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Abstract

Let M, be an n x n random matrix with i.i.d. Bernoulli(p) entries. We show that there is a
universal constant C' > 1 such that, whenever p and n satisfy C'logn/n <p < C~!,

P{M,, is singular} = (1 + 0, (1))P{ M, contains a zero row or column}
= (2+o0n(1))n (1 =p)",

where 0,(1) denotes a quantity which converges to zero as n — oo. We provide the corresponding
upper and lower bounds on the smallest singular value of M,, as well.
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1 Introduction

Invertibility of discrete random matrices attracts considerable attention in the literature. The classical
problem in this direction — estimating the singularity probability of a square random matrix B,, with i.i.d.
+1 entries — was first addressed by Komlds in the 1960-es. Komlds [21] showed that P{B, is singular}
decays to zero as the dimension grows to infinity. A breakthrough result of Kahn-Komlés—Szemerédi
[19] confirmed that the singularity probability of B, is exponentially small in the dimension. Further
improvements on the singularity probability were obtained by Tao—Vu [47, 48] and Bourgain—Vu-Wood
[7. An old conjecture states that P{B,, is singular} = (1 + 0,(1))". The conjecture was resolved in [51].

Other models of non-symmetric discrete random matrices considered in the literature include adjacency
matrices of d-regular digraphs, as well as the closely related model of sums of independent uniform permu-
tation matrices [22, 9] 10, 25, 26], 27, 28] 29, 2]. In particular, the recent breakthrough works [16] B8] [39]
confirmed that the adjacency matrix of a uniform random d-regular digraph of a constant degree d > 3 is
non-singular with probability decaying to zero as the number of vertices of the graph grows to infinity. A
closely related line of research deals with the rank of random matrices over finite fields. We refer to [36]
for some recent results and further references.

The development of the Littlewood—Offord theory and a set of techniques of geometric functional anal-
ysis reworked in the random matrix context, produced strong invertibility results for a broad class of
distributions. Following works [50], [42] of Tao—Vu and Rudelson, the paper [44] of Rudelson and Vershynin
established optimal small ball probability estimates for the smallest singular value in the class of square
matrices with i.i.d. subgaussian entries, namely, it was shown that any n x n matrix A with i.i.d. subgaus-
sian entries of zero mean and unit variance satisfies P{suin(A4) < tn=1/2} < Ct + 2exp(—cn) for all t > 0
and some C, ¢ > 0 depending only on the subgaussian moment. The assumptions of identical distribution
of entries and of bounded subgaussian moment were removed in subsequent works [40), 33, 34]. This line
of research lead to positive solution of the Bernoulli matrix conjecture mentioned in the first paragraph.
Let us state the result of [51] for future reference.

Theorem (Invertibility of dense Bernoulli matrices, [51]).

e For each n, let B, be the n X n random matrix with i.i.d. £1 entries. Then for any € > 0 there is
C' depending only on € such that the smallest singular value symim(B,,) satisfies

P{smin(Bn) < tn”Y2} < Ct+C(1/24¢)", t>0.

In particular, P{ B, is singular} = (1/2+ 0,(1))", where the quantity 0,(1) tends to zero asn grows
to infinity.



e For each e > 0 and p € (0,1/2] there is C > 0 depending on € and p such that for any n and for
random n X n matrix M, with i.i.d. Bernoulli(p) entries,

P{Smin(Mn) < tn_1/2} < Ct+ C(]. —p+ €>n, t> 0.

In particular, for a fized p € (0,1/2], we have IP’{Mn is sz’ngular} =(1—=p+o,(1))™

Sparse analogs of the Rudelson—Vershynin invertibility theorem [44] were obtained, in particular, in
works [49] [14], [32], 3| 4], 5], with the strongest small ball probability estimates in the i.i.d. subgaussian setting
available in [3, 4, [5]. Here, we state a result of Basak—Rudelson [3] for Bernoulli(p,,) random matrices.

Theorem (Invertibility of sparse Bernoulli matrices, [3]). There are universal constants C,c > 0 with the
following property. Let n € N and let p, € (0,1) satisfy Clogn/n < p, < 1/2. Further, let M, be the
random n X n matriz with i.i.d. Bernoulli(p,) entries (that is, 0/1 random variables with expectation py).
Then

P{ $min(M,) < t exp ( — Clog(1/p,)/log(np,)) /pu/n} < Ct+ 2exp(—cnp,), > 0.

The singularity probabilities implied by the results [51], 3] may be regarded as suboptimal in a certain
respect. Indeed, while [51] produced an asymptotically sharp base of the power in the singularity probabil-
ity of B, the estimate of [51] is off by a factor (1+ 0,(1))™ which may (and in fact does, as analysis of the
proof shows) grow to infinity with n superpolynomially fast. Further, the upper bound on the singularity
probability of sparse Bernoulli matrices implied by [3] captures an exponential dependence on np,, but
does not recover an asymptotically optimal base of the power.

A folklore conjecture for matrices B, asserts that P{B, is singular} = (1 + 0,(1))n?2'™", where the
right hand side of the expression is the probability that two rows or two columns of the matrix B,, are
equal up to a sign (see, for example, [19]). This conjecture can be naturally extended to the model with
Bernoulli(p,) (0/1) entries as follows.

Conjecture 1.1 (Stronger singularity conjecture for Bernoulli matrices). For each n, let p, € (0,1/2],
and let M,, be the n x n matrixz with i.i.d. Bernoulli(p,) entries. Then

P{M,, is singular}
= (14 0,(1))P{a row or a column of M, equals zero, or two rows or columns are equal}.
In particular, if limsup p, < 1/2 then
P{M, is singular} = (14 0,(1))P{ either a row or a column of M, equals zero}.

Conceptually, the above conjecture asserts that the main causes for singularity are local in the sense
that the linear dependencies typically appear within small subsets of rows or columns. In a special regime
np, < Inn + o,(Inlnn), the conjecture was positively resolved in [5] (note that if np, < Inn then the
matrix has a zero row with probability at least 1—1/e—o0,(1)). However, the regime lim inf(np, /logn) > 1
was not covered in [5].

The main purpose of our paper is to develop methods capable of capturing the singularity probability
with a sufficient precision to answer the above question. Interestingly, this appears to be more accessible
in the sparse regime, when p,, is bounded above by a small universal constant (we discuss this in the next
section in more detail). It is not difficult to show that when liminf(np,/Inn) > 1, the events that a given
row or a given column equals zero, almost do not intersect, so that

P{either a row or a column of M, equals zero} = (2 + 0,(1))n (1 — p,)".

Our main result can be formulated as follows.



Theorem 1.2. There is a universal constant C > 1 with the following property. Let n > 1 and let M, be
an n X n random matriz such that

The entries of M, are i.i.d. Bernoulli(p), with p = p, satisfying Clnn < np < C~'n. (A)

Then
P{M, is singular} = (2+ 0,(1))n (1 —p)",

where 0,(1) is a quantity which tends to zero as n — oo. Moreover, for every t > 0,
P{smin(M,) < t exp(—3In*(2n))} <t + (1 + 0,(1))P{M, is singular} =t + (2+ 0,(1))n (1 — p)™.

In fact, our approach gives much better estimates on sy, in the regime when p, is constant, see
Theorem below. At the same time, we note that obtaining small ball probability estimates for sy,
was not the main objective of this paper, and the argument was not fully optimized in that respect.

Geometrically, the main result of our work asserts that (under appropriate assumptions on p,) the
probability that a collection of n independent random vectors X 1(”), X i R with id.d Bernoulli(p,,)
components is linearly dependent, is equal (up to (14 0,(1)) factor) to probability of the event that either

X i(") is zero for some ¢ < n or X 1(”), e ,Xén) are contained in the same coordinate hyperplane:

P{Xl(n), .., X are linearly dependent } = (14 0,(1)) P{X}n) = 0 for some i < n}
+ (14 0,(1)) IP’{EI a coordinate hyperplane H such that XZ-(n) € H for all © < n}

Thus, the linear dependencies between the vectors, when they appear, typically have the prescribed struc-
ture, falling into one of the two categories described above with the (conditional) probability % + on(1).

The paper is organized as follows. In the next section, we give an overview of the proof of the main
result. In Section [3] we gather some preliminary facts and important notions to be used later. In Section [4]
we consider new anti-concentration inequalities for random 0/1 vectors with prescribed number of non-zero
components, and introduce a functional (the u-degree of a vector) which enables us to classify vectors on
the sphere according to anti-concentration properties of inner products with the random 0/1 vectors. In
the same section, we prove a key technical result — Theorem — which states, roughly speaking, that
with very high probability a random unit vector orthogonal to n — 1 columns of M, is either close to being
sparse or to being a constant multiple of (1,1,...,1), or the vector is very unstructured, i.e., has a very
large u-degree.

In Section[5], we consider a special regime of constant probability of success p. In this regime, estimating
the event that M,, has an “almost null” vector which is either close to sparse or almost constant, is relatively
simple. The reader who is interested only in the regime of constant p can thus skip the more technical
Section [6] and have the proof of the main result as a combination of the theorems in Sections ] and [5 In
Section [0}, we consider the entire range for p. Here, the treatment of “almost null” vectors which are either
almost constant or close to sparse, is much more challenging and involves a careful analysis of multiple
cases. Finally, in Section [7] we establish an invertibility via distance lemma and prove the main result of
the paper. Some further questions are discussed in Section [§

2 Overview of the proof

In this section, we provide a high-level overview of the proof; technical details will be discussed further in
the text. The proof utilizes some known approaches to the matrix invertibility, which involve, in particular,
a decomposition of the space into structured and unstructured parts, a form of invertibility via distance
argument, small ball probability estimates based on the Esseen lemma, and various forms of the e—net
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argument. The novel elements of the proof are anti-concentration inequalities for random vectors with a
prescribed cardinality of the support, a structural theorem for normals to random hyperplanes spanned
by vectors with i.i.d. Bernoulli(p) components, and a sharp analysis of the matrix invertibility over the
set of structured vectors. We will start the description with our use of the partitioning trick, followed by
a modified invertibility-via-distance lemma, and then consider the anti-concentration inequality and the
theorem for normals (Subsection as well as invertibility over the structured vectors (Subsection [2.2).

The use of decompositions of the space R™ into structured and unstructured vectors has become rather
standard in the literature. A common idea behind such partitions is to apply the Littlewood—Offord theory
to analyse the unstructured vectors and to construct a form of the e—net argument to treat the structured
part. Various definitions of structured and unstructured have been used in works dealing with the matrix
invertibility. Omne of such decomposition was introduced in [31I] and further developed in [44]. In this
splitting the structured vectors are compressible, having a relatively small Euclidean distance to the set of
sparse vectors, while the vectors in the complement are incompressible, having a large distance to sparse
vectors and, as a consequence, many components of roughly comparable magnitudes. In our work, the
decomposition of R™ is closer to the one introduced in [27), 30].

