

(1−c−z)z+bc
,0 < z < 1−c

}
. (4.3)
c 2
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Fig. 3.4. Phase portraits of system (3.4) around nilpotent focus E∗ of codimension 3 with (b, c, k2) = ( 7
1060 , 14 , 4

25 ). The 
detailed dynamical behaviors are described in Table 2.

Next, by a sequence of coordinates transformations and formal series method [40], we obtain the 
first two Lyapunov numbers as follows

L1 = (z − b)z2(1 − z)2g1

(z(c + z) + b(1 − c − 2z))3d
3
2

1

,

L2 = g2

(z(c + z) + b(1 − c − 2z))z2(1 − z)2c3(z − b)3((1 − z)z − (k2 + z − b)c)3(k2 + z − b)4d
1
2

1

,

(4.4)

where
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d1 = c(k2 + z − b)((1 − z)z − (k2 + z − b)c)z2(1 − z)2(z − b)2

(z(c + z) + b(1 − c − 2z))2 ,

g1 is given in Appendix B, while the expression of g2 is too long, so we omit it.
Owing to the complexity of L1 and L2, here we use the following three specific cases to 

explore the sign of Li (i = 1, 2). Let

(b1h, c1h, k1h
2 , z1h) := (

1

10
,

1

5
,

1

5
,

1

4
), (b2h, c2h, k2h

2 , z2h) := (
1

20
,

1

4
,

1

2
,

1

4
),

(b3h, c3h, k3h
2 , z3h) := (

1

10
,

1

5
,

73 + √
7849

360
,

1

5
), (4.5)

which satisfy (b, c, k2, z) ∈ D and the Jacobian matrix J (Ez) has a pair of pure imaginary eigen-
values. Substituting (4.5) into (4.4), we have

L1|(b,c,k2,z)=(b1h,c1h,k1h
2 ,z1h) = − 1091576

√
3

329
√

329
< 0, L1|(b,c,k2,z)=(b2h,c2h,k2h

2 ,z2h) = 1625
7
√

14
> 0,

L1|(b,c,k2,z)=(b3h,c3h,k3h
2 ,z3h) = 0, L2|(b,c,k2,z)=(b3h,c3h,k3h

2 ,z3h)

.= −115482.9,

(4.6)
and

∂Tr(J(Ez))

∂a
|(a,b,c,k1,k2,z)=(aH ,b1h,c1h,kH

1 ,k1h
2 ,z1h) = − 7

40
,

∂Tr(J(Ez))

∂a
|(a,b,c,k1,k2,z)=(aH ,b2h,c2h,kH

1 ,k1h
2 ,z2h) = − 63

100
,

∂(Tr(J(Ez)), L1)

∂(a, k2)
|(a,b,c,k1,k2,z)=(aH ,b3h,c3h,k3h

2 ,kH
1 ,z3h)

.= −1233.17,

which implies system (2.2) (or system (1.4)) can undergo supercritical Hopf bifurcation, subcrit-
ical Hopf bifurcation (Fig. 4.1) and degenerate Hopf bifurcation.

Next we give another example to explore the existence of Hopf bifurcation of codimension 3. 
Define

D1 := {(b, c, k2, z) ∈ D|L1 �= 0} ,

D2 := {(b, c, k2, z) ∈ D|L1 = 0,L2 �= 0} ,

D3 := {(b, c, k2, z) ∈ D|L1 = 0,L2 = 0} .

(4.7)

Theorem 4.1. If (b, c, k2, z) ∈ D, then system (2.2)(or system (1.4)) has a weak focus Ez. More-
over,

(1) Ez is a weak focus of order 1, if (b, c, k2, z) ∈ D1;
(2) Ez is a weak focus of order 2, if (b, c, k2, z) ∈ D2;
(3) Ez is a weak focus of order at least 3, if (b, c, k2, z) ∈ D3.

