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@ K C R"is called a convex body if it is convex, compact and has
non-empty interior.
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@ The function |x||P,1 | defines a norm in R".
@ The unit ball of this norm is the polar projection body M*K.

e The quantity |K|"|M*K]| is affine invariant.

Petty projection inequality (1971)

MK |» < |Bj| " |M*By|».
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@ Petty projection inequality implies the isoperimetric inequality.
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Petty projection inequality (1971)
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Zhang's inequality

Petty projection inequality (1971)

For any convex body K
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with equality if and only if K is an ellipsoid.

Zhang's inequality (1991)

For any convex body K
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with equality if and only if K is a simplex.
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The affine Sobolev inequality

Let f € WEH(R™) = {f € L}(R") : §L € L}(R"),i=1,...,n}.

ey = / (VF(y).x)|dy.

Theorem (Affine Sobolev inequality, Zhang, 1999)
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We can take f — f = xk. Then
o M*(f) — iN*(K)
o [Ifill o IM*(fi)|» — 3IK|%

and we recover Petty projection inequality.
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Log-concave functions

f:R" — [0, 00) is log-concave if

f(x)

Tl = e"0) with u: R" — [0, 00] convex.

@ The epigraph of u is convex
epi(uv) = {(x,t) € R" x [0,00) : u(x) < t}
={(x,t) € R" x [0,00) : f(x) > e ||f|loc}
o Ki(f)={xeR": f(x) > e ||f|loc} is convex.
e If K is a convex body then f(x) = xk(x) is log-concave and
11l = |KI.
e If K is a convex body containing the origin then f(x) = e~ lIxllx is
log-concave and ||f||; = n!|K].

o If ||,;(|T) = e () js integrable and log-concave then

7l :/ e tdxdt.
||f||00 epi(u)
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The polar projection body of log-concave functions

Let f : R” — [0,00) be an integrable log-concave function. Its polar
projection body M*(f) is the unit ball of the norm

ey = 2 [ Pusf)dy
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o If f € WHL(RR™) then

ﬂ—/|Vf x)|dy.

o If K is a convex body then M*(xx) = $M*(K).

e If K is a convex body containing the origin then
(e~ llk) = ﬁn*(/{)_
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Zhang's inequality for log-concave functions

Theorem (A., Bernués, Gonzalez, to appear)

Let £ : R" — [0, 00) be an integrable log-concave function. Then

/n/nmln{f (¥)}dydx < 2nl|f[[FF1M*(F)].

If ||[f|loc = f(0) then there is equality if and only if Ii (‘T) = e~ Ixllan for
some n-dimensional simplex containing the origin.

If K is a convex body containing the origin and f(x) = e~ IXllx then

/ / min{f(x y)}dydx—/ e IoYlixk dydx = (2n)1|K|?
n R2n

o [[f]lL=nlK|

o [M(f)| = gty M (K|

()
A < K| (K))
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The covariogram function

If K is a convex body, its covariogram function is

gk (x) = [K N (x + K)|.

@ gk is log-concave.
° |lgklloc = gr(0) = K|, llgkllr = K[>,
° gk is even.
° — dth tv) =|P,.K|=|v|nk, veS!
E § j ﬁ § ;tv—i-K z § ;
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Schmuckeslager proved (1992) that for any 0 <A <1

K- log(1—X) (gK)
—log(1—A)

K- log(1—X) (gK)

C K| (K) € =
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The covariogram function

The left-hand side can be improved to

K_1og(1-x)(8K)
n(1—(1—A)n)

C |K|N*(K), for every 0 < A < 1.

Equivalently, for every 0 < 6 < 1

K_
Koro0(8K)  eim (k).
n(l—0n)
'ﬁi"gi;(f") is increasing in ¢ and then

(1 07)(K = K) C K_1oga(g) € n(1 = 07)|K|M*(K).

Taking volumes and integrating in 6 € (0,1)

2n\ 2nm\ O
K- Kl <|K| < n"[K|" M (K)].
n n
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The covariogram function

Let f : R" — [0, 00) be an integrable log-concave function. Its
covariogram function is

gr(x) = /OOO e K (F) N (x + Ki(F))|dt, x €R"
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epi(u)N(x+epi(u))
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@ gr is log-concave.
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The covariogram function

Let f : R" — [0, 00) be an integrable log-concave function. Its
covariogram function is

gr(x) = /OOO e K (F) N (x + Ki(F))|dt, x €R"
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: f —u
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@ gr is log-concave.
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The covariogram function

Let f : R" — [0, 00) be an integrable log-concave function. Its
covariogram function is

gr(x) = /OOO e K (F) N (x + Ki(F))|dt, x €R"

/ e~ tdtdy
epi(u)N(x+epi(u))

: f —u
if — = e ".
110

@ gr is log-concave.