Let z* denote a non-increasing rearrangement of absolute values of components of a vector x, and let
r,d,p € (0,1) be some parameters. Further, let g be a non-decreasing function from [1, 00) into [1, 00); we
shall call it the growth function. At this moment, the choice of the growth function is not important; we
can assume that g(t) grows roughly as #f. Define the set of gradual non-constant vectors as

Vo =Vu(r,g,0,p) = {x ER” :aj,, =1 27 < g(n/i) for all i <n, and

3Q1,Q2 C [n] such that |Qi],|Q2] >6n and maxz; < minz; — p}. (1)
i€Q2 1€Q1
In a sense, constant multiples of the gradual non-constant vectors occupy most of the space R, they play
role of the unstructured vectors in our argument. By negation, the structured vectors,

Sn = Sn(r7g767 p) = Rn\ U(Avn(rvg767 p))7 (2)

A>0

are either almost constant (with most of components nearly equal) or have a very large ratio of x} and
me | for some i < rn.
For simplicity, we only discuss the problem of singularity at this moment. As M, and M, are equidis-

tributed, to show that P{M, is singular} = (2 4 0,(1))n (1 — p)", it is sufficient to verify that
P({Mnx = 0 for some z € V,,} N {M,jm # 0 for all z € Sn}) = o,(n) (1 —p)", (3)

and
]P’{Mn:v = 0 for some z € Sn} =(14o0,(1))n (1 —p)".

The first relation is dealt with by using a variation of the invertibility via distance argument which was
introduced in [44] to obtain sharp small ball probability estimates for the smallest singular value. In
the form given in [44], the argument reduces the problem of invertibility over unstructured vectors to
estimating distances of the form dist(C;(M,), H;(M,)), where C;(M,) is the i—th column of M,, and
H;(M,) is the linear span of columns of M, except for the i—th. In our setting, however, the argument
needs to be modified to pass to estimating the distance conditioned on the size of the support of the
column, as this allows using much stronger anti-concentration inequalities (see the following subsection).
By the invariance of the distribution of M,, under permutation of columns, it can be shown that in order
to prove the relation (3)), it is enough to verify that

P{[supp C1(M,)| € [5,8pn] and (Y,Cy(M,)) = 0 and Y/Y},,,| € Vu} = 0n(n) (1 —p)", (4)
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where Y is a non-zero random vector orthogonal to and measurable with respect to H;(M,,) (see Lemmal7.4]
and the beginning of the proof of Theorem . In this form, the question can be reduced to studying the
anti-concentration of the linear combinations Z?:l Y ,b;, where the Bernoulli random variables b1, ...,b,
are mutually independent with Y and conditioned to sum up to a fixed number in [pn/8,8pn|. This
intermediate problem is discussed in the next subsection.

The approach to the set of structured vectors, S, will be discussed in Subsection [2.2]

2.1 New anti-concentration inequalities for random vectors with prescribed
support cardinality

The Littlewood—Offord theory — the study of anti-concentration properties of random variables — has
been a crucial ingredient of many recent results on invertibility of random matrices, starting with the
work of Tao—Vu [50]. In particular, the breakthrough result [44] of Rudelson—Vershynin mentioned in the
introduction, is largely based on studying the Lévy function Q((C;(A),Y),t), with C;(A) being the first
column of the random matrix A and Y — a random unit vector orthogonal to the remaining columns of
A.

We recall that given a random vector X taking values in R"™, the Lévy concentration function Q(X, 1)
is defined by

Q(X,t) == sup P{[|IX —y| <t}, t>0;
yER™

in particular for a scalar random variable £ we have Q(§,t) := supP{|{ — A| < ¢t}. A common approach
AR

is to determine structural properties of a fixed vector which would imply desired upper bounds on the
Lévy function of its scalar product with a random vector (say, a matrix’ column). The classical result of
Erdés—Littlewood—Offord [12, 24] asserts that whenever X is a vector in R" with i.i.d. =1 components,
and y = (y1,...,yn) € R™ is such that |y;| > 1 for all i, we have

Q((X,y),t) < Ct n~1/2 ¢ Cn—l/{

where C' > 0 is a universal constant. It can be further deduced from the Lévy-Kolmogorov—Rogozin
inequality [41] that the above assertion remains true whenever X is a random vector with independent
components X; satisfying Q(X;,¢) < 1 — ¢ for some constant ¢ > 0. More delicate structural properties,
based on whether components of y can be embedded into a generalized arithmetic progression with pre-
scribed parameters were employed in [50] to prove superpolynomially small upper bounds on the singularity
probability of discrete random matrices.

The Least Common Denominator (LCD) of a unit vector introduced in [44] played a central role in
establishing the exponential upper bounds on the matrix singularity under more general assumptions on
the entries’ distributions. We recall that the LCD of a unit vector y in R™ can be defined as

LCD(y) := inf {6 > 0 : dist(fy, Z") < min(c1||0y]|, cav/n) }

for some parameters ¢, co € (0,1). The small ball probability theorem of Rudelson and Vershynin [44]
states that given a vector X with i.i.d. components of zero mean and unit variance satisfying some addi-

tional mild assumptions,
!

Q((X,y),t) < Ct+ LC%M + 267 )

for some constants C, C’, ¢’ > 0 (see [45] for a generalization of the statement). The LCD, or its relatives,
were subsequently used in studying invertibility of non-Hermitian square matrices under broader assump-
tions [40, B3, B4], and delocalization of eigenvectors of non-Hermitian random matrices [46] 37, 35], among
many other works.



Anti-concentration properties of random linear combinations naturally play a central role in the current
work, however, the measures of unstructuredness of vectors existing in the literature do not allow to
obtain the precise estimates we are aiming for. Here, we develop a new functional for dealing with linear
combinations of dependent Bernoulli variables.

Given n € N, 1 < m < n/2, a vector y € R" and parameters K;, Ko > 1, we define the degree of
unstructuredness (u-degree) of vector y by

t
UD,(y,m, Ky, K3) := sup {t >0: Aum Z /leﬁ(‘EeXp (2miyy s, m~?s) ) ds < Kl}, (6)
S1,--5Sm e i=1

where the sum is taken over all sequences (S;), of disjoint subsets S, ..., S, C [n], each of cardinality
|n/m| and

((Ln/m)))™ (n = m[n/m])!

Anm = 1
n:

(7)

Here n[S;], i < m, denote mutually independent integer random variables uniformly distributed on respec-
tive S;’s. The function ¢k, in the definition acts as a smoothing of maX(KLQ,t), with ¢, (t) = K% for all
t < ﬁ and g, (t) =t for all t > K% (we prefer to skip discussion of this purely technical element of the
proof in this section, and refer to the beginning of Section [4] for the full list of conditions imposed on vk, ).

The functional UD,,(y, m, K1, K3) can be understood as follows. The expression inside the supremum
is the average value of the integral

t m
/ H Vi, (l]EeXp (27Ti Ynlsi] mil/zs) ‘) ds,

=1

with the average taken over all choices of sequences (5;)",. The function under the integral, disregarding
the smoothing v, , is the absolute value of the characteristic function of the random variable (y, Z),
where Z is a random 0/1-vector with exactly m ones, and with the i-th one distributed uniformly on
S;. A relation between the magnitude of the characteristic function and anti-concentration properties
of a random variable (the Esseen lemma, see Lemma below) has been commonly used in works on
the matrix invertibility (see, for example, [43]), and determines the shape of the functional UD,,(-). The
definition of the u-degree is designed specifically to work with random 0/1-vectors having a fixed sum
(equal to m). The next statement follows from the definition of UD,,(-) and the Esseen lemma.

Theorem 2.1 (A Littlewood—Offord-type inequality in terms of the u-degree). Let m,n be positive integers
with m < n/2, and let K1, Ky > 1. Further, let v € R", and let X = (X1,...,X,) be a random 0/1-vector
mn R™ uniformly distributed on the set of vectors with m ones and n —m zeros. Then

n

Q(ZviX,;, \/ET> < Cm(T + UDn(U,m,Kl,KQ)*l) for all T > 0,

i=1
where Cgg > 0 may only depend on K.

The principal difference distinguishing the u-degree and the above theorem from the notion of the
LCD and is that the former allows one to obtain stronger anti-concentration inequalities in the same
regime of sparsity, assuming that the coefficient vector y is sufficiently unstructured. In fact, under certain
conditions, sparse random 0/1 vectors with prescribed support cardinality admit stronger anti-concentration
inequalities compared to the i.1.d. model.



The last principle can be illustrated by taking the coefficient vector y as a “typical” vector on the
sphere S"~1. First, assume that by, ..., b, are i.i.d. Bernoulli(p) , with p < 1/2. Then it is easy to see that
for almost all (with respect to normalized Lebesgue measure) vectors y € S"1,

Q(iyibiao) =(1-p)"

In words, for a typical coefficient vector y on the sphere, the linear combination Y | v;b; takes distinct
values for any two distinct realizations of (by,...,b,), and thus the Lévy function at zero is equal to the
probability measure of the largest atom of the distribution of )", v;b; which corresponds to all b; equal to
zero. In contrast, if the vector (by,...,b,) is uniformly distributed on the set of 0/1-vectors with support
of size d = pn, then for almost all y € S"!, the random sum Y ;' , y;b; takes (Z) distinct values. Thus,

n -1
Q(;w@ﬁ) = <:L;> )

where <:p)4 < (1 —=p)™ for small p.

The above example provides only qualitative estimates and does not give an information on the location
of the atoms of the distribution of Y " | y;b;. The notion of the u-degree addresses this problem. The
following theorem, which is the main result of Section [4] asserts that with a very large probability the
normal vector to the (say, last) n — 1 columns of our matrix M, is either very structured or has a very

large u-degree, much greater than the critical value (1 — p)~".

Theorem 2.2. Let r,0,p € (0,1), s >0, R > 1, and let K3 > 1. Then there are no € N, C > 1 and
K, > 1, Ky > 4 depending on 1,6, p, R, s, K3 such that the following holds. Let n > ng, p < C~1, and
slnn < pn. Let g : [1,00) = [1,00) be an increasing (growth) function satisfying

Va>2Vt>1: glat)>g(t)+a and Hg(2j)j27j < Kj. (8)
=1

Assume that M, is an n x n Bernoulli(p) random matriz. Then with probability at least 1 — exp(—Rpn)
one has

{Set of normal vectors to Co(M,),...,Cp(M,)} N Vu(r,g,d,p) C

{r eR": T, =1, UD,,(z,m, K1, K3) > exp(Rpn) for all pn/8 < m < 8pn}.

We would like to emphasize that the parameter s in this theorem can take values less than one, in
the regime when the matrix M, typically has null rows and columns. In this respect, the restriction
p > Clnn/n in the main theorem comes from the treatment of structured vectors.

The proof of Theorem is rather involved, and is based on a double counting argument and specially
constructed lattice approximations of the normal vectors. We refer to Section 4| for details. Here, we
only note that, by taking R as a sufficiently large constant, the theorem implies the relation , hence,
accomplishes the treatment of unstructured vectors.

2.2 Almost constant, steep and R-vectors

In this subsection we discuss our treatment of the set of structured vectors, S,,. In the proof we partition
the set S, into several subsets and work with them separately. In a simplistic form, the structured vectors
are dealt with in two ways: either by constructing discretizations and taking the union bound (variations
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of the e—net argument), or via deterministic estimates in the case when there are only few very large
components in the vector. We note here that the discretization procedure has to take into account the non-
centeredness of our random matrix model: while in case of centered matrices with i.i.d. components (and
under appropriate moment conditions) the norm of the matrix is typically of order y/n times the standard
deviation of an entry, for our Bernoulli(p) model it has order pn (i.e., roughly /pn times the standard
deviation of an entry), which makes a direct application of the e—net argument impossible. Fortunately,
this large norm is attained only in one direction — the direction of the vector 1 = (1,1,...,1) while on the
orthogonal complement of 1 the typical norm is \/pn. Therefore it is enough to take a standard net in the
Euclidean norm and to make it denser in that one direction, which almost does not affect the cardinality
of the net. We refer to Section [3.6] for details.