By (4.6), we know that the sets D1 and D2 are nonempty. Next, we give an example to show 
that D2 is also nonempty, i.e., Ez can be a weak focus of order 3 and system (2.2) can undergo 
degenerate Hopf bifurcation of codimension 3 near Ez.
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Theorem 4.2. If (a, b, c, k1, k2, z) = (aH , −χ1(z)
χ2(z)

, 14 , kH , kH , ̄z), then Ez is a weak focus of order 
3 and system (1.4) can undergo a degenerate Hopf bifurcation of codimension 3 near Ez. Where 
aH and kH are given in (4.8), χ1(z) and χ2(z) are given in Appendix D, z̄ is the unique real root 
of 8192z6 − 18432z5 + 13056z4 − 1952z3 − 1152z2 + 400z − 7 = 0 in the interval (0, 38 ).

Proof. Let k1 = k2, again by Tr(J (Ez)) = F(z) = 0, we have

a = aH := z(1 − z)

z − b
, k = kH := (z − b)2(1 − c − 2z)

z(c + z) + b(1 − c − 2z)
. (4.8)

Fix c = 1
4 . From aH > 0, kH > 0 and Det(J (Ez)) > 0, we have (b, z) ∈D∗, where

D∗ := {
(b, z) ∈R2+|0 < b < z,0 < z < 3

8

}
. (4.9)

Through a series of time and variable transformations, with the aid of MAPLE software, we obtain 
the first three Lyapunov numbers

L̄1 = ḡ1

32z(1 − z)(z2 − 2bz + b)(z − b)2
√

d2
,

L̄2 = ḡ2

2048z3(1 − z)3(z2 − 2bz + b)3(z − b)5
√

d2
,

L̄3 = ḡ3

131072z5(1 − z)5(z2 − 2bz + b)5(z − b)8
√

d2
, (4.10)

where

d2 = z2(1 − z)2(z3 − 3bz2 + b(1 + 2b)z − b2)

(4z2 + (1 − 8b)z + 3b)2 ,

ḡ1 = −3(640z4 − 1088z3 + 692z2 − 190z + 21)b3

+(3072z4 − 3696z3 + 1412z2 − 119z + 6)zb2

−(1536z4 − 864z3 − 164z2 + 176z − 9)z2b + (256z3 − 28z − 3)z4,

ḡ2 is given in Appendix C, and the expression of ḡ3 is too long, we omit it to save space.
Let the algebraic variety V (p1, p2, . . . , pn) denote the set of common zeros of pi (i =

1, 2, . . . , n), res(f, g, x) denotes the Sylvester resultant of f and g with respect to x, lcoeff(f, x)

denotes the leading coefficient of the polynomial f with respect to x, and prem(f, g, x) denotes 
the pseudoremainder of f with respect to g in x.

Notice that the denominators of L̄i are nonzero if (b, z) ∈D∗, then we have

V (L̄1, L̄2, L̄3) ∩D∗ = V (ḡ1, ḡ2, ḡ3) ∩D∗.

Next we prove that V (ḡ1, ḡ2, ḡ3) ∩D∗ = ∅, i.e., L̄i (i = 1, 2, 3) have no common zero in D∗, 
and Ez is a weak focus of order at most 3 for (b, c) ∈D∗.

By a straightforward calculation, we have lcoeff(ḡ1, b) = −3(640z4 − 1088z3 + 692z2 −
190z + 21) < 0, for z ∈ (0, 3 ). Using MAPLE command “resultant”, we have
8
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Fig. 4.1. Two limit cycles (outer one is stable).

r12 := res(ḡ1, ḡ2, b) = −233466604682886512640(1 + 8z)(7 − 8z)(3 − 4z)2(1 + 4z)2(3 − 8z)5

z31(1 − z)31R2
1R2

r13 := res(ḡ1, ḡ3, b) = 6016388590926948136009743728640(1 + 8z)(7 − 8z)(3 − 4z)2(1 + 4z)2

(3 − 8z)5z49(1 − z)49R2
1R3, (4.11)

where

R1 = 32z2 − 40z + 3, R2 = 8192z6 − 18432z5 + 13056z4 − 1952z3 − 1152z2 + 400z − 7,

