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On Calogero-Sutherland gases

First part

B Nathaél Gozlan and Pierre-André Zitt (Paris-Est)

First order global asymptotics for Calogero-Sutherland gases (arXiv:1304.7569)
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M Particles at positions x1, ..., xy in R? with charge 1/N
B External field confinement: potential V(x)
B Internal pair repulsion: potential W(x,y)
B Configuration energy
N

HN(xl,...,xN):Z%V(fo S Wl x)

i=1 1<i<j<N
= / (x) dun(x / W(x, y)dpn(x)dun(y)-
B For d < 2, Random Normal Matrix Ensemble

M = UDiag(x1, ..., Xxy)U" with U Haar independent of x.
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L Introduction

Randomness

B Boltzmann-Gibbs measure at inverse temperature gy > 0

N

dPn(X1, ..., XN) e PvHN(X1,...xn)
dxy -+ - dxn - Zn = H f1(x:) H f2(xi, X;)
=1 1<i<j<N
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L Introduction

Randomness

B Boltzmann-Gibbs measure at inverse temperature Sy > 0

N

dPn(X1, ..., XN) e PvHN(X1,...xn)
dxy -+ - dxn - Zn = H f1(x:) H f2(xi, X;)
=1 1<i<j<N

B Stochastic Differential Equations (McKean-Vlasov)

2
dXei = | /mdBu — VV(Xe)dt — > - VIW(X¢j, Xej)dt
j#i

B Infinitesimal generator (RANY: | = B,;lA — VHpy -V
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L Introduction

Examples

B RMT (eigenvalues of random matrix ensembles):

‘ GUE ‘ Complex Ginibre
Matrix law | o< exp (—NTr(H?)) | o< exp (—NTr(MM*))
Spectrum dim. d=1 d=2
Spectrum law oc [Ty e MP [T, Ixi — x?

Gas parameters | Ay = N2, V(x) = |x|>, W(x,y) = 2 log o
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Spectrum dim. d=1 d=2
Spectrum law oc [Ty e MP [T, Ixi — x?
Gas parameters | Ay = N2, V(x) = |x|>, W(x,y) = 2 log o
LN = [ SemiCircle | UniformDisk

B [Khoruzhenko-Sommers], [Ameur-Hedenmalm-Makarof]
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L Introduction

More general interactions

H Coulomb interaction

—|x|  ifd=1
W(x,y) = ka(x —y) with ka(x) = ¢ log ﬁ ifd=2
m% ifd>3

Fundamental solution for Laplacian:

Ak = —6

6/ 20



On Calogero-Sutherland gases

L Introduction
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B Coulomb interaction

—|x|  ifd=1
W(x,y) = ka(x —y) with ka(x) = ¢ log ﬁ ifd=2
m% ifd>3

Fundamental solution for Laplacian:

Akp = —4g
B Riesz interaction 0 < a < d (Coulomb ifd > 3,a = 2)
1
d>1, W(x,y)=ka,(x—y), with ka,(x)= Hm.
X

Fundamental solution for fractional Laplacian:

AakAa = _50
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L First order global asymptotics Calogero-Sutherland gases

Motivation: physical control problem

B Encode system state with empirical measure

B Fix an internal interaction potential W
B Fix a target probability measure p, on RY
B How to tune external field V and cooling scheme Sy s.t.

lim puy = ps ?
N—oco
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B Approximate energy functional
Hn(Xx1,. .., xn) = Hn(pw) = /VdMN + // W dufy ~ I( )
£
B Limiting energy functional (quadratic form)

je My s i) = / V) di(x) + 2 / / W(x.y) du(x)dp(y).
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General idea
B Approximate energy functional
Hy(x1, ... xn) = Hu(pw) = /VduNjL//#Wd,u,z\, ~ ()
B Limiting energy functional (quadratic form)
peMi i) = [VEdue+ ;5 [ [Weey)dutodu(y).

B First order global asymptotics: under Py o e~ AvHn

pn Rns1 arginf/
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First order global asymptotics Calogero-Sutherland gases

Large Deviations Principle on (M3, dgy)

Theorem (Large Deviations Principle, CGZ 2013)

B LDP Lower bound: for all A C M1 (RY)

log P A
liming C9PMIN EA) o e (o ingn ()
N—oo N HEINt(A)

RMT: [BenArous-Guionnet,B.-A.-Zeitouni], [Hiai-Petz], [Hardy].
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Theorem (Large Deviations Principle, CGZ 2013)

B LDP Lower bound: for all A C M1 (RY)

.. _logPn(un € A) . .
liminf ——————~= > — inf (I —infl
IN—>Ic>o ,8/\/ ,uEIint(A)( I )(M)

B LDP Upper bound: for all A C Mj(R?)

log P A
lim sup log Pu(pm € A) < — inf (I—infl)(p)
N—o0 N peclo(A)

B a.s. dem(pn,arginfl) — 0as N — oo

RMT: [BenArous-Guionnet,B.-A.-Zeitouni], [Hiai-Petz], [Hardy].
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B Confinement and repulsion.
» V:R?— R continuous, V(x) — +oo, e”V € LY(dx)

|x] =00

> W:RIxR?— RU {+oc} continuous, finite outside
diagonal, and symmetric W(x,y) = W(y, x)

B Near infinity. For some constants c € R and ¢, € (0, 1),
Vx,y € R, W(x,y) = c — eo(V(x) + V(y))
B Near diagonal. for every compact K C RY,
z s sup{W(x,y) : x,y € K,|x —y| > |z|} € L}(dz).
B Regularity. Vu € M1 (RY), if I(1) < oo then
pn) € M1(RY), pin < dX, pn — pty 1in) — I(0).
B Cooling scheme. 3y > Nlog(N) (RMT: By = N?)
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Comparison with Sanov theorem when W =0