Let us first describe our approach in the (simpler) case when p € (gq,c¢), where ¢ is a small enough
absolute constant and ¢ € (0, ¢) is a fixed parameter (independent of n). We introduce four auxiliary sets
and show that the set of unit structured vectors, S, N.S™!, is contained in the closure of their union.

The first set, By, consists of unit vectors close to vectors of the canonical basis, specifically, unit vectors
x satisfying x} > 6pna}, where z* denotes the non-inreasing rearrangement of the vector (|z;|);<,. For
any such vector z the individual bound is rather straightforward — conditioned on the event that there
are no zero columns in our matrix M, and that the Euclidean norms of the matrix rows are not too large,
we get Mx # 0. This class is the main contributor to the bound (1 + 0,(1))n(1 — p)™ for non-invertibility
over the structured vectors S,,.

For the other three sets we use anti-concentration probability estimates and discretizations. An appli-
cation of Rogozin’s lemma (Proposition implies that probability of having small inner product of a
given row of our matrix with z is small, provided that there is a subset A C [n] such that the maximal
coordinate of Pz is bounded above by c,/p||Paz||, where || - || denotes the standard Euclidean norm and
P, is the coordinate projection onto R4. Combined with the tensorization Lemma this implies expo-
nentially (in n) small probability of the event that ||[Mz|| is close to zero — see Proposition below.
Specifically, we define By as the set of unit vectors satisfying the above condition with A = [n], that is,
satisfying 7 < ¢,/p, and for Bs we take all unit vectors satisfying the condition with A = o,([2,n]),
that is, satisfying 25 < ¢\/p|| Py, (i2.n) ||, Where o, is a permutation satisfying =} = |2,,|, ¢ < n. For
vectors from these two sets we have very good individual probability estimates, but, unfortunately, the
complexity of both sets is large — they don’t admit nets of small cardinality. To overcome this issue, we
have to redefine these sets by intersecting them with specially chosen sets of vectors having many almost
equal coordinates. For the precise definition of such sets, denoted by U(m, "), see Subsection A set
U(m,~) is a variant of the class of almost constant vectors, AC(p) (see (9)) below), introduced to deal with
general p. Having a large part of coordinates of a vector almost equal to each other reduces the complexity
of the set making possible to construct a net of small cardinality. This resolves the problem and allows
us to deal with these two classes of sets. The remaining class of vectors, By, consists of vectors x with
xy > x5 2> /D Po,qnp |, i-e., vectors with relatively big two largest components. For such vectors we
produce needed anti-concentration estimates for the matrix-vector products by using only these two com-
ponents, i.e., we consider anti-concentration for the vector Pyx, where A = 0,({1,2}). Since the Rogozin
lemma is not suitable for this case, we compute the anti-concentration directly in Proposition [3.11] As for
the classes B, B3, we actually intersect the fourth class with appropriately chosen sets of almost constant
vectors in order to control cardinalities of the nets. The final step is to show that the set S,, is contained
in the union of four sets described here. Careful analysis of this approach shows that the result can be
proved with all constants and parameters 7, d, p depending only on ¢. Thus, it works for p being between
the two constants ¢ and c.

The case of small p, that is, the case C'(lnn)/n < p < ¢, requires a more sophisticated splitting of
S, — we split it into steep wvectors and R-vectors. The definition and the treatment of steep vectors
essentially follows [27, B0], with corresponding adjustments for our model. The set of steep vectors consists



of vectors having a large jump between order statistics measured at certain indices. The first subclass
of steep vectors, Ty, is the same as the class B; described above — vectors having very large maximal
coordinate — and is treated as By. Similarly to the case of constant p, this class is the main contributor to
the bound (1 + 0,(1))n(1 — p)™ for non-invertibility over structured vectors. Next we fix certain m ~ 1/p
and consider a sequence ng = 2, njy1/n; =4y, j < so— 1, ng11 = m for some specially chosen parameters
¢y and sy depending on p and n. The class 77 will be defined as the class of vectors such that there exists
J with Ty, > 6pna; . To work with vectors from this class, we first show that for a given j the event
that for every choice of two disjoint sets |J;| = n; and |J3] = nj11 — n;, a random Bernoulli(p) matrix
has a row with exactly one 1 in components indexed by .J; and no 1’s among components indexed by
Jo, holds with a very high probability. Then, conditioned on this event, for every x € 77, we choose J;
corresponding to x7, ¢ < n;, and J, corresponding to x}, n; < i < njyq, and the corresponding row. Then
the inner product of this row with z will be large in absolute value due to the jump (see Lemma for
the details). Thus, conditioned on the described event, for every x € 7; we have a good lower bound on
| Mz||. Then next two classes of steep vectors, T, and T3, consist of vectors having a jump of order C,/pn,
namely, vectors in 7 satisfy «}, > C/pnz;, and vectors in T3 satisfy } > C\/pna;, where k ~ /n/p and
¢ = |rn] (r is the parameter from the definition of V,(r, g, d, p)). Trying to apply the same idea for these
two subclasses one sees that the size of corresponding sets J; and J, is too large to have exactly one 1
among a row’s components indexed by J; U J; with a high probability. Therefore the proof of individual
probability bounds is delicate and technical as a construction of corresponding nets for 75, 73. We discuss
the details in Subsection [6.6]

The class of R-vectors consists of non-steep vectors to which Rogozin’s lemma (Proposition can
be applied when we project a vector on n — k smallest coordinates with m < k < n/ In? (pn), thus vectors
from this class satisfy |[Paz| < c\/p||Pax|lo for A = o,([k,n] (we will take union over all choices of
integer k in the interval (m,n/In*(pn)]). Thus, the individual probability bounds for R-vectors will follow
from Rogozin’s lemma together with tensorization lemma as for classes By, B3, described above. Thus the
remaining part is to construct a good net for R-vectors. For simplicity, dealing with such vectors, we fix
the normalization x“[m =1L Since vectors are non-steep, we have a certain control of largest coordinates
and, thus, on the Euclidean norm of a vector. The upper bound on £ is chosen in such a way that the
cardinality on a net corresponding to largest coordinates of a vector is relatively small (it lies in n/In*(pn)-
dimensional subspace). For the purpose of constructing of a net of small cardinality, we need to control
the Euclidean norm of P,x for an R-vector. Therefore we split ‘R-vectors into level sets according to the
value of ||Paz||. There will be two different types of level sets — vectors with relatively large Euclidean
norm of Pz and vectors with small || Psx|. A net for level sets with large ||Paz|| is easier to construct,
since we can zero all coordinates starting with 7, = 1. If the Euclidean norm is small, we cannot do
this, so we intersect this subclass with almost constant vectors (in fact we incorporate this intersection
into the definition of R-vectors), defined by

AC(p) :={z € R" : INeR s. t. [N =2z, and {i <n :|z; = A <p[Al} >n— [rn]} (9)

As in the case of constant p, this essentially reduces the dimension corresponding to almost constant part
to one and therefore reduce the cardinality of a net. The rather technical construction of nets is presented
in Subsection [6.3] In some aspects the construction follows ideas developed in [27].

™

3 Preliminaries

3.1 General notation

By wuniversal or absolute constants we always mean numbers independent of all involved parameters,
in particular independent of p and n. Given positive integers ¢ < k we denote sets {1,2,...,¢} and
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{€,4+1,... k} by [¢] and [¢, k] correspondingly. Having two functions f and g we write f & g if there are
two absolute positive constants ¢ and C' such that c¢f < g < C'f. As usual, II,, denotes the permutation
group on [n].

For every vector z = (x;)I, € R", by (zF), we denote the non-increasing rearrangement of the
sequence (|z;])i~, and we fix one permutation o, satisfying |z,,)| = 7, ¢ < n. We use (-,-) for the
standard inner product on R™, that is (x,y) = >, z;y;. Further, we write ||z| = max;|x;| and
|zl = >0, |aci|2)1/2 for the ¢o- and fy-norms of x. We also denote 1 = (1,1,...,1).

3.2 Lower bound on the singularity probability

Here, we provide a simple argument showing that for the sequence of random Bernoulli(p,,) matrices (M,,),
with p, satisfying (np, —Inn) — 0o as n — oo, we have

P{M, contains a zero row or column} > (2 — 0, (1))n (1 — p)".

Our approach is similar to that applied in [5] in a related context.
Fix n > 1 and write p = p,,. Let 1x be the indicator of the event that there is a zero row in the matrix
M,,, and, similarly, let 1 be the indicator of the event that M, has a zero column. Then, obviously,

Elp=Ele=1-(1—(1-p")",

hence,
n

E(lg+1c)*>2-2(1—-(1-p)")"
On the other hand,

Elple < Z ZP{i—th row and j—th column of M, are zero} = n2(1 — p)Q”_l,
i=1 j=1
implying
E(lg+ 1)’ =P{1lp+1c =1} +4P{1glc =1} <P{lp+1c =1} +4n*(1 —p)*" L.
Therefore,

P{Mn contains a zero row or column} > IP’{lR +1c = 1}
>E(lg + 1¢)* — 4n*(1 — p)>*
>2-2(1—(1—p)")" —4n*(1 —p)> "
[t remains to note that, with our assumption on the growth rate of p = p,,, we have n(1—p)* — 0, which
implies
1 n
———(2-2(1 = (1 =p)™)" —4n?*(1 —p)* 1) — 2.

3.3 Gradual non-constant vectors

For any r € (0, 1), we define T, (r) as the set of all vectors z in R" with «7,,, = 1. We will call these vectors
r-normalized. By a growth function g we mean any non-decreasing function from [1, c0) into [1, 00).

Let g be an arbitrary growth function. We will say that a vector x € T,,(r) is gradual (with respect to
the function g) if ¥ < g(n/i) for all i < n. Further, if x € T,,(r) satisfies

3Q1,Q2 C [n] such that |@Q4],|Q2] > dn and max z; < ména:i —p (10)
1€Q2 €1
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then we say that the vector x is essentially non-constant or just non-constant (with parameters ¢, p). Recall
that the set V,, = V,(r, g, 0, p) was defined in (1)) as

V, = {a: € T,(r): z is gradual with g and satisfies }
Vectors from this set we call gradual non-constant vectors.

Recall that the set S,, = S,,(1, g, 0, p) of structured vectors was defined in (2)) as the complement of scalar
multiples of V,,(r, g, 9, p). The next simple lemma will allow us to reduce analysis of {z/||z| : = € S,,} to
the treatment of the set {z/||z| : z € Y, (r)\ V,.}.

Lemma 3.1. For any choice of parameters r,g, 9, p, the set {z/||z|| : v € S,} is contained in the closure
of the set {z/||z|| : = € T,(r)\ Vu}.

Proof. Let y be a unit vector such that y = z/||z|| for some z € S,. If 27, # 0 then y = z/[|z[|, where

z=uz/x},, € Tn(r)\V,. If 2], =0, we can consider a sequence of vectors (z(j));>1 in R" defined by
(=4, . =l > 1/5
Vg, it fo <1/
Let

y() =) /2()) [y = J2(j) € Tulr), j=1.
Clearly, y(j); = jxf — o0, so for all sufficiently large j we have y(j) ¢ V,. Thus, for all large 7,

y(@ /Ny € {z/llzll - 2 € Talr) \ Vi,
whereas y(j)/|ly()|| = =(j)/||z(7)]| — «/||=||. This implies the desired result. O

We will need two following lemmas. The first one states that vectors which do not satisfy are
almost constant (that is, have large part of coordinates nearly equal to each other). The second one is a
simple combinatorial estimate, so we omit its proof.