R3 = 46335284766201348096000z23 − 477238191221885003366400z22 + 22449121930451400

99563520z21 − 6367034223812634898071552z20 + 12088950259691489920548864z19 −
16087507283839471174287360z18 + 15180888388075042352660480z17 − 990221639440

8106339074048z16 + 3988936516596305504501760z15 − 465646406458420662108160z14

− 509484700433378100379648z13 + 342692059064621484998656z12 − 87117366831686

959497216z11 − 2992251537566396219392z10 + 8800364680459792224256z9 − 2521601

568729688381440z8 + 197402623249857128448z7 + 65629409697614568192z6 − 226963

22247537700896z5 + 3251291444861229360z4 − 240018936152525532z3 + 78773823795

98511z2 − 42697872914553z − 732926685600.

Notice that the common factors of r12 and r13 are nonzero for 0 < z < 3
8 , then according to 

Lemma 1 in [8], we have the following decomposition:
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V (ḡ1, ḡ2, ḡ3) = V (ḡ1, ḡ2, ḡ3, lcoeff(ḡ1, b)) ∪ V

(
ḡ1, ḡ2, ḡ3, r12, r13, lcoeff(r12, z)

lcoeff(ḡ1, b)

)
∪ V

(
ḡ1, ḡ2, ḡ3, r12, r13, res(r12, r13, z)

lcoeff(r12, z), lcoeff(ḡ1, b)

)
. (4.12)

res(r12, r13, z) = 0 since r12 and r13 have common factors.
Again by Lemma 1 in [8], we have

V (r12, r13) = V (R1) ∪ V (R2,R3),

and note that lcoeff(r12, z) = 1051440113853302594777425506667069440 �= 0, then the de-
composition (4.12) can be simplified as

V (ḡ1, ḡ2, ḡ3) ∩D∗ = V1 ∪ V2,

where

V1 := V (ḡ1, ḡ2, ḡ3,R1) ∩D∗,
V2 := V (ḡ1, ḡ2, ḡ3,R2,R3) ∩D∗.

Next, we use two steps to illustrate V (ḡ1, ḡ2, ḡ3) ∩D∗ = ∅.
Step 1. Proving that V1 = ∅. From R1 = 0, we have

z1 := 5−√
19

8 < 3
8 . (4.13)

Substituting z = z1 into L̄1 leads to

L̄11 = 64ḡ11

(8(
√

19 − 1)b + 22 − 5
√

19)(8(
√

19 − 2)b + 29 − 7
√

19)2
√

d3
(4.14)

where

ḡ11 = 2304(59
√

19 − 283)b3 + 160(12248 − 2809
√

19)b2 − 8(256828 − 58919
√

19)b

+717531 − 164613
√

19,

d3 = 64(1 − √
19)b2 − 8(46 − 11

√
19)b + 205 − 47

√
19

(8(
√

19 − 2)b + 27 − 6
√

19)2
,

by a simple calculation, here we claim that L̄11 < 0 for any b ∈ (0, z1), which implies 
V (ḡ1, R1) ∩D∗ = ∅. Hence, V1 = ∅.

Step 2. Proving that V2 = ∅. Using “resultant” command in MAPLE again, we have

res(R2,R3, z) = 136317552853718424113628797400979997211180457062152539316748923529

40784738914485736396853691869346547905801462320341625935543995059
100610566922094472435282739200000000922094472435282739200000000,
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then V (R2, R3) = ∅, that is V2 = ∅.
Next, we will prove that Ez can be a weak focus of order exactly 3 if c = 1

4 and R2 = 0. By 
the MAPLE command “realroot(R2, 1/106)” to isolate the real roots of R2, we see that R2 has 
a unique real zero z̄ .= 0.018514456 ∈ (0, 38 ), which covered by

I =
[

1366125727704958131

73786976294838206464
,

5464502910819832551

295147905179352825856

]
⊆ (0,

3

8
).