1£1l1 :
o |lgrlloo = g7(0) = el = min , o ¢ dydx.
[ loo R2n [flloo” 1o

@ gr is even.
@ Forevery 0 < Ay <1

N e o)
0<A< Ao
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Ball’s bodies

Let g : R” — [0,00) be an integrable log-concave function with g(0) > 0
and p > 0.

Ko(g) = {x eER": /OOO g(r<)rPdr > ‘”EJO)} .

° Rp(g) is a convex body.
1 o
(u) = / prP~1g(ru)dr.
0

g(0)

o |Kn(g)| = Lot

P
® PRoe)
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Ball's bodies and super-level sets

Let g : R” — [0, 00) be an integrable log-concave function with
llglloc = g(0). Then for every 0 <t < 2

@ Furthermore, if g is not log-linear on the ray emanating from 0 in the
direction u the there exists € > 0 such that for every 0 < t < 2

t
H(pﬁn(g)(”) +€) < pr,(g) (V)

@ Follows ideas by Klartag-Milman, who proved the result (2005) for
t = cn.
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Theorem (A., Bernués, Gonzalez, to appear)

Let f : R” — [0,00) be an integrable log-concave function. Then

[ [ minrGa). F) v < 2l 0 ()

If ||[f|loc = f(0) then there is equality if and only if 7 (‘T) = e~ I¥llan for
some n-dimensional simplex containing the origin.

Forany 0 < Ao <1

. K_ log(1—)(&F) —log(1—A) ~
R e e =
0<A< A0 0<a<ry  A(nh)7
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Zhang's inequality for log-concave functions

Theorem (A., Bernués, Gonzalez, to appear)

Let f : R” — [0,00) be an integrable log-concave function. Then

[ [ minrGa). F) v < 2l 0 ()

If ||[f|loc = f(0) then there is equality if and only if 7 (‘T) = e~ I¥llan for
some n-dimensional simplex containing the origin.

Forany 0 < Ao <1

. K_ 1og(1-1)(&F) —log(1—\) ~
R e e =
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1 ~
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. 1 [lgfllx
2IFEIN()| > oy o = e [ [ mind (). ()l
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Equality case

There is equality if and only if for every x € R" and every A € [0, 1]

gr(Ax) = gr(0) g (x).

Lemma

Let £ : R" — [0,00) be an integrable log-concave function such that

IIfllco = f(0) and let g be its covariogram function. Then the following
are equivalent:

o For every x € R” and every A € [0,1] gr(Ax) = gr(0)}*gr(x)

f(x

® s = e Ixlan for some n-dimensional simplex containing the origin.
oo

v

epi(u)




Another reverse Petty-projection inequality

Theorem (A., 2014)
For any convex body K C R”
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Another reverse Petty-projection inequality

Theorem (A., 2014)
For any convex body K C R”

n—1
K|

n—1
1B

1
>_ -
— v.rat(K)

1
v.rat(K) = (%) " £(K) is the John’s ellipsoid of K.
An ellipsoidal function is a function £(x) = axe(x),with £ an ellipsoid.

Theorem (A., Gonzalez, Jiménez, Villa, 2018)

Let f : R” — R be an integrable log-concave function. There exists a
unique ellipsoidal function £(f) such that

° 5(f) f
0 [rn E(F)(x)dx = max { [, £3(x)dx €2 < f}
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Theorem (A., Gonzalez, Jiménez, Villa, 2018)

Let f € WHL(R") be a log-concave function. Then
ooyl
£l = [T (F)] 1
( |B£| ) - Jrn f(x)log( () >dx n—1 '
2 TFllos . .
2|Bz ‘ e n [rn f(x)dx ||f||go ( f]Rn f;](X)dx > Irat(f)
Jgn FP=T(x)dx




Another reverse affine Sobolev inequality

Theorem (A., Gonzalez, Jiménez, Villa, 2018)

Let f € WHL(R") be a log-concave function. Then
1l o |T*(F)]7 1
(Iinn_'r> - Jrn f(x) Iog( H’i(HXcZo >dx L n;1 ’
2|By) | e 7 Jn FO<)dx ||f||o;o ( Jrn F(x)dx ) I.rat(f)
Jen £ ()

1
Ifll \~»
Lrat(f) = (b )
If f = xk for a convex body K then

> -
— v.rat(K)