Lemma 3.2. Let n > 1, 6,p,r € (0,1). Denote k = [on]| and m = |rn| and assume n > 2m > 4k.
Assume x € T, (r) does not satisfy (10). Then there exist A C [n] of cardinality |A| > n —m and X with
Al =1 such that |z; — A| < p for every i € A.

Proof. By (z7)™_, denote the non-increasing rearrangement of (;)"_, (we would like to emphasize that we
do not take absolute values). Note that there are two subsets @1, Q2 C [n] with |Q4], |Q2] > k satisfgg

max;eq, T; < min;eq, x; — p if and only if xf — xf_k 41 = p- Therefore, using that x does not satisfy |D

we observe xk# — xf_ o1 < P Next consider the set

A={zf : k<i<n—k}.
Then |A| =n — 2k > n — m. Since x}, = 1 we obtain that

i |z > 1} <m<n—-m and [{i: |z <1} <n-—m.

Therefore, there exist two indices j, ¢ € A such that either x; < —1 < x, < 1 in which case we take A = —1
or —1 < xy < 1 < x; in which case we take A = 1. Then for every i € A, |z; — | < 2} — x#_kﬂ < p. This
completes the proof. O

Lemma 3.3. For any 6 € (0,1] there are ng € N, ¢5 > 0 and Cs > 1 depending only on § with the
following property. Let n > ng and let m € N satisfy n/m > Cs. Denote by S the collection of sequences
(S1,....Sm) C [n] with |S;] = [n/m] and S;NS; =0 for all i # j. Let Ay, be as in (7). Then for any
pair Q1, Q2 of disjoint subsets of [n] of cardinality at least én each, one has

N S

H(Sl,...,Sm) €S min(|SiN Qi[5 N Q) >

|n/m] for at most csm indices ZH <e AL

12



3.4 Auxiliary results for Bernoulli r.v. and random matrices

Let p € (0,1), § is Bernoulli random variable taking value 1 with probability p and 0 with probability
1 —p. We say that § is a Bernoulli(p) random variable. A random matrix with i.i.d. entries distributed as
d will be called Bernoulli(p) random matrix.

Here we provide four lemmas needed below. We start with notations for random matrices used through-
out the paper. The class of all n x n matrices having 0/1 entries we denote by M,,. We will consider
a probability measure on M, induced by the distribution of an n x n Bernoulli(p) random matrix. We
will use the same notation P for this probability measure; the parameter p will always be clear from the
context. Let M = {p;;} € M,,. By R; = R;(M) we denote the i-th row of M, and by C;(M) — the i-th
column, ¢ < n. By ||M|| we always denote the operator norm of M acting as an operator o — f5. This
norm is also called spectral norm and equals the largest singular number.

We will need the following form of Bennett’s inequality.

Lemma 3.4. Letn > 1,0 < ¢ <1, and ¢ be a Bernoulli(q) random variable. Let §; and 6;;, 1,5 < n, be
independent copies of §. Define the function h(u) :== (14 u)In(1 4+ u) —u, uw > 0. Then for every t > 0,

max (IP’ (Zé > qn+t) P (Z& < Qn—t>) < exp (_m;fz((;q_)q) h (tm:”;((f’_lq;@)) .

In particular, for 0 <e <q<1/2,

max (]P’ <é(s > (q—l—s)n) ,P(é@ < (q—a)n)) < exp (—% (1—35—(]))

and for q < 1/2, 7 > e,

=1

P (i 6 > (t+ 1)qn> < exp(—7lIn(7/e)qn).
Furthermore, for 50/n < ¢ < 0.1,
P(qn/S < i&' < 86]7”&) >1-(1-¢)"
i=1
Moreover, if n > 30 and (41nn)/n < p = q < 1/2 then denoting

Esum = {M = {0ij }ij<n € My, ¢ 252‘]‘ <3.5pn  for every i< n}
j=1

we have P(Egym) > 1 — exp(—1.5np).

Proof. Recall that Bennett’s inequality states that for mean zero independent random variables &, ...,
&, satisfying & < p (for a certain fixed p > 0) almost surely for i < n, one has for every t > 0,

n 2
P (;fl > t) < exp (—%h (g—i)) ,

where 0% = > EE&? (see e.g. Theorem 1.2.1 on p. 28 in [8] or Exercise 2.2 on p. 11 in [II] or
Theorem 2.9 in [6]). Take & = §; — ¢, £ = —&;, i < n. Then for every i < n, £ and & are centered,
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€l] = |&| = max(q, 1 — q), and 0% = ng(1 — q). Applying the Bennett’s inequality with p = max(q, 1 — q)
twice — to & and &, we observe the first inequality. To prove the second inequality, we take ¢ = en and
use that h(-) is an increasing function satisfying h(u) > u?/2 — u?/6 on RT. The third inequality follows
by taking ¢t = 7gn and using h(u) > uln(u/e).

For the “furthermore” part, we apply the third inequality with 7 =7, to get

IP{ ;51» > 8qn} < exp(—6gn).

On the other hand, using ¢ < 0.1,

n Lgn/8] n Lgn/8) on i
p{ > bi< an/sh =Y (Z_)qiu UBELEUIEDS (i<1 _qq>> (1—q)"

=0

n/8 qn/8
gn { 8e \! qn [ 80e
<(1-—g)"+— 1—-¢)" <1 —-¢)"+—— 1—q)".
<( q)+8<1_q> (I—q)" <( Q)+8<9> (I—-q)

Since (80e/9)1/8 < %4 (1 — ¢)" < exp(—qn), gn > 50, and Inz < z/e on [0, 00), this implies
P(qn/S < Z 0; < qn/8> < exp(—6gn) + (1 + exp(0.45gn))(1 — ¢)" < (1 — )"/
i=1

Finally, to get the last inequality, we take ¢t = 2.5gn = 2.5pn, then

n np
P (Z 8ij > 3.5pn> < exp (_Tp h (2.5)) <exp(—np (3.5In3.5 — 2.5)) < exp (—1.8np).

j=1

Since under our assumptions, nexp (—1.8np) < exp (—1.5np), the bound on P(&s,,,) follows by the union
bound. O

We need the following simple corollary of Bennet’s inequality.

Lemma 3.5. For any R > 1 there is Cgm = Czz(R) > 1 with the following property. Let n > 1 and
p € (0,1) satisfy Cgzp < 1 and Cgz < pn. Further, let M be an n x n be Bernoulli(p) random matriz.
Then with probability at least 1 — exp(—n/Cgg) one has

8pn > [supp C;(M)| > pn/8 for all but |(pR)™'| indices i € [n]\ {1}.
Proof. For each i € [n] \ {1}, let & be the indicator of the event
{8pn < |supp C;(M)] or |supp C;(M)| < pn/S}.

By Lemma , E& < e P/2. Since &’s are independent, by Markov’s inequality,

P26z m) = (om0 < ()

The result follows. O

The following lemma provides a bound on the norm of a random Bernoulli matrix. It is similar to [5]
Theorem 1.14], where the case of symmetric matrices was treated. For the sake of completeness we sketch
its proof.

14



Lemma 3.6. Let n be large enough and (41nn)/n <p <1/2. Let M = (6;;):; be a Bernoulli(p) random
matriz. Then for every t > 30 one has

P{|M —EM| > 2t\/np} < de~P/ and P{||M|| > 2t\/np + pn} < detP/A
In particular, taking t = \/pn,
P (|M1]| > 3pn*?) < dexp(—n®p?/4). (11)

Proof. Given an n x n random matrix 7" = (¢;;);; with independent entries taking values in [0,1]. We
consider it as a vector in R™ with m = n?. Then the Hilbert-Schmidt norm of T is the standard Euclidean
norm on R™. Let f be any function in R™ which is convex and is 1-Lipschitz with respect to the standard
Euclidean norm. Then Talagrand’s inequality (see e.g. Corollary 4.10 and Proposition 1.8 in [23]) gives
that for every s > 0,
P(f(T) > Ef(T)+s+4y/m) < dexp(—s*/4).

We apply this inequality twice, first with the function f(T") := ||T’|| to the matrix T":= M — EM. At the
end of this proof we show that E|M —EM|| < 20,/pn. Therefore, taking s = ¢,/pn with ¢ > 30, we obtain
the first bound. For the second bound, note that all entries of EM equal p, hence |[EM|| = pn. Thus, the

second bound follows by the triangle inequality.
It remains to prove that E||M —EM]|| < 20,/pn. Recall that §;; are the entries of M. Let 6., i, < n be

15
independent copies of §;; and set M’ := (};); ;. Denote by r;; independent Rademacher random variables
and by g;; independent standard Gaussian random variables. We assume that all our variables are mutually

independent and set &;; := d;; — d;;. Since for every 4, j < n, §; is symmetric, it has the same distribution
as |&;;|r;; and the same as \/2/m|&;;|ri;E|gi;|. Then we have

Es|M — EM|| = Es|M — Ey M'|| < EsEy || M — M'|| = E¢||(§i5)i5]l = 2/ Ee o || (§i573;Eqg| 9351

< V2T Eergll(&ij7ijlgisl)ig | = v 2/ 7 BByl (§i519i51)i51-

Applying a result of Bandeira and Van Handel (see the beginning of Section 3.1 in [I]), we obtain

Es|M — EM|| < E¢(4max(cy,02) + 150./In(2n)),

where

01 = max

ax
i<n i<

n
2
E 2 and = ma | < 1.
Jj<n —1 v o l%jg)rf‘f”' o
1=

Note that £ are Bernoulli(q) random variables with ¢ = 2p(1 — p). Since (4lnn)/n < p < 1/2 we have
(4Inn)/n <p < ¢ <1/2. Applying the “moreover part” of Lemma [3.4] we obtain that

P (max(al,ag) > V?pn) < 2exp(—1.5nq) < 2/n°.

Moreover, since 3] < 1, we have also max(oy,02) < y/n. Therefore,

E¢(4 max(oy, 02) + 150.4/In(2n)) < 44/Tpn + 8/n° + 154/In(2n) < 20,/pn.
O

As an elementary corollary of the above lemma, we have the following statement where the restriction
pn > 4Inn is removed.
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Corollary 3.7. For every s > 0 and R > 1 there is Cgz > 1 depending on s, R with the following property.
Let n > 16/s be large enough and let p € (0,1/4] satisfy slnn < pn. Let M, be an n x n Bernoulli(p)
random matriz. Then

P{||M, — EM,|| < Gz/pr} > 1 — exp(—Rpn).

Proof. Let w := max(1, [8/s]), i := wn, and let M, be 7 x 7i Bernoulli(p) matrix. Assuming that n is
sufficiently large, we get
pn = wpn > smax(1,[8/s])Inn > 4Inn.

Thus, the previous lemma is applicable, and we get

P{|| M, — EM,|| < Cizy/pi} > 1 — exp(—Rpn),

for some Cizm > 0 depending only on s, R. Since the norm of a matrix is not less than the norm of any of
its submatrices, and because any n x n submatrix of M, is equidistributed with M,,, we get the result. [

3.5 Anti-concentration

In this subsection we combine anti-concentration inequalities with the following tensorization lemma (see
Lemma 3.2 in [51], Lemma 2.2 in [44] and Lemma 5.4 in [42]). We also provide Esseen’s lemma.