To find the dependence of b on z, we employ the Maple command “prem” to get

w1 := prem(ḡ2, ḡ1, b) = 6144(3 − 8z)z7(1 − z)7w11,

w2 := prem(ḡ1,w1, b) = 7044820107264(3 − 8z)3w6
21z

18(1 − z)18(χ1(z) + χ2(z)b),
(4.15)

where

w21 = 640z4 − 1088z3 + 692z2 − 190z + 21,

w11, χ1(z) and χ2(z) are given in Appendix D. Following the same logic in the proof Lemma 2.5, 
we obtain that lcoeff(w1, b) > 0 for z ∈ I , where

lcoeff(w1, b) = 6144(3 − 8z)z7(1 − z)7w12, (4.16)

and w12 is given in Appendix D.
From a pseudo-remainder formula in [19], lcoeff(ḡ1, b) < 0 and lcoeff(w1, a) > 0, we can 

deduce that ḡ1 = ḡ2 = 0 if and only if w1 = w2 = 0. Moreover, according to Sturm’s Theorem, 
we have χ2(z) �= 0 for all z ∈ I , thus, from w2 = 0, b can be solved as

b = b̄ := −χ1(z)

χ2(z)
.

Using Sturm’s Theorem again, we obtain that the derivative (−χ1(z)
χ2(z)

)′ > 0 for all z ∈ I . Therefore 

the function −χ1(z)
χ2(z)

is strictly increasing in I , and it can be easily checked that

0.0002062863407 < b < 0.0002062863408 < z, for z ∈ I.

Therefore,

V (L̄1, L̄2) ∩D∗ = V (ḡ1, ḡ2, r12) ∩D∗ �= ∅.

Finally, by MATHEMATICA we have∣∣∣∣∂(Tr(Ez), L̄1, L̄2)

∂(b, c, z)

∣∣∣∣
(a,k,c)=(aH ,kH , 1

4 )

= J1(b, z)

65536(z2 − 2bz + b)6z7(1 − z)7(z − b)9
,

here the expression of J1(b, z) is omitted to save space. By a simple calculation, we know that 
(z2 − 2bz + b)6z7(1 − z)7(z − b)9 > 0 for (b, z) ∈ D∗. Using MAPLE again one can easily get
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res(R2, J1(b, z), z) = 655641908836800320361150117215861828275824230400000000J2(b)

where J2(b) is a polynomial in b of degree 90, we omit it for brevity. Using MAPLE com-
mand “realroot(J2(b), 1/106)”, we have J2(b) �= 0 for b ∈ (0.0002062, 0.0002063). Hence ∣∣∣ ∂(Tr(Ez),L̄1,L̄2)

∂(b,c,z)

∣∣∣ �= 0 for (b, c, z) = (b̄, 14 , ̄z). Thus, system (1.4) can undergo a degenerate Hopf 

bifurcation of codimension 3 near Ez, if (a, b, c, k1, k2, z) = (aH , −χ1(z)
χ2(z)

, 14 , kH , kH , ̄z). �
5. Concluding remarks

In this paper, we revisited a Holling-Tanner model with generalist predator and constant prey 
refuge. We discussed the impact of the constant prey refuge on the dynamics and bifurcations, 
and found that the constant prey refuge can induce much richer dynamical behaviors and bifurca-
tion phenomena, such as three types of degenerate Bogdanov-Takens bifurcation of codimension 
3 (cusp, focus and elliptic cases) and Hopf bifurcation of codimension at least 3. Numerical 
simulations, including bifurcation diagrams and phase portraits, are provided to illustrate and 
complement our analytical results.

We showed that the parameter b (i.e., the constant prey refuge μ) can have an essential effect 
on not only the number and types of boundary and positive equilibria (see Lemmas 2.1, 2.3, 
2.9, and Theorems 2.4, 2.6, 2.7, 4.1), but also the types and codimension of bifurcations (see 
Theorems 3.1, 3.3, 4.2).