N
B
Pu o [[ e V)
i=1

Sanov Calogero-Sutherland
By N > NlogN
Pn nN Ul
Rate | p— [Plog S dy | p— [Vdu—infV
s n supp(us) C arginfV

B Laplace-Varadhan to pass from W = 0 to W bounded
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N
B
Pu o [[ e V)
i=1

Sanov Calogero-Sutherland
By N > NlogN
Pn nN Ul
Rate | p— [Plog S dy | p— [Vdu—infV
s n supp(us) C arginfV

B Laplace-Varadhan to pass from W = 0 to W bounded
Bl Main problem is W unbounded!
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th(p) + (1 —t)I(v) —I(tu+ (1 — t)v / W — )
t(1—t)
Harmonic analysis: Bochner, Schoenberg, Bernstein
Represent W as a mixture of weakly positive kernels
B Quadratic form and potential

1
I(p) = /Vd,u+2 /U“d,u where U*(x /W x,y)du(y

B Lagrange variational analysis: gradient of | at point
If W(x,y) = kp(x — y) and Dkp = —dp with D local op. then

Ut =kpxp, DUY=—p and p.~DV
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Rate function in the Riesz case

Theorem (Rate function in the Riesz case - CGZ 2013)

B | js strictly convex
B arginfl = {u.} and . is compactly supported
B Convergence to the equilibrium measure

a.s. uy — px as N — oo
B Characterization of p.:

UM+ +V = C, on supp(us) and > C, outside
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B One can construct V from . if . is smooth enough.
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. Behavior at the edge (support)
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Second part

B Sandrine Péché (Paris-Diderot)

At the edge of Coulomb gases on the plane
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Edge behavior

RMT Eigenvalues GUE | CGE
Matrix density || exp(—NTr(H?)) | exp(—NTr(MM*))
Particles in RY d=1 d=2
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Eigendensity [, e M’ [T Ixi — xI?
Temperature By = N?
Confinement V(x) = |x|?
Repulsion W(x) = 2log ﬁ
Global SemiCircle UnifomDisk
Edge Tracy-Widom ?

B Problem: nature and universality of fluctuations of

IX[(1y == {2%\/ [ il

whend =2, By = N?, W(x,y) = 2log 31, V(x) = v(|x|)
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d
(|X|(1)7 000 |X‘(N)) = (y(l)7 00 7y(N))

where ya, ...,y are indep. r.v. with y; of density t2—1e=Nv(t),

17/ 20



On Calogero-Sutherland gases

At the edge of Coulomb gases on the plane

Layered structure

Theorem (Layered structure - CP 2012)
Ifd =2, By = N2, V(x) = v(|x|) and W(x,y) = 2 log ﬁ then

d
(|X|(1)7 000 |X‘(N)) = (y(l)7 00 7y(N))

where ya, ...,y are indep. r.v. with y; of density t2—1e=Nv(t),
B Kostlan trick. If A;,..., Ay are indep. r.v. with densities
fi,...,fy andif o is a uniform random permutation of

{1,...,N} then (A,,,...,As,) has density

1
(b1,...,by) — mpermanent(fi(bj))lgi,jg,\,.
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At the edge of Coulomb gases on the plane

Power potentials

Theorem (Power potentials and sums of i.i.d. r.v.)

Ifd =2, By = N2, V(x) = x>, W(x,y) = 2log 2, then

d
Nix[Gy =21+ + 2k

where Z1,...,Z are i.i.d. of law Gamma(2/a, 1).
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Power potentials

Theorem (Power potentials and sums of i.i.d. r.v.)

Ifd =2, By = N2, V(x) = |x|**!, W(x,y) = 2log |xT1y| then
a d
where Z1,...,Z are i.i.d. of law Gamma(2/a, 1).

B Exact edge tail representation

N
Zid L7
P(max |x|,a<x):HIP’<1+N+k <x)
k=1

1<isN

B Competition between LLN and CLT ~~ [Rider]
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Power potentials

Theorem (Power potentials and sums of i.i.d. r.v.)

Ifd =2, By = N2, V(x) = x>, W(x,y) = 2log 2, then

d
Nix[Gy =21+ + 2k
where Z1,...,Z are i.i.d. of law Gamma(2/a, 1).

B Exact edge tail representation

N

Z1+ -+ 2

P < x)= Pl — <

(o 7 <) = [[ 7 (25 )
k=1

B Competition between LLN and CLT ~~ [Rider]

B Delta-method

18/ 20
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At the edge of Coulomb gases on the plane

Edge behavior

Theorem (Gumbel universality at the edge — CP 2012)

Ifd =2, fy = N? V(x) = v(|x]), v convex, W(x,y) = 2log ;2
then there exists deterministic sequences (ay) and (by) s.t.

d
ay max |x;| + by — Gumbel
N n—o00

1\\

B Gumbel: F(t) = e~® ' ~~ [FisherTippett-Gnedenko]
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Ifd =2, fy = N? V(x) = v(|x]), v convex, W(x,y) = 2log ;2
then there exists deterministic sequences (ay) and (by) s.t.

d
ay max |x;| + by — Gumbel
N n—o00

1\\

B Gumbel: F(t) = e~® ' ~~ [FisherTippett-Gnedenko]
B Universality: the limiting law does not depend on v
B Phenomenon: no Tracy-Widom on C!
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