Lemma 3.8 (Tensorization lemma). Let \,y > 0. Let &,&, ..., &y be independent random variables.
Assume that for all j < m, P(|§;| < X) <. Then for every € € (0,1) one has

P(|[(€1, &2, oy Em) || < AWem) < (e/e)emymi—2),

Moreover, if there exists ¢g > 0 and K > 0 such that for every ¢ > ey and for all j < m one has
P(|¢;] <€) < Ke then there exists an absolute constant Czg > 0 such that for every € > e,

P([|(&1, &2, s &m) | < ev/m) < (Gale)™.

Recall that for a real-valued random variable & its Lévy concentration function Q(&,t) is defined as

Q(&,t) == supIP’{|§ -\ < t}, t>0.
AER

We will need bounds on the Lévy concentration function of sums of independent random variables. Such
inequalities were investigated in many works, starting with Lévi, Doeblin, Kolmogorov, Rogozin. We quote
here a result due to Kesten [20], who improved Rogozin’s estimate [41].

Proposition 3.9. There exists an absolute positive constant C' such that the following holds. Let &1,&s, ..., &mn
be independent random variables and X\, A1, ..., A, > 0 satisfy X > max;<,, \i. Then

(Zg > A maX;<m (fz, >\)

T T VLN Q)

This proposition together with Lemma immediately implies the following consequence, in which,
given A C [m] and z € R™, x4 denotes coordinate projection of x on R4.

Proposition 3.10. There exists an absolute constant Cy > 1 such that the following holds. Letp € (0,1/2].
Let § be a Bernoulli(p) random variable. Let 6;, j < n, and 0;;, i,j < n, be independent copies of 6. Let
M = (6;;)i;. Let AC [n] and x € R™ be such that ||z alo < Cy '/ l|lzall. Then

pn
P(| Mz < Ye—|wall) < e
3v20,

Moreover, if X := ‘Gﬂz“‘” < 1/3 then Q(Z?:l dixj, )\) <e®
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Proof. We start with the “moreover” part. Assume /p||z4| < Co. Let \; = |x;|/3. Clearly, for every
j <n, Qx;6;,|x;|/3) = Q(6;,1/3) = 1 — p. Independence of §;’s and Proposition [3.9]imply that for every
A satisfying maxjc4 A; < A < 1/3 one has

(Z 2,0, A) < Q(Z 2,0, A) ;imAA!\

2
jEA jGA)\ p

Choosing Cy = Ce® and A = /p H:UAH/(BCO) (note that the assumption on ||z 4|~ ensures that A > A; for
all j € A) we obtain the “moreover” part.

Now apply Lemma with & = (Mz),; = z;zl z;0;5, € =1/2,v=¢e"8 m =n. We have

<|Mx|| < )\\/_> (2e)"/? exp(—4n) < exp(—3n).

This implies the bound under assumption /p [|z4]| < Cp, which can be removed by normalizing x. O
We also will need the following combination of a simple anti-concentration fact with Lemma

Proposition 3.11. Let p € (0,1/2] and o > 0. Let § be a Bernoulli(p) random variable. Let 6;, j < n,

and 0,5, i, j < n, be independent copies of 6. Let M = (8;5):;. Let x € R™ be such that x5 > a. Then

Q(;xjéj,a/z.m)gu and P M < 10\/7)<exp ~1.2pn).

Proof. Without loss of generality we assume that 7 = |x;| and x5 = |zo|. Note that z10; + 220, takes
values in F; := {0, z1 + x5} with probability (1 —p)?+ p® and in Ey := {z1, 22} with probability 2p(1 — p).
Using that p < 1/2, we observe

max{(1 —p)* +p?, 2p(1 —p)} <477,

Since the distance between sets E; and E, equals to min{|z1],|z2|} = |z2| and since we clearly have

Q(Z?:l 05, \) < Q(Z?zl 2765, \), the first inequality follows.

We now apply Lemma 3.8 with §; = (Mz); = > 7_, 7;0;5, € = p/(241In(e/p)), v = 477, m = n. Note
that ¢ < 1/(481n2e) < 0.02, and x > elnz for = > 0, hence

p(l —e)Iln4 —eln(e/e) > p0.98 In4 —

ST " (246 h;(e/p))

p (In24 Inln(e/p)
>135p—-=|—+1+——F5) > 12p.
LY (ln 2e T In(e/p) ) — b

Thus Lemma 3.8 yields
P(||Maf <

a./pn
2.01y/241n(e/p)

) < (e/e)47P(179) < exp(—1.2pn).

This completes the proof. O
Finally we state Esseen’s lemma [13], needed to prove Theorem

Lemma 3.12 (Esseen). There exists an absolute constant C' > 0 such that the following holds. Let &;,
1 < m, be independent random variables. Then for every T > 0,

<Z§“ < C/H\Eexp 27i&;s/7)| ds.

111
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3.6 Net argument

Here we discuss special nets that will be used and corresponding approximations. We fix the following
notations. Let e = 1/y/n be the unit vector in the direction of 1. Let P, be the projection on et and
P be the projection on e, that is P+ = (-, e) e. Similarly, for j < n, let P; be the projection on ejL and
Pi- be the projection on e;. Recall that for z € R", the permutation o, satisfies |z, = =}, i < n.
Define a (non-linear) operator @ : R* — R™ by Qx = Pp(,;)x — the coordinate projection on R¥®) where
F(z) = 0.([2,n]), in other words () annihilates the largest coordinate of a vector. Consider the triple

norm on R" defined by
2]l* = [|Pez||* + pnl| Py |

(note that ||Plx|| = |(x,e)|). We will use the following notion of shifted sparse vectors. Given m < n
and a parameter v > 0, define

2
U(m,) = {:EER” . JA C [n],|A] =n—m, 3|A|§ﬁVi6A one has |z; — \| <

-
5/—’

Further, given another parameter 5 > 0, define the set
V(B) ={z €R": [zl <1 and ||Qz[ < B}

Lemma 3.13. Let 0 < 8y < e < f and 1 < m < n. Then there ezists an c-net in V() NU(m,~y) with

respect to ||| - ||| of cardinality at most
210 /pn* (98\™ (n
e2ym \ e m)

Proof. Denote V :=V(8)NU(m,~). For each z € V let A(x) be the set from the definition of U(m, ) (if
the choice of A(z) is not unique, we fix one of them).
Fix £ C [n] of cardinality m. We first consider vectors z € V satisfying A(z) = E°. Fix 7 < n and

denote
Vi=Vi(E):={z €V : j=0:(1) and A(x)=E}

(thus 2] = |z;| on V;). We now construct a net for V;. It will be obtained as the sum of four nets,
where the first one deals with just one coordinate, j, annihilating the maximal coordinate; the second
one deals with the non-constant part of the vector, consisting of at most m coordinates (excluding z7);
the third one deals with almost constant coordinates (corresponding to A(z)); and the fourth net deals
with the direction of the constant vector. This way, three of our four nets are 1-dimensional. Let Py be
the coordinate projection onto RY, where W = E \ {j}. Note that the definition of V() implies that
| Pw (z)|| < 3 for every x € V. Let, as before, P be the projection onto e;.

Let N be an e/4-net in Pi-(V;) C [—1,1]e; of cardinality at most 8/e. Let N be an e/4-net (with
respect to the Euclidean metrlc) in Py (V) of cardinality at most (1 + 83/¢)™

Further, let M be an €/(8+/n)-net in the segment [—2/y/m, 2/+/m] (approximating \ in the definition of
U(m,~)) with cardinality at most 32y/n/(e/m). Let N be the set of all vectors of the type Ao D e g\ (53 €is
where Ao € Nj. Then by the construction of the nets and by the definition of U(m,~) for every z € V;
there exist v’ € N, i < 3, such that for y, = y! + 32 + 2,

lz =yl < +—+ 3 2<352-
Yu _16 8\/—

i€eE\{j}
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in particular, ||Pe(z — y.)|| < 1/3/16e. Finally, let Ny be an ¢/(4,/pn)-net in the segment (£/2)[—e, €]
with cardinality at most 4,/pn. Then for every x € V; there exists y, as above and y? € N with

Nz = o = valll* = 1Pe(z — ya) + Po-(@ — ) = yall* = [ Pelz — y) I* + prll Po- (2 — ya) — yl|* < €7/4.

Thus the set Ng; = N1 + N + N3 + N is an (¢/2)-net for V; with respect to ||| - ||| and its cardinality is

bounded by
210 838\
v (%)
e2\/m 5
Taking union of such nets over all choices of E C [n] and all j < n we obtain an (¢/2)-net Ny in ||| - ||| for
V of desired cardinality. Using standard argument, we pass to an e-net N' C V for V. O

Later we apply Lemma with the following proposition.
Proposition 3.14. Let n be large enough, (4Inn)/n < p < 1/2, and € > 0. Denote
Eppm = {M €M, : ||[M—p11T|| <60/np and || M1| < 3pn®/?}.
Then for every x € R™ satisfying |||z||| < e and every M € &,,., one has ||Mz| < 100,/pne.
Proof. Let w = Pjz. Then, by the definition of the triple norm, |jw|| < |||z|||//pn < e/ /pn. Clearly,
(p11")(x — w) = (p117)Pox = 0.
Therefore, using that M € &,,,,, we get
1M (2 — w)l| = (M = p117)(z — w)[| < 60y/prllz — w| < 70y/pne.

Since w = £1||lw||/v/n and |Jw|| < ¢/,/pn, using again that M € &,,.,, we observe that

19
[ Mw| < WHMU\ < 3y/pne.

The proposition follows by the triangle inequality. O]

4 Unstructured vectors

The goal of this section is to prove Theorem [2.2]

Recall that given growth function g and parameters r, d, p € (0, 1), the set of vectors V,, = V,,(r, g, 9, p)
was defined in (1. In the next two sections (dealing with invertibility over structured vectors), we work
with two different growth functions; one will be applied to the case of constant p and the other one (giving
a worse final estimate) is suitable in the general case. For this reason, and to increase flexibility of our
argument, rather than fixing a specific growth function here, we will work with an arbitrary non-decreasing
function g : [1,00) — [1, 00) satisfying the additional assumption (8| with a “global” parameter K3 > 1.

4.1 Degree of unstructuredness: definition and basic properties

Below, for any non-empty finite integer subset S, we denote by 1[S] a random variable uniformly distributed
on S. Additionally, for any Ky > 1, we fix a smooth version of max(KLQ,t). More precisely, let us fix a
function ¥k, : Ry — R, satisfying
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o The function ¢, is twice continuously differentiable, with ||/}, [l = 1 and [[¢f, |l < 00;
o Yy, (t) = K% for all t < ﬁ;
o & > UK, (t) >t forall = >t > 5

o Yy, (t) =t forall t > KL

In what follows, we view the maximum of the second derivative of 1k, as a function of K5 (the nature of
this function is completely irrelevant as we do not attempt to track magnitudes of constants involved in
our arguments).

Fix an integer n > 1 and an integer m < n/2. Recall that given a vector v € R" and parameters
Ky, Ky > 1, the degree of unstructuredness (u-degree) UD,, = UD,, (v, m, K, K5) of v was defined in (@
The quantity UD,, will serve as a measure of unstructuredness of the vector v and in its spirit is similar to
the notion of the essential least common denominator introduced earlier by Rudelson and Vershynin [44].
Here unstructuredness refers to the uniformity in the locations of components of v on the real line. The
larger the degree is, the better anti-concentration properties of an associated random linear combination
are. The functions ¢, employed in the definition will be important when discussing certain stability
properties of UD,,.

We start with a proof of Theorem [2.1] which connects the definition of the u-degree with anti-concentra-
tion properties.