Compared the results in system (1.4) with those in system (1.2), we observe that constant 
prey refuges can induce more complex dynamical behaviors and bifurcation phenomena. For 
system (1.2), Xiang et al. [38] showed the existence of at most two positive equilibria, only 
one type of degenerate Bogdanov-Takens bifurcation of codimension 3 (cusp case), and Hopf 
bifurcation with codimension at most 2. While for system (1.4) with prey refuges, this paper 
showed the existence of at most three positive equilibria, three types of degenerate Bogdanov-
Takens bifurcation of codimension 3 (cusp, focus and elliptic cases), and Hopf bifurcation with 
codimension at least 3. Moreover, we showed in Theorem 2.7 the existence of a nilpotent elliptic 
singularity of codimension at least 4, and system (1.4) may have a degenerate Bogdanov-Takens 
bifurcation of codimension at least 4 (elliptic case). Consequently, system (1.4) can have more 
complex dynamics, such as one or two big limit cycles enclosing one or three positive equilibria, 
and three kinds of homoclinic orbits (homoclinic to hyperbolic saddle, saddle-node or neutral 
saddle).

The prey refuge prevents prey extinction and causes the coexistence of both populations for all 
positive initial densities (see Lemma 2.1). The most exciting finding from our theoretical study 
is that refuge can induce a stable, large-amplitude limit cycle enclosing one or three positive 
steady states (see Fig. 3.3). This observation can potentially guide future empirical studies from 
the theoretical perspective. Another future effort can include Allee effect into system (1.4) [34]. 
Moreover, piecewise smooth systems and reaction-diffusion systems with prey refuges are useful 
yet challenging future directions [7,14,20,22,33].

Data availability

No data was used for the research described in the article.
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Appendix A. Coefficients in the proof of Lemma 2.5

φ0 = − 3

16
(1 − c2)4, φ1 = 3

4
(1 − c2)3((3c − 2)(c + 1) − ch(c)),

φ2 = −1

4
(1 − c)2(c + 1)3(39c3 − (19h(c) + 22)c2 + 3(7h(c) − 17)c + 6(h(c) + 3)),

φ3 = −1

2
(1 − c)(c + 1)2(2c5 + (76 − 7h(c))c4 + (140 − 51h(c))c3 − 3(17h(c) + 8)c2

+ 3(9h(c) − 26)c + 6(3h(c) + 2)),

φ4 = −1

2
(1 − c)(c + 1)2(269c5 + (472 − 194h(c))c4 + (412 − 242h(c))c3

+ (98 − 170h(c))c2 − 3(2h(c) + 35)c + 36h(c) + 6),

φ5 = −2(1 − c)(c + 1)2(216c5 + (355 − 153h(c))c4 + (251 − 176h(c))c3

+ (109 − 105h(c))c2 − 3(12h(c) + 1)c + 6h(c)),

φ6 = 2c(c + 1)2(413c5 + (467 − 292h(c))c4 + (52 − 185h(c))c3 + (21h(c) − 68)c2

+ (33h(c) − 81)c + 39h(c) − 15),

φ7 = 4c(c + 1)2(256c5 + (463 − 181h(c))c4 − 3(79h(c) − 99)c3 + (113 − 114h(c))c2

+ (23 − 41h(c))c − 3h(c)),

φ8 = 4c2(c + 1)2(99c4 + (181 − 70h(c))c3 − 93(h(c) − 1)c2 + (11 − 28h(c))c − h(c)).

Appendix B. g1 in (4.4)

g1 = [b2(−(c4 + c3(6z − 3) + c2(6z2 − 6z + 1) − 3c(4z3 − 6z2 + 4z − 1) − 2(3z2 − 3z + 1)2))

+ 2bz(c4 + c3(5z − 2) + c2(4z − 3)z + c(−6z3 + 6z2 − 4z + 1) − 2z2(3z2 − 3z + 1))

+ z2(c + z)2(−c2 − 2cz + c + 2z2))]k2
2 + [2b3(c4 + c3(6z − 3) + c2(6z2 − 6z + 1)

