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On Calogero-Sutherland gases

Introduction

Interacting Particles System

� Particles at positions x1, . . . , xN in Rd with charge 1/N

� External field confinement: potential V(x)

� Internal pair repulsion: potential W(x, y)

� Configuration energy

HN(x1, . . . , xN) =
N∑

i=1

1

N
V(xi) +

∑
16i<j6N

1

N2
W(xi, xj)

=

∫
V(x) dµN(x) +

1

2

∫∫
6=

W(x, y)dµN(x)dµN(y).

� For d 6 2, Random Normal Matrix Ensemble

M = UDiag(x1, . . . , xN)U∗ with U Haar independent of x.
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Introduction

Randomness

� Boltzmann-Gibbs measure at inverse temperature βN > 0

dPN(x1, . . . , xN)

dx1 · · ·dxN
=

e−βNHN(x1,...,xN)

ZN
=

N∏
i=1

f1(xi)
∏

16i<j6N

f2(xi, xj)

� Stochastic Differential Equations (McKean-Vlasov)

dXt,i =

√
2

βN
dBt,i −∇V(Xt,i)dt −

∑
j6=i

∇1W(Xt,i,Xt,j)dt

� Infinitesimal generator (RdN): L = β−1
N ∆−∇HN · ∇
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Introduction

Examples

� RMT (eigenvalues of random matrix ensembles):
GUE Complex Ginibre

Matrix law ∝ exp
(
−NTr(H2)

)
∝ exp (−NTr(MM∗))

Spectrum dim. d = 1 d = 2

Spectrum law ∝
∏N

i=1 e−N|xi|2
∏

i<j |xi − xj|2

Gas parameters βN = N2,V(x) = |x|2,W(x, y) = 2 log 1
|x−y|

µN → µ∗ SemiCircle UniformDisk

� [Khoruzhenko-Sommers], [Ameur-Hedenmalm-Makarof]
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Introduction

More general interactions

� Coulomb interaction

W(x, y) = k∆(x− y) with k∆(x) =


−|x| if d = 1

log 1
|x| if d = 2

1
|x|d−2 if d > 3

Fundamental solution for Laplacian:

∆k∆ = −δ0

� Riesz interaction 0 < α < d (Coulomb if d > 3, α = 2)

d > 1, W(x, y) = k∆α(x− y), with k∆α(x) =
1

|x|d−α
.

Fundamental solution for fractional Laplacian:

∆αk∆α = −δ0
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On Calogero-Sutherland gases

First order global asymptotics Calogero-Sutherland gases

Motivation: physical control problem

� Encode system state with empirical measure

µN =
1

N

N∑
i=1

δxi .

� Fix an internal interaction potential W

� Fix a target probability measure µ∗ on Rd

� How to tune external field V and cooling scheme βN s.t.

lim
N→∞

µN = µ∗ ?
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First order global asymptotics Calogero-Sutherland gases

General idea

� Approximate energy functional

HN(x1, . . . , xN) = HN(µN) =

∫
V dµN +

∫∫
6=

W dµ2
N ≈ I(µN)

� Limiting energy functional (quadratic form)

µ ∈M1 7→ I(µ) =

∫
V(x) dµ(x) +

1

2

∫∫
W(x, y) dµ(x)dµ(y).

� First order global asymptotics: under PN ∝ e−βNHN

µN ≈N�1 arg inf I
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First order global asymptotics Calogero-Sutherland gases

Large Deviations Principle on (M1,dFM)

Theorem (Large Deviations Principle, CGZ 2013)

� LDP Lower bound: for all A ⊂M1(Rd)

lim inf
N→∞

log PN(µN ∈ A)

βN
> − inf

µ∈int(A)
(I− inf I)(µ)

� LDP Upper bound: for all A ⊂M1(Rd)

lim sup
N→∞

log PN(µN ∈ A)

βN
6 − inf

µ∈clo(A)
(I− inf I)(µ)

� a.s. dFM(µN, arg inf I)→ 0 as N→∞

RMT: [BenArous-Guionnet,B.-A.-Zeitouni], [Hiai-Petz], [Hardy].
9/ 20
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First order global asymptotics Calogero-Sutherland gases

General assumptions (beyond Coulomb and Riesz)

� Confinement and repulsion.

I V : Rd → R continuous, V(x) −→
|x|→∞

+∞, e−V ∈ L1(dx)

I W : Rd × Rd → R ∪ {+∞} continuous, finite outside
diagonal, and symmetric W(x, y) = W(y, x)

� Near infinity. For some constants c ∈ R and εo ∈ (0,1),

∀x, y ∈ Rd, W(x, y) > c− εo(V(x) + V(y))

� Near diagonal. for every compact K ⊂ Rd,

z 7→ sup{W(x, y) : x, y ∈ K, |x− y| > |z|} ∈ L1(dz).

� Regularity. ∀µ ∈M1(Rd), if I(µ) <∞ then

∃(µn) ∈M1(Rd), µn � dx, µn → µ, I(µn)→ I(µ).