Proof of Theorem[2.1]. For any sequence of disjoint subsets Si, ..., Sy, of [n] of cardinality [n/m] each,
set
Esy... S 1= {supr NS, =1forall:< m}.

Note that each point w of the probability space belongs to the same number of events from the collection
{&s,....5. }51....5.., therefore, for A, defined in we have for any A € R and 7 > 0,

P{‘iviXi_A‘gr}:Anm {‘sz 1—)\)<T‘5317 S } (12)

lyzm

Further, conditioned on an event &g, . g,,, the random sum Z v;X; is equidistributed with Z Upis,] (Where

we assume that n[S1],...,n[Sn,] are jointly independent Wlth Esy...5n)- On the other hand applying
Lemma (3.12] we observe that for every 7 > 0,

Q(Zvn[g < C' /H |E exp(2mivyg,s/7)| ds

i=1
vm/T
=C'm V27 / H |E exp(27iv,s,) m/?s)| ds,
~vim/r "
for a universal constant C’ > 0. Combining this with ( @, we get for every 7 > 0,

Q(iviXi,T>_ A Z Q(Z%XZ,T‘SSL )
=1

Sl7 7
vm/T

¢ Anm : _
<27 Z H|Eexp(27rwn[5i]m 1/25)| ds.

S1,4eeeyS m_ Jm/r i=1
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Setting 7 := /m/UD,,, where UD,, = UD,,(v, m, K1, K5), we obtain

Uubh, .,

- C' A C'K
Q(ZviXi,\/ﬁ/UDn> < UD Z / H |E exp(27ivys, m~/%s)| ds < UDl’
i=1 oS, Sm_yp, =1 n
in view of the definition of UD,, (v, m, K1, K5). The result follows. O

For the future use we state an immediate consequence of Theorem [2.1] and Lemma [3.8|

Corollary 4.1. Let n,¢ € N, let my,...,my be integers with m; < n/2 for all i, and let K;, Ky > 1.
Further, let v € R™, and let B be an { X n random matriz with independent rows such that the i-th row
15 uniformly distributed on the set of vectors with m; ones and n — m; zeros. Then for any non-random
vector Z € RY we have

, o
P{||Bv - Z|| < Vit} < (2Cm0mt/ m}ﬂW) Jor allt 2 max w5 (v mﬂ-%Kl K»)'

The parameter K, which did not participate in any way in the proof of Theorem is needed to
guarantee a certain stability property of UD,, (v, m, K, K5). We would like to emphasize that the use of
functions ¥, is a technical element of the argument.

Proposition 4.2 (Stability of the u-degree). For any Ky > 1 there are gz, céz > 0 depending only on K,
with the following property. Let K1 > 1, v € R", k € N, m < n/2, and assume that UD,, (v, m, Ky, K3) <

Gofe- Then there is a vector y € (£Z)" such that ||v — yle < 1, and such that

UD,,(y, m, gz, K2) <UD, (v,m, K, Kj) < UDn(y,m,chE}Kl,Kg)
To prove the proposition we need two auxiliary lemmas.
Lemma 4.3. Let 0 # z € C, ¢ € [0,|2]/2] and let W be a random vector in C with EW = 0 and with

|W| < e everywhere on the probability space. Then

2
‘E]z—{—W\ — |ZH < —.

2|
Proof. We can view both z and W as vectors in R?, and can assume without loss of generality that
z = (z1,0), with z; = |z|. Then |z; + W;| = z; + W; and

W2 g2
W, < W| = Wi)2+ W2 < W- — 2 < W- L —
21+ Wi <[z +W| \/(Z1+ 1)2+ W5 < (2 + 1)+2|21+W1|_(Zl+ 1)+2(]z|—5)
Hence,
2 2
|Z| =z :E(21+Wl) §E|Z+W| SE(Z1+W1)+M = |Z‘—|—m7
which implies the desired estimate. O

Lemma 4.4. Let \,u € R, and let £ be a random wvariable in R with B = p and with | — p] < A
everywhere on the probability space. Then for any s € R we have

‘E exp (27ri§s) — exp (27ri ] 3) ‘ < (2mAs)?.
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Proof. Denote ¢ = £ — u. Then E¢' = 0 and [¢/| < A. Therefore, using that |sinz| < |z| and |sinz — z| <
x?/2 for every x € R, we obtain
|Eexp(2miés) —exp (2mips)| = |[Eexp (2mi&'s) — 1| = ‘E cos (2r¢’s) — 1+ iEsin (27T§'s)|
= | — 2Esin® (7¢'s) + i E(sin (27&'s) — 2n¢’s)| < 2(mAs)> + (2mAs)?/2 = (2mAs)>.
O]

Proof of Proposition[{.9 To prove the proposition, we will use the randomized rounding which is a well
known notion in computer science, and was recently applied in the random matrix context in [33] (see
also [51],[34]). Define a random vector Y in (lZ)n with independent components Y7, ...,Y,, such that each

i
component Y; has distribution

a

Then EY; = v;, i <n and, deterministically, ||v — Y|l < 1/E.
Fix for a moment a number s € (0,k/(147K5)] and a subset S C [n] of cardinality |n/m|. Our
intermediate goal is to estimate the quantity

E@DKQ(’ﬁ;eXp (27riY}-s)‘>.

| kv, |, with probability |kv;| — kv; + 1,
|kvi) + &,  with probability kv; — [kv;].

el

Denote

= ‘E exp (27ri Upls] s) ‘

1 .
V=Vs:= 'sze;exp (27T11)j s)

and consider two cases.
Case 1. 'V < 5= — 22 Using that | — 1| < |z] for every € R, we observe that deterministically
2
|exp (27miv; s) — exp (27iY; s)| < 2ms/k. (13)
Therefore, by the definition of the function ¢,, in this case we have on the entire probability space

1

_ ex 27TiY'S‘ =Y, (V)= —.

Ln/mJjeZS p( J )> Vi, (V) K,

Case 2. V>ﬁ—2“TSZL.Set
1

: 1 .
z = Ln/mJIEjezsexp(Qﬁles) and W = Ln/mJjezsexp(%rl}/}s)—z.

Then EW = 0 and, using again |e* — 1| < |z, we see that |IW| < 27s/k everywhere. By Lemma [4.4]
|z — V| < (27s/k)?, in particular, z > V — (27s/k)? > 1/(3K3) > 4mws/k > |W|/2. Therefore we may
apply Lemma [4.3] to obtain

47252 < 1272 K582

|z|k% — k2

[EIW + 2] — ||| <
This implies,

1672 K582
ST o

1 .
‘E’ [njm] jezsexp (27T1Yj s)

— V| = [EIW + 2 = |2+ ]2 -V (14)
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To convert the last relation to estimating ¥k, (+), we will use the assumption that the second derivative of
Yk, is uniformly bounded. Applying Taylor’s expansion around the point V', we get

) =Y, (V) + E(‘W Zexp (27iY; s)
jes

— V) e, (V)

E e

ﬁ Z exp (27Tin s)
jes

1 2
+ " ‘— exp (2miY s ‘—VH :
[n/m] jze; ( j ) -
for some C” > 0 which depends only on K,. Here, || - || denotes the essential supremum of the random

variable, and is bounded above by 27s/k by [13] Together with and with |95, |lc < 1, this gives

I Zexp (27Tin S)D — @Z)KQ(V)‘ < Ck—327

1
[n/m] £

o

where C' depends only on Kj. )
Since ¥y, > 1/(2K3), in both cases we obtain for some C' > 0 depending only on Ky,

~

! ) - 1/)K2(V)‘ < Ck—f%{g(v)-

_— exp (2miY) s
] 2 P (2715

o

Using this inequality together with definition of V' = Vg, integrating over s, and summing over all
choices of disjoint subsets S, ..., S, of cardinality |n/m], for every t € (0, k/(147K5)] we get the relation

t
2\ m _m

Z /max (O, 1- %) H1/1K2(|E exp (27Ti Up[Sy] s) ‘) ds
i=1

W Zexp (27riY;- s) D ds

S1veiSm 7y i=1 jES;

) T (menn rivgs o)) ds
=1

Co 82
k2

where Cy, cg > Tm K, are constants that may only depend on K5. Using independence of the components
of Y, we can take the expectation with respect to Y out of the integral.
Given a vector @ = (q1,...,q,) € R and t € (0, k/(147K>)], denote

t

a@= Y [T v

) ds.

The above relation implies that there are two (non-random) realizations Y’ and Y of Y such that for

ﬁ Z exp (27Ti q; 5)
JES;