− 3c(4z3 − 6z2 + 4z − 1) − 2(3z2 − 3z + 1)2) + b2z(−6c4 + c3(16 − 34z) + c2(−42z2

+ 45z − 9) + 3c(7z3 − 2z2 + 2z − 1) + 42z4 − 51z3 + 28z2 − 9z + 2) + bz2(6c4

+ 2c3(16z − 7) + c2(45z2 − 48z + 9) + 6c(z2 − 6z + 2)z − 12z4 − 6z3 + 7z2 − 1)

− z3(2c4 + 2c3(5z − 2) + c2(15z2 − 15z + 2) + 3c(2z2 − 5z + 1)z + 2z2(1 − 3z))]k2

+ b4(−(c4 + c3(6z − 3) + c2(6z2 − 6z + 1) − 3c(4z3 − 6z2 + 4z − 1) − 2(3z2 − 3z

+ 1)2)) + b3z(4c4 + 12c3(2z − 1) + c2(34z2 − 39z + 9) + c(−9z3 − 6z2 + 2z + 1)

− 30z4 + 39z3 − 24z2 + 9z − 2) + b2z2(−6c4 + c3(18 − 36z) − 3c2(21z2 − 25z + 6)

+ c(−29z3 + 86z2 − 46z + 7) + 4z4 + 33z3 − 37z2 + 13z − 1) + bz3(4c4 + 12c3(2z − 1

+ c2(48z2 − 57z + 13) + c(38z3 − 85z2 + 41z − 6) + 12z4 − 46z3 + 35z2 − 10z + 1)

− z4(c4 + c3(6z − 3) + c2(13z2 − 15z + 3) + c(12z3 − 23z2 + 9z − 1)

+ 2(2z2 − 5z + 2)z2).
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Appendix C. ḡ2 in (4.10)

ḡ2 = (8776581120z10 − 38578028544z9 + 77610467328z8 − 93902868480z7

+75553310208z6 − 42189937152z5 + 16547268096z4 − 4500626616z3 + 813129552z2

−88350696z + 4409559)b8 + 2z(18723373056z10 − 72901951488z9 + 128758628352z8

−135093387264z7 + 92717637120z6 − 43202499328z5 + 13725291952z4

− 2904240618z3 + 386521158z2 − 28898361z + 942921)b7

+z2(68116021248z10 − 227134144512z9 + 336232439808z8 − 285490708480z7

+149297232896z6 − 46986569984z5 + 7197038256z4 + 328799476z3 − 341448261z2

+54194388z − 2932335)b6 − 2z3(34594357248z10 − 94284546048z9 + 108623233024z8

− 64649083904z7 + 17319553280z6 + 1670382528z5

−2741391904z4 + 848359354z3 − 116772913z2 + 5809773z + 22062)b5

+z4(43054006272z10 − 89362202624z9 + 69225865216z8 − 16481540096z7

−8534749696z6 + 6755059712z5 − 1485851936z4 − 63414516z3 + 78271301z2

−11033104z + 395721)b4 − 2z5(8427143168z10 − 11742789632z9

+3707691008z8 + 2479522304z7 − 1937577472z6 + 218092288z5 + 171817808z4

−58201542z3 + 3657712z2 + 601553z − 34695)b3

+z6(4063232000z10 − 2785869824z9 − 1170518016z8 + 1380023296z7 − 51970816z6

−219785216z5 + 50596272z4 + 6673164z3 − 2542603z2 + 84324z − 81)b2

−2z8(276299776z9 + 12058624z8 − 144109568z7 + 12131840z6 + 31872000z5

−4842944z4 − 2582432z3 + 594230z2 − 4053z + 27)b + (32505856z8 + 25755648z7

−7094272z6 − 7556096z5 + 1326336z4 + 515840z3 − 84672z2 − 14292z + 27)z10.