� Cooling scheme. βN � N log(N) (RMT: βN = N2)
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First order global asymptotics Calogero-Sutherland gases

Comparison with Sanov theorem when W ≡ 0

PN ∝
N∏

i=1

e−
βN
N V(xi)

Sanov Calogero-Sutherland

βN N � N log N
PN η⊗N η⊗N

N

Rate µ 7→
∫ dµ

dη log dµ
dη dη µ 7→

∫
V dµ− inf V

µ∗ η supp(µ∗) ⊂ arg inf V

� Laplace-Varadhan to pass from W ≡ 0 to W bounded

� Main problem is W unbounded!
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On Calogero-Sutherland gases

First order global asymptotics Calogero-Sutherland gases

Rate function analysis

� I is convex iff W is weakly positive

tI(µ) + (1− t)I(ν)− I(tµ+ (1− t)ν)

t(1− t)
=

∫∫
W d(µ− ν)2

Harmonic analysis: Bochner, Schoenberg, Bernstein
Represent W as a mixture of weakly positive kernels

� Quadratic form and potential

I(µ) =

∫
V dµ+

1

2

∫
Uµ dµ where Uµ(x) =

∫
W(x, y) dµ(y).

� Lagrange variational analysis: gradient of I at point µ
If W(x, y) = kD(x− y) and DkD = −δ0 with D local op. then

Uµ = kD ∗ µ, DUµ = −µ and µ∗ ≈ DV

12/ 20
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∫
V dµ+

1

2

∫
Uµ dµ where Uµ(x) =

∫
W(x, y) dµ(y).

� Lagrange variational analysis: gradient of I at point µ
If W(x, y) = kD(x− y) and DkD = −δ0 with D local op. then

Uµ = kD ∗ µ, DUµ = −µ and µ∗ ≈ DV

12/ 20
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Rate function in the Riesz case

Theorem (Rate function in the Riesz case – CGZ 2013)

� I is strictly convex

� arg inf I = {µ∗} and µ∗ is compactly supported

� Convergence to the equilibrium measure

a.s. µN → µ∗ as N→∞

� Characterization of µ∗:

Uµ∗ + V = C∗ on supp(µ∗) and > C∗ outside
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First order global asymptotics Calogero-Sutherland gases

Equilibrium measure

Corollary (Equilibrium measure)

� One can construct V from µ∗ if µ∗ is smooth enough.

� If Coulomb kernel d > 3 and radial external field V then
µ∗ is supported in a ring (uniform on ball if V quadratic)
 [Dragnev-Saff], [López García], [Bleher-Kuijlaars]

� Open problems:

I Computation of µ∗ for Riesz W and radial V
I McKean-Vlasov dynamics N and t
I Simulation algorithm beyond determinantal case
I Second order analysis [Sandier-Serfaty]
I Weakly confining V and heavy tailed µ∗  [Hardy]
I . . .
I Behavior at the edge (support)
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Second part

� Sandrine Péché (Paris-Diderot)
At the edge of Coulomb gases on the plane
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At the edge of Coulomb gases on the plane

Edge behavior

RMT Eigenvalues GUE CGE

Matrix density exp(−NTr(H2)) exp(−NTr(MM∗))

Particles in Rd d = 1 d = 2

Eigendensity
∏

i e
−N|xi|2

∏
i<j |xi − xj|2

Temperature βN = N2

Confinement V(x) = |x|2

Repulsion W(x) = 2 log 1
|x−y|

Global SemiCircle UnifomDisk
Edge Tracy-Widom ?

� Problem: nature and universality of fluctuations of

|x|(1) := max
16i6N

|xi|

when d = 2, βN = N2, W(x, y) = 2 log 1
|x−y| , V(x) = v(|x|)
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At the edge of Coulomb gases on the plane

Layered structure

Theorem (Layered structure – CP 2012)

If d = 2, βN = N2, V(x) = v(|x|) and W(x, y) = 2 log 1
|x−y| then

(|x|(1), . . . , |x|(N))
d
= (y(1), . . . , y(N))

where y1, . . . , yN are indep. r.v. with yi of density t2i−1e−Nv(t).

� Kostlan trick. If A1, . . . ,AN are indep. r.v. with densities
f1, . . . , fN and if σ is a uniform random permutation of
{1, . . . ,N} then (Aσ1 , . . . ,AσN) has density

(b1, . . . ,bN) 7→ 1

N!
permanent(fi(bj))16i,j6N.
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At the edge of Coulomb gases on the plane

Power potentials

Theorem (Power potentials and sums of i.i.d. r.v.)

If d = 2, βN = N2, V(x) = |x|α>1, W(x, y) = 2 log 1
|x−y| then

N|x|α(k)
d
= Z1 + · · ·+ Zk

where Z1, . . . ,Zk are i.i.d. of law Gamma(2/α,1).

� Exact edge tail representation

P( max
16i6N

|x|αi 6 x) =
N∏

k=1

P
(

Z1 + · · ·+ Zk

N
6 x

)

� Competition between LLN and CLT [Rider]

� Delta-method
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At the edge of Coulomb gases on the plane

Edge behavior

Theorem (Gumbel universality at the edge – CP 2012)

If d = 2, βN = N2, V(x) = v(|x|), v convex, W(x, y) = 2 log 1
|x−y|

then there exists deterministic sequences (aN) and (bN) s.t.

aN max
16i6N

|xi|+ bN
d−→

n→∞
Gumbel

� Gumbel: F(t) = e−e−t
 [Fisher-Tippett-Gnedenko]

� Universality: the limiting law does not depend on v

� Phenomenon: no Tracy-Widom on C!
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Recent related works

� Hedenmalm & Makarov 2011
Coulomb gas ensembles and Laplacian growth

� Hardy 2012
A note on large deviations for 2D Coulomb gas with weakly confining potential

� Sandier & Serfaty 2012
2D Coulomb Gases and the Renormalized Energy

� Tao & Vu 2012
Universality of local spectral statistics of non-Hermitian matrices

� Bourgade & Yau & Yin 2012
Local Circular Law for Random Matrices

� Bleher & Kuijlaars 2012
Orthogonal polynomials in the normal matrix model with a cubic potential
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