¢
2\ e

g:(Y') > I := max (0, 1-— CO?) Z /H¢Kg(’E exp (27ri Un(Si] s) }) ds
S1 ¢ =1

~~~~ Sm_
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and

Co t?
g(Y") < I = <1+%> Z /HWQ [Eexp (2mivys,5)|) ds.

,,,,,

Using properties of the function 1g,, we note that for any two non-random vectors Y and Y in the
range of Y such that they differ on a single coordinate, one has ¢,(Y) < 4K g,(Y). Consider a path
YO =y’ Y@ y® Y from Y’ to Y” consisting of a sequence of non-random vectors in the range of
Y such that each adjacent pair Y Y@+ differs on a single coordinate and let

S:={i: qYV)>4K,I,} C [1,n—1].

If S =0, take Y = Y. Otherwise, let £ = max{i : g,(Y®?) > 4K,I,}. Then take Y = Y1 and note
g (YD) > (YD) /(4K5) > I, > I,. Thus the vector Y is in the range of Y and

Il S gt(Y) S 4K2]2.

Making substitutions s’ = y/ms, t' = y/mt in the integrals in [, I3, and assuming that ¢’ < k/ max(2Cy, 2¢y)
(in this case the condition t < k/(147K5) is satisfied), we can rewrite the last inequalities as

t/

% Z /H¢K2 ‘Eexp(?mvn[g]m /28){) ds

S1yeeesSm o i=1
tl
- 1 o
< Z /H ¢K2<‘W Zexp (2miY;m 1/2 S)D ds
S1,..,Sm ey i=1 JES;
t/
< 6Ky Z /HwK'Z |E exp (27r1 Up[s,] M —1/2 s) ‘) ds.
..... Sm Z =1
The result follows by the definition of UD,,(+). O

The last statement to be considered in this subsection asserts that the u-degree of any vector from
Vo(r, 8,0, p) is at least of order y/m.

Proposition 4.5 (Lower bound on the u-degree). For anyr,d, p there is Gz > 0 depending only on r,d, p
with the following property. Let Ko > 2,1 <m < n/Cp, K1 > Ggg and let x € V,(r,8,0,p). Then

UDn(x7 m, Klu K2) 2 \/ﬁ

Lemma 4.6. For any p > 0 and k € (0,1/2] there is a constant C > 0 depending only on p and k with
the following property. Let S # () be a finite subset of Z, and let (Yu)wes be a real vector (indexed by
S). Assume further that Sy, Sy are two disjoint subsets of S, each of cardinality at least k|S| such that
min v, > MaX Yy +p. Let Ko > 2 and f be a function on [0,1] defined by

weS|

f(t) %(‘|5|26Xp 27y 1) > telo,1].

weS

Then for every b > 0 one has _
[{t €[0,1]: f(t) >1-b*}| < Cb.
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Proof. Clearly we may assume that b < 1/4/2. Denote m = [|S|] and

= ‘Zexp(?wiywt)‘, teR.

Let T C Sy x Sy be of cardinality T = m and such that for all (¢,7), (¢, j") € T with (¢,5) # (¢',j’) one
has ¢ # ¢’ and j # j'. Then for all t € R,

g(t) = ‘ Z exp(2miy, t) + Z exp(27i Yy, t)‘ < Z |1+ exp(2mi (y; — yq) )| + S| — 2m.

wES1USs wES1US> (¢.4)€T

Further, take any u € (0,1/y/2x) and observe that for each (g,7) € T, since |y; — y,| > p, we have
{t€[0,1]: |1+ exp(2mi(y; — yg)t)| =2 —2u°}| < C'u,

where C’ > 0 may only depend on p. This implies that

Ht € [0,1] ‘1 + exp(27i (y; — yq)t)‘ > 2 — 2u? for at least m/2 pairs (¢, j) € TH < 2C"u.

On the other hand, whenever ¢ € [0,1] is such that |1 + exp(27i (y; — y,) t)| = 2 — 2u? for at most m/2
pairs (g,7) € T, we have
g(t) < %(2 —2u?) + % 24 |8] = 2m = [8] — mu? < |S|(1 — Ku),

whence f(t) < max (K%, 1— mf) = 1—ku?. Taking u = \/ig we obtain the desired result with C' = 2\% O

Proof of Proposition[{.5 Let A,,, be defined as in @ and ng, Cs, S be from Lemma . We assume that
n > ng and n/m > Cs. For every i < m denote

fi(s) = ¥k, (‘E exp (27ri Ty[s,] m_l/Qs) |)

Further, let subsets @)1 and ()2 be taken from the definition of non-constant vectors applied to . Then
by Lemma [3.3| and since 1y, (1) < 1,

Yy / Hf, ds < 2 mt Ay Y / Hf,ds
( ~~~~~ m ( Tyeensy m)ES’ m
where S’ is the set of all sequences (Si,...,S5,) € S such that is the subset of S such that
)
min(|S; N Q1], |5: N Q2]) > §Ln/mJ for at least c¢sm indices i. (15)

Take any (S1,...,S5,) € 8’ and denote my := [csm|. Without loss of generality we assume that holds
for all i < my. Applying Lemma with k:=0/2 and b = /1 — u, we get for all u € (0,1] and i < my,

plu) i=|{s € [=vim vl : i 2 u}| < Cvmvi—u

where C' > 0 depends only on § and p. This estimate implies that for ¢ < my,

vm 1
[ opmds = [mours= puds < Evimmo B /2.m0) < €
—v/m 0
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where B denotes the Beta-function and Cy > 0 is a constant depending only on p and §. Applying Holder’s
inequality, we obtain

VI VI g
/ HwKQ (‘E exp (27ri Tn[sy] m’l/Qs) |) ds < / Hw;@ (‘E exp (27ri Tn[sy] m’l/Qs) !) ds < Oy,
U =l o =l
which impies the desired result. [

4.2 No moderately unstructured normal vectors

Let M, be an n x n Bernoulli(p) random matrix.. For each i < n, denote by H; = H;(M,) the span of
columns C;(M,), j # i. The goal of this subsection is to prove Theorem , which asserts that under
appropriate restrictions on n and p with a very large probability (say, at least 1 — 2¢72""), the subspace
Hit is either structured or very unstructured. The main ingredient of the proof — Proposition —
will be considered in the next subsection. Here, we will only state the proposition to be used as a black
box and for this we need to introduce an additional product structure, which, in a sense, replaces the set

Vo(r,8,90,p).

Fix a permutation o € II,,, two disjoint subsets @1, Q> of cardinality [dn| each, and a number h € R
such that

ViceQ,: h+2<g(n/o (i) and Vi€ Qy: —gn/o (i) <h—p—2. (16)

Define the sets A, = A, (k, g, Q1, Q2, p, 0, h) by

1
A, = {x € 7" : |wo| < g(n/i) foralli <n, minz; >h, and maxz; <h— p}. (17)
k i€Q1 €Q2

In what follows, we adopt the convention that A, = () whenever h does not satisfy .

I:emrna 4.7. There emists an absolute constant Cgz > 1 such that for every n > 1 there is a subset
I, C I, of cardinality at most exp(Cyn) with the following property. For any two partitions (S;)i%, and
(SHm, of [n] with 27 n > |S;| = |S!], i < m, there is o € I, such that o(S;) = S, i < m.

This lemma immediately follows from the fact that the total number of partitions (5;)", of [n] satisfying
271n > |S,], i < m, is exponential in n (one can take Gy = 23). Using Lemmal[d.7, we provide an efficient
approximation of V,(r, g, d, p).

Lemma 4.8. For any x € V, = V,(1,8,6,p), k > 4/p, and any y € +Z" with ||z — y|o < 1/k one has

[4g(6n)/p]

ve U U U  Ake(69),Q1,Q /4,5, p9/4),

q=|—4g(6n)/p] &ell, |Q1/,|Q2|=[dn]
where the set of permutations I1,, is taken from Lemma m

Proof. Let © € V,, and assume that y € 1Z" satisfies ||z — y[|c < 1/k. Then, by the definition of V,,
there exist sets @1, Q2 C [n], each of cardinality [dn], satisfying

maxy; — — <maxzx; <minz;, —p <miny; — p + —.
1€Q2 Yi k 7 Qo Z_2'€Q1 ! p_iGQlyZ p k
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Then maxy; <miny; — £, hence we can find a number h € §7Z such that
1€Q2 i€Q1

miny; > h and maxy; < h — p

i€Q1 - 1€Q2 - 4
By the definition of V,, we also have |z,,(;)| < g(n/i) for all i € [n]. By the definition of II,,, we can find a
permutation ¢ € II,, such that

o, ({In/2] +1,.... (02" ]}) =a({n/2"] +1,....[n/2""|}) forall ¢>1.
Clearly for such a permutation we have |z54;)| < g(2n/i) for every i < n. Using , we obtain

1

. 1 .
Yoty < |Ta()| + 7S g(2n/i) + TS g(6n/i) — 2.

Thus
Vieo Q) h< mé?nyZ <g(6n/i)—2 and Vi€as '(Qa): h— Z >1 axy; > 2 —g(6n/i).
1€ 1€Q)2

Since h = pq/4 for some q € Z, this implies the desired result. O

The following statment, together with Theorem [2.1] and Proposition is the main ingredient of the
proof of Theorem

Proposition 4.9. Let ¢ € (0,1/8], p,d € (0,1/4] and let the growth function g satisfies (8). There exist
K = Kgg(0,p) 2> 1, gy = ngg(e, 6, p, K3), and Gy = Cgg(e, 6, p, K3) € N with the following property.
Let 0 € II,,, h € R, and let Q1,Q2 C [n] be such that |Q1],|Q2| = [dn]. Let 8 < Ky < 1/e, n > ngy,
m > Gy with n/m > Gy, 1 < k < min ((K,/8)™/2, 2" %), and let X = (Xi,...,X,) be a random vector
uniformly distributed on A, (k,g, Q1,Q2,p,0,h). Then

P{UD,,(X, m, Kz, K>) < km'? |Gy} < €™

Let us describe the proof of Theorem informally. Assume that the hyperplane H; admits a normal
vector X which belongs to V,(r,g,d,p). We need to show that with a large probability the u-degree
UD, (X, m, K, Ks) of X is very large, say, at least =™ for a small € > 0. The idea is to split the collection
Vu(r, 8,0, p) into about log,(¢~™) subsets according to the magnitude of the u-degree (that is, each subset
Tx will have a form Ty = {z € V,(r,8,6,p) : UD,(z,m, K;, K>) € [N,2N)} for an appropriate N). To
show that for each N < =™ the probability of X € Ty is very small, we define a discrete approximation
Ay of Ty consisting of all vectors y € +Z" such that ||y — z|lo < 1/k for some x € Ty and additionally,
in view of Proposition , UD,,(y, m, K1, K») < 2N and UD,,(y, m, g3 K1, K2) > N. We can bound
the cardinality of such set Ay by (€ k)™, for a small € > 0, by combining Proposition with Lemma
and with the following simple fact.

Lemma 4.10. Let k > 1, h € R, p,§ € (0,1), Q1,Q2 C [n] with |Q1],|Q2| = [dn], and g satisfies
with some K3 > 1. Then |A,(k, g, Q1,Q2,p,0,h)| < (ka)n, where G > 1 depends only on Ks.

On the other hand, for each fixed vector y in the set Ay we can estimate the probability that it
“approximates” a normal vector to H; by using Corollary

P{y is an “approximate” normal vector to H; } < (C'/k)" for every y € Ay,
for some constant C” < €71, Taking the union bound, we obtain
P{X € Ty} < P{Ay contains an “approximate” normal vector to H,} < (C'/k)" (6 k)" < 1.

Below, we make this argument rigorous.
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Proof of Theorem[2.4. We start by defining parameters. We always assume that n is large enough, so all
statements used below work for our n. Fix any R > 1, r > 0 and s > 0, and set b := [(2pR)™']. Let
Ky = 32exp(16R). Note that the function g(6-) is a growth function that satisfies condition (§)) with
parameter K} = (K3)%. In particular, choosing j so that 277! < 6n < 27, we have

g(6n) < g(2) < (K3)¥/ < (K3)/ s < Ky,
For brevity, we denote

Com = Ga(s,2R), Gim = Ga(2R), G = G(K2), @@= @(K3), CGm = Cam(Ks)-

Set
Ky := max (Kgs(0, p/4) /G, Gealr, 0, p))
and

£ := min <K2_1, (384 K5 exp(C) CmCmCmCm)fl eXp(—3R)>

We will assume that pn is sufficiently large so that

1
5exp(—2Rpn) < exp(—Rpn) and exp(—3Rpn) < 5

exp(—2Rpn).
pn

Moreover, we will assume that
2RCzp <1 and Cgm<pn (18)
and
1