Appendix D. w11, χ1(z), χ2(z) in (4.15), w12 in (4.16)

w11 = (23426458624186122240z24 − 239547651652394680320z23

+1189006549891908894720z22 − 3811177181123822223360z21

+8832972402453003632640z20 − 15678737788256460472320z19

+22011691426734145536000z18 − 24900065219612667543552z17

+22933788464167715340288z16 − 17282677716938863411200z15

+10662052515612853272576z14 − 5365237315385086181376z13

+2183943623886690189312z12 − 708953147493575753728z11

+179555439926313291776z10 − 34437002773070025728z9
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1

+4903156906042998784z8 − 586117683475079808z7 + 99427743424933200z6

−24497616500969796z5 + 4849014898953117z4 − 625197123602478z3

+49348725668613z2 − 2182224291840z + 42855402240)b2

−2z(8991542209161461760z24 − 84008933588132167680z23

+384151528666331873280z22 − 1148583564616862269440z21

+2515455946729570959360z20 − 4258182605223934033920z19

+5714457248139111825408z18 − 6140121884871974977536z17

+5283044042445605044224z16 − 3606116644004164534272z15

+1904378379124856586240z14 − 728690302594086862848z13

+158038909134040793088z12 + 19504195764358651904z11

−35653252213322285056z10 + 18077883567884896768z9

−5927783457311641472z8 + 1401459071620339296z7 − 244886253416466768z6

+31620699546846768z5 − 2999504827526463z4 + 209762329050702z3

−10941159880143z2 + 399416883840z − 7142567040)b

−(2450943359708037120z23 − 17751527269513297920z22 + 61857226754956984320z2

−145477949587917373440z20 + 274314732965084528640z19

−445729837367458529280z18 + 616235008162403450880z17

−695786945904774217728z16 + 622243193077547139072z15

−432528435287433412608z14 + 229303458476788285440z13

−89461884839063453696z12 + 23375600808009531392z11 − 2640905404308062208z10

−763397271338147840z9 + 458414038903626752z8 − 110986676022091008z7 +
13895303028156288z6 − 370610960769504z5 − 158598403944732z4

+26304652234053z3 − 2114325096246z2 + 122698133613z − 4761711360)z3,

w12 = 23426458624186122240z24 − 239547651652394680320z23

+1189006549891908894720z22 − 3811177181123822223360z21

+8832972402453003632640z20 − 15678737788256460472320z19

+22011691426734145536000z18 − 24900065219612667543552z17

+22933788464167715340288z16

−17282677716938863411200z15 + 10662052515612853272576z14

−5365237315385086181376z13 + 2183943623886690189312z12

−708953147493575753728z11 + 179555439926313291776z10
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−34437002773070025728z9 + 4903156906042998784z8

−586117683475079808z7 + 99427743424933200z6 − 24497616500969796z5

+4849014898953117z4 − 625197123602478z3 + 49348725668613z2 − 2182224291840z

+42855402240.

χ1(z) = (−474989023199232000z21 + 4064718566027427840z20

−15488353008038707200z19 + 34741179567518515200z18

−50705115335035453440z17 + 49583767062734438400z16

−31132257206340157440z15 + 9342382202903592960z14

+3249939501895647232z13 − 5575105479811530752z12 + 3378053074588270592z11

−1211848655616606208z10 + 236485401248530432z9 + 4916450328772608z8

−18854957774372864z7 + 5860068128206848z6 − 807449380339712z5

+7931592235968z4 + 13085757187920z3 − 1530580384584z2 + 43445578770z

+55801305)z,

χ2(z) = 579486608303063040z21 − 4967197710105968640z20 + 18120534366911201280z19

−35204201093844172800z18 + 32060084544098795520z17

+15024127774178672640z16 − 93383699644463185920z15

+154828857055956172800z14 − 161466376117781790720z13

+119470802979377905664z12 − 64004616456578793472z11

+23580295564364873728z10 − 4476147910404472832z9

−888228346786250752z8 + 1086259263135006720z7 − 465478782183497728z6

+126043498480507392z5 − 23170887880897408z4 + 2842342069239312z3

−215925026966064z2 + 8708026419810z − 140293283445.
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