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Concentration of measure A prototypical example

Gaussian concentration

Theorem (Sudakov-Tsirel'son '74, Borell '75)

Let f be a Lipschitz map, i.e. |f(x) — f(y)| < L||x — yl|l2, x,¥ € R". Then, for
the standard Gaussian random vector G,

P(f(G) < med(f) — tL) < d(—t) < %exp (-t?/2), t>0. (1)

In particular,

P(|f(G) — med(f)| > tL) < exp(—t*/2), t > 0.
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@ The probabilistic oscillations (fluctuations) are controlled by the metric
oscillations (Lipschitz constant). That is Var[f(G)] < L.
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@ The probabilistic oscillations (fluctuations) are controlled by the metric
oscillations (Lipschitz constant). That is Var[f(G)] < L.

@ Sharp for linear functionals.
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Let f be a Lipschitz map, i.e. |f(x) — f(y)| < L||x — yl|l2, x,¥ € R". Then, for
the standard Gaussian random vector G,

P(f(G) < med(f) — tL) < ®(—t) < —exp (—t?/2), t>0. (1)

N | =

In particular,

P(|f(G) — med(f)| > tL) < exp(—t2/2), t > 0. 2)

@ The probabilistic oscillations (fluctuations) are controlled by the metric
oscillations (Lipschitz constant). That is Var[f(G)] < L.

@ Sharp for linear functionals.

@ Consequence of the isoperimetric principle. “isoperimetry + continuity”.
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Concentration of measure  Sub-optimality issues

Application to £, norms

@ For f being a norm we obtain:

P(|f(G) — m| > tm) < exp(—ct?k), t>0, k=k(f):=(m/L)%
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@ For f being a norm we obtain:
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In the large deviation regime the latter is optimal, that is
P(F(G) > (14 t)m) > ce 'k t>1.

Let's focus on the small deviation regime:
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Let's focus on the small deviation regime:
@ The £, norm for 1 < p < 2: f(x) = |||, := (321, |xi|P)Y/P. Optimal.
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P(|f(G) — m| > tm) < exp(—ct?k), t>0, k=k(f):=(m/L)%

In the large deviation regime the latter is optimal, that is
P(F(G) > (14 t)m) > ce 'k t>1.
Let's focus on the small deviation regime:
@ The £, norm for 1 < p < 2: f(x) = |||, := (321, |xi|P)Y/P. Optimal.

@ The ¢4 norm for 2 < q < co. Sub-optimal.
Lip(|| - lg4) = 1, but Var(||Gl|g) = 0n(1). E.g. Var(||G|ls) =< n~*/%.
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@ The £, norm for 1 < p < 2: f(x) = |||, := (321, |xi|P)Y/P. Optimal.
@ The ¢4 norm for 2 < q < co. Sub-optimal.

Lip(]| - [lg) = 1, but Var(|[Glly) = 0s(1). E.g. Var(|G]la) = n~V/2,
For improving the variance we may employ the Poincaré inequality:

Varlf(6)] < E[[VF(G)[3< Lip(F)?.

Indeed; we have
E|V|Gllal3 = n~/2.
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@ The (o norm: f(x) = ||x||oc. Sub-optimal.



Concentration of measure Superconcentration
® The lo norm: f(x) = ||x||co. Sub-optimal.

IVIIGl|lsll2 =1 a.s. However, we have

Var(]|Glloo) < (log n) " < E[ V|Gl 3.
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® The lo norm: f(x) = ||x||co. Sub-optimal.

IVIIGl|lsll2 =1 a.s. However, we have
Var([|Glloo) = (log n) ™ < E[[V[|G]|o]3-
This is a typical example of superconcentration. Following Chatterjee,

superconcentration occurs when the classical methods fail to capture the sharp
estimates.
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® The lo norm: f(x) = ||x||co. Sub-optimal.
IVIIGl|lsll2 =1 a.s. However, we have

Var(||Gllc) = (log n) ™ < E[|V]| Gl|ool13.

This is a typical example of superconcentration. Following Chatterjee,
superconcentration occurs when the classical methods fail to capture the sharp
estimates.

Definition (Chatterjee)

A smooth function f on R" is said to be €,-superconcentrated if

Var[f(G)] < eE[[VF(G)]I3.

Inadequacy of the classical concentration in direct-problem solving
Q.1.Under what conditions is the classical concentration inequality tight?
Q.2. What assumptions ensure sharper concentration bounds?
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Concentration in presence of convexity  Tightness

An anticoncentration inequality

If (2) is optimal, then Var[f(G)] > L2 (necessary condition).
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It turns out that for convex, Lipschitz maps it is also a sufficient condition.

Theorem (V. '17)

Let o € (0,1) and let f be a convex and Lipschitz map with Var[f(G)] > al?.
Then, for all t > 0 we have

P(|f(G) — m| > tL) > ce” ¥,

where ¢, C > 0 depend solely on o > Q0.
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@ The Gaussian convexity is used in a crucial way. Ehrhard’s work on Gaussian
rearrangements ('84): f*(s) = inf{t: ®~1 o P(f(G) < t) > s}.
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It turns out that for convex, Lipschitz maps it is also a sufficient condition.

Theorem (V. '17)

Let o € (0,1) and let f be a convex and Lipschitz map with Var[f(G)] > al?.
Then, for all t > 0 we have

P(|f(G) — m| > tL) > ce” ¥,

where ¢, C > 0 depend solely on o > Q0.

@ The Gaussian convexity is used in a crucial way. Ehrhard’s work on Gaussian
rearrangements ('84): f*(s) = inf{t: ®~1 o P(f(G) < t) > s}.

@ An improved Poincaré inequality due to Bobkov and Houdré ('99).
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Let f be a convex map. Then, for the standard Gaussian vector G we have

P(f(G) < m—t) <P(f(G) > m+t), t > 0.
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P(f(G) < m—t) <P(f(G) > m+t), t > 0.

® Therv. Z = f(G) is skew to the left. Hence, convex functions concentrate
more below the mean.



Concentration in presence of convexity Convexity implies skewness

Theorem (V. '17)

Let f be a convex map. Then, for the standard Gaussian vector G we have

P(f(G) < m—t) <P(f(G) > m+t), t > 0.

@ Ther.v. Z=f(G) is skew to the left. Hence, convex functions concentrate
more below the mean.

@ Upper deviation estimate suffices to obtain two-sided results.
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Concentration in presence of convexity Convexity implies skewness

Theorem (V. '17)

Let f be a convex map. Then, for the standard Gaussian vector G we have

P(f(G) < m—t) <P(f(G) > m+t), t > 0.

@ Ther.v. Z=f(G) is skew to the left. Hence, convex functions concentrate
more below the mean.

@ Upper deviation estimate suffices to obtain two-sided results.

@ Proof uses “Gaussian convexity”: Ehrhard’s inequality (1983). For any A, B
convex sets in R” and 0 < A < 1 one has

O o 7,((1— A)JA+AB) = (1 - M) 0 7,(A) + A0~ 0 3,(B)
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Concentration in presence of convexity Improved estimates

“Isoperimetry + Convexity"

Theorem (Bobkov-Gétze '99, Samson '03)

Let f be a convex map and let p be a Borel probability measure on R" which
satisfies a transportation cost inequality with constant A > 0 (e.g. 7y, does with

A=1) ie Wa(u,v) < +/2AD(v||p) for any probability measure v. Then, for
any convex map f one has for all t > 0,

uix : f(x) S E,f — t\/E, | VFI3) < e7/A. (3)
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Theorem (Bobkov-Gétze '99, Samson '03)

Let f be a convex map and let p be a Borel probability measure on R" which
satisfies a transportation cost inequality with constant A > 0 (e.g. 7y, does with

A=1) ie Wa(u,v) < +/2AD(v||p) for any probability measure v. Then, for
any convex map f one has for all t > 0,

uix : f(x) S E,f — t\/E, | VFI3) < e7/A. (3)

@ Improves upon (1), since E||Vf||3 < Lip(f)>.

@ An observation. For a smooth function f with V2f = —al, one has

p(x: f(x) <m—ty\/E,||VFl3 - at?) < a,(t), t>0,

@ In particular, for smooth f with ||V?f||op, < K, we obtain Hanson-Wright

type bounds:
p(|f = m| > t\/EL[[VF]3 + £2K) < 2,(t).
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Concentration in presence of convexity New types of concentration

“Convexity + Convexity”

Theorem (Paouris, V., '16)

Let f be a convex function on R" with f € Ly(v,). Then, we have

i (f(G) — med(f) < —t\/\m) <o <—\/;7r) <e ' t>0,

where G is the standard Gaussian vector.
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i (f(G) — med(f) < —t\/\m) <o <—\/;7r) <e t>0, (4)

where G is the standard Gaussian vector.

@ The function is not necessarily Lipschitz.

@ This is a much stronger inequality, inside the class of convex (Lipschitz)
functions, since we may have Var[f(G)]<E||Vf(G)|5< L2. Takes into
account the superconcentration.
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Concentration in presence of convexity New types of concentration

“Convexity + Convexity”

Theorem (Paouris, V., '16)

Let f be a convex function on R" with f € Ly(~y,). Then, we have

i (f(G) — med(f) < —t\/\m) <o <—\/’;7T> <e t>0, (4)

where G is the standard Gaussian vector.

@ The function is not necessarily Lipschitz.

@ This is a much stronger inequality, inside the class of convex (Lipschitz)
functions, since we may have Var[f(G)]<E||Vf(G)|5< L2. Takes into
account the superconcentration.

@ New type of concentration, which is not explained by isoperimetry: It
exploits the convexity properties of the distribution.

@ Similar estimates for any log-concave probability measure p on R” and any
convex map f.

P. Valettas (University of Missouri) Concentration and Convexity St. Petersburg, July 2, 2019 8/11



Concentration in presence of convexity New types of concentration

A (sketch) proof of (4) (with worse constant).

@ Let f be convex map and let F(t) = P(f(G) < t). Ehrhard's ineq. implies
that t — ®~1 o F(t) is concave.
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Concentration in presence of convexity New types of concentration

A (sketch) proof of (4) (with worse constant).

@ Let f be convex map and let F(t) = P(f(G) < t). Ehrhard's ineq. implies
that t — ®~1 o F(t) is concave.

@ If mis a median of f, then concavity yields
P roF(m—t)<® o F(m)—t(® toF)(m)=—t(®toF)(m).
@ We may compute (Lo F)'(m) = 21F'(m).
@ A lower bound for F'(m):
Note that F is log-concave, hence for any ¢ > 0 (choose later) we may write
F'(m) = F(m)(log F)'(m) = 3(log F)'(m)

S log F(m + §) — log F(m)
- 20

_ %Iog(l +2P(m < F(G) < m+ 8))

1
> — <fF< .
> 25]P’(m7f7m+§)
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Therefore, we obtain

()>— l—]P’(f>m—i-5)] %(1 ||f—m||L1).

26 5



Concentration in presence of convexity New types of concentration

Proof (cont'd)

Therefore, we obtain

To conclude, choose ¢ = 4||f — m||,.
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Concentration in presence of convexity New types of concentration

Proof (cont'd)

Therefore, we obtain

To conclude, choose ¢ = 4||f — m||,.

@ Finally, we obtain

tv2m

dloF(m—t)< ———¥Y2"
(m =8 < 5wl
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The end

Thank you for your attention!
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