@ Z maX(CIEI(gv 57 p/47 Ké)? CM(Ta 57 p))ﬂ pn Z 160@(67 57 p/47 Ké)27
2 < oV/Eledp/AKs), /3 > exp(—Rpn);  |exp(Rpn)/dgln < 2"

Define two auxiliary random objects as follows. Set

Z:={reR": T =1, UD,,(z,m, K1, K3) > exp(Rpn) for all pn/8 < m < 8pn},
and let X be a random vector measurable with respect to H; and such that
o X € (Vu(r,g,d,p)NH{)\ Z whenever (V,(r,g,0,p) NHi")\ Z # 0;
o X € (Va(r,g,0,p) NH-) NZ whenever (V,(r,g,d,p) NHi")\ Z =0 and V,(r,g,d,p) N Hi- # 0;
e X =0 whenever V,(r,g,d p) NH=0.

(Note that Hi- may have dimension larger than one with non-zero probability, and thus £X is not uniquely
defined). Note that to prove the theorem, it is sufficient to show that with probability at least 1 —
exp(—Rpn) one has either X =0 or X € Z.

Next, we denote

min  UD, (X, m, K, K;), whenever X # 0;

é’ e 8pn>m>pn/8
400, otherwise.

Then, proving the theorem amounts to showing that £ < exp(Rpn) with probability at most exp(—Rpn).
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We say that a collection of indices I C [n] is admissible if 1 ¢ I and |I| > n — b — 1. For admissible
sets I consider disjoint collection of events {&;}; defined by

Er={Viel: |suppCi(M,)| € [pn/8,8pn] and Vi ¢ I: |supp C;(M,)| & [pn/3,8pn]}.

Further, denote

€= {HMn —EM,| < Ci;m\/pn}.
According to Corollary , P(g ) > 1 — exp(—2Rpn), while by Lemma and ,

IP’(US]) > 1—exp(—n/Cgg) > 1 — exp(—2Rpn).

Denote by Z the collection of all admissible I satisfying 2P(£; N E) > P(&r). Then for I € Z, we have
P(&;) > 2P(E; N E°), and, using that events & are disjoint,

IP( U SI> > 1 — exp(—2Rpn) — 2P(E°) > 1 — 3exp(—2Rpn).

IeT

Hence,

P{¢ < exp(Rpn)} < ZIP’({{ < exp(Rpn)} NEN g) —I—IP< ﬂ 5;) + P(E°%)

Iez Iez
< ZIP’({f < exp(Rpn)} | &N E)IP’(SI NE) + 4exp(—2Rpn).
Iez

Therefore, to prove the theorem it is sufficient to show that for any I € Z,
P({¢ <exp(Rpn)} | €N (SN’) < exp(—2Rpn).

Fix an admissible I € Z, denote by B; the |I| x n matrix obtained by transposing columns C;(M,,), i € I,
and let B; be the non-random || x n matrix with all elements equal to p. Note that, in view of our
definition of K7, the assumptions on p and Proposition [4.5, we have a deterministic relation

&> /pn/8

everywhere on the probability space. For each real number N € J, := [y/pn/8,exp(Rpn)/2|, denote by
En.1 the event

5]\77[ = {f € [N,QN)} ﬂ&ﬂg.

Splitting the interval J, into subintervals, we observe that it is sufficient to show that for every N € J, we
have

1
P(Ens | ErNE) < exp(—3Rpn) < R

exp(—2Rpn).
n

The rest of the argument is devoted to estimating probability of £y ; for fixed N € J, and fixed I € 7.
Set k= [2N/¢|. Let m: Ey; — [pn/8,8pn] be a (random) integer such that

UD, (X, m, K, Ky) € [N,2N) everywhere on Ey .

Since on Ey,; we have UD,, (X, m, K, K;) < 2N < ¢k, applying Proposition , we can construct a
random vector Y : Ex 1 — %Z" having the following properties:
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e |Y — X||o <1/k everywhere on En 1,
e UD, (Y, m, 3K, K3) < 2N everywhere on En 1,
e UD,(Y,m, gz K1, K>) > N for all m € [pn/8,8pn| and everywhere on Ey ;.

The first condition together with the inclusion €y C £ implies that

1(Br = B)(Y = X)|| < Gam/pn/ k-
Using that B;X = 0 and that B;(Y — X) = p(>°7 (Y, — X)) 1;, we observe that there is a random
number z : Ey; — [—pn/k,pn/k| N @Z such that everywhere on €y 1 one has
1B1Y —z1[| < 2Cgmy/pn/k.

Let A be a subset of
[4g(6n)/p]

U U U Ap(k,g(6-),Q1,Q2,p/4,5,pq/4),

q=|-4g(6n)/p| €l |Q1],|Q2|=0n]
consisting of all vectors y such that
e UD, (y,m, K1, K3) < 2N for some m € [pn/8, 8pn|;
e UD,(y,m, ¢z K1, K2) > N for all m € [pn/8,8pn].

Note that by Lemma [4.§8| the entire range of Y on €y falls into A.
Combining the above observations,

Eny C {||Bry — 21;|| < 2Ggzy/pn/k for some y € A, z € [—pn/k,pn/k] N @Z},

whence, using that 2P(E; N E) > P(&;) by the definition of Z,
P(Ens|ENE) < 2P{||Bry — 21/|| < 2Cgmy/pn/k for some y € A, z € [—pn/k, pn/k] N @Z | &1}
< 6|Aly/pn max maxP{||Byy — 21| < 2Cgmy/pn/k | &1}
ZE@Z yeh

To estimate the last probability, we apply Corollarywith t := Czv/8pn/N (note that k > 2N, 2|1| > n,
and that ¢ satisfies the assumption of the corollary). We obtain that for all admissible y and z,

\/ Spn
P{||Bry — 21;|| < 2Cgm/pn/k | &} < ]P’{HBIZJ —214]| < CmTp VI | 51}

< (16 GGG/ N) .

On the other hand, the cardinality of A can be estimated by combining Lemma Lemma [£.7 and
Proposition (note that our choice of parameters guarantees applicability of these statements):

Al < 8pne™ (9g(6n)/p) exp(Cen) 27" (Ch)" < (72pn/ p)e™ K exp(Gn) 2°" (Coh)™
where G = Grmg(KY). Thus, using our choice of parameters and assuming in addition that 2" > 72pn/p
P(En.r|ErNE) < " 8Ky exp(Cm) Cirzk)" (16CiraCizaCira/N)
< " (8K3 exp(Cam) Gk )" (48Cth|:>::|O|:322|/(Cécm]f))nleJrL(QpR)ilJ

< £" (384K exp(Cirn) CrmCiznCinCan/ (G))" €
< exp(—3Rn),

by our choice of parameters. The result follows. m
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4.3 Anti-concentration on a lattice

The goal of this subsection is to prove Proposition Thus, in this subsection, we fix p,d € (0,1/4], a

growth function g satisfying (8], which in particular means that g(n) < Kg"/ log2m o permutation o € I1,,,
anumber h € R, two sets @1, Q2 C [n] such that |Q1], |Q2| = [on], and we do not repeat these assumptions
in lemmas below. We also always use short notation A,, for the set A,,(k, g, Q1, @2, p, 0, h) defined in .

We start with auxiliary probabilistic statements which are just special forms of Markov’s inequality.

Lemma 4.11 (Integral form of Markov’s inequality, I). For each s € [a,b], let (s) be a non-negative
random variable with £(s) < 1 a.e. Assume that the random function £(s) is integrable on [a,b] with
probability one. Assume further that for some integrable function ¢(s) : [a,b] — Ry and some € > 0 we
have

P{E(s) < 9} 2 12
for all s € [a,b]. Then for allt >0,

b b
11»{/ £(s) ds z/ c;ﬁ(s)ds—l—t(b—a)} </t
Proof. Consider a random set

[:={s€la,bl: &(s) > ¢(s)}.

Since P{s € I} < ¢ for any s € [a,b], we have E|I| < (b — a). Therefore, by Markov’s inequality,
P{|I| > t(b—a)} < e/t for all t > 0. The result follows by noting that

/abg<s) ds < |1 + /ab¢(s) ds.

]

Lemma 4.12 (Integral form of Markov’s inequality, II). Let I be a finite set, and for each i € I, let &; be
a non-negative random variable with & < 1 a.e. Assume further that for some ¢(i) : I — R, and some
e > 0 we have

P{& <o(i)} >1-¢
foralli e I. Then for allt > 0,
IP{%HZ& > ﬁZW)H} <eft.
iel iel

The proof of Lemma is almost identical to that of Lemma [4.11], and we omit it.
Our next statement will be important in an approximation (discretization) argument used later in the
proof.

Lemma 4.13 (Lipschitzness of the product [[ ¢k, (+)). Let y1,...,y, € R and set y := max |Yw|. Further,

let Sy, ..., Sm be some non-empty subsets of [n]. For i < m denote
1 , -
fi(s) = vk, (‘E Z exp(2mi yws)D and let  f(s) = Hfl(s)
" wes; i=1
Then f (viewed as a function of s) is (8Kymy m)-Lipschitz.

31



Proof. By our definition, v, is 1-Lipschitz for any Ky > 1, hence f; (viewed as a function of s) is 2my-
Lipschitz. Since | > wes, exp(27i yws)| < |Si|, by the definition of the function ¥,, we have 1/(2K;) <
fi <1, hence, for all s, As € R,

filts) 14 fi(s) = fi(s + As)
fi(s + As) fi(s + As)
Taking the product, we obtain that

f(s)
f(s+ As)

whenever 8 Koy m |As| < 1/2. This, together with the bound f < 1 implies for all s, As € R,

< 14 4Kymy|As.

< (1+4Komy|As)™ <1+ 8Kymym |As|

F() = f(s + As) < 8Kyrym |As,
which completes the proof. O

In the next two lemmas we initiate the study of random variables exp(27in[I,] s;/k), more specifically,
we will be interested in the property that, under appropriate assumptions on s;’s, the sum of such variables
is close to zero in average.

Lemma 4.14. Let ¢ € (0,1], k > 1, { > 2/e. Let I be an integer interval and recall that n[I] denotes
a random variable uniformly distributed on I. Assume that sq,...,s; are real numbers such that for all

J#u,

k
<|sj—sul < =

el 2

Then
¢ 2
E ‘ Zexp(27ri7][]] sj/k)‘ < el
j=1

Proof. We will determine the restrictions on parameter R at the end of the proof. We have

]E‘Zexp 2min|l sj/k‘ ZZEeXp 2min(l] (s; — su)/k)
j=1 u=1 (19)

<0+ |3 Eexp (2rin[l] (s, )/k)‘

JFu

Further, denoting @ = min I and b = max I, we observe for any j # u,

Eexp (2rin[I] (s; — 5.)/k)

— ﬁz exp (27riv (sj — Su)/k)

1—exp (2mi(b—a+1)(s; — s4)/k)
1 —exp (27i (s; — s4)/k)

G‘ exp (2mia (s; — su)/k) -

In view of assumptions on [s; — s,],

4|Sj — 8u| S 4
k ~ell]

|1 — exp (27Ti (sj — su)/k;)| = |2$in(7r (sj — su)/k)| >

32



Therefore,
€
|Eexp (2min[I] (s; — s4)/k)| < 5
Using , we complete the proof. O

Lemma 4.15. For every € € (0,1/2] there are Ryzy = Rgzy(e) > 0 and £ := lz(c) € N, £ > 1000, with
the following property. Let k> 1, uw > ¥, let I, (w=1,2,... u) be integer intervals, and let sq,...,s; be
real numbers such that |I,| |s; — sq| > Rgk, and |sj —sq| < k/2 for all j # q and w < u. Then, assuming
that random variables n[l,], w < u, are mutually independent, one has

{’ Zexp 2min(I, s]/k)‘ > e for at least el indices j} <e"

Proof. Fix any ¢ € (0,1/2], and set &, := 2710 0*9¢ Set R := 1/, and (¢ := [2/;]. Assume that
u > ¢, and let numbers s; and integer intervals I, satisfy the assumptions of the lemma. Denote the event

{) Zexp 2min(I, sj/k)‘ > ¢ for at least £/ indices j}

by £, and additionally, for any subset @ C [¢] of cardinality |ef/4] and any vector z € {—1,1}?, set

g = {<<% ZU:COS(QW n[lw] sj/k), % zu:sin(%rn[]w] sj/k‘)>,z> > ¢ forall j € Q}

w= w=
It is not difficult to see that

£cl e
Q,z

whence it is sufficient to show that for any admissible @), z,

Fléq:) = i(tsf/zu)_lgu' (20)

Without loss of generality, we can consider ) = @)y := [[56 / 4H Event &g, . is contained inside the event

{| 3 S eptaminita /] 2 2 ot/4)},

JEQo w=1

while the latter is contained inside the event
{‘ Z exp(2min(I ]s]/k)‘ Z |el/4] for at least u/4 indices w}.

JEQo
Thus, taking the union over all admissible choices of [eu/4] indices w € [u], we get

e <

u

£
(5u/4}) Pl ‘F‘ (su/4] {‘ Z exp(2min[l, ]s]/k:)‘ 1 |el/4] for all w € F}

To estimate the last probability, we apply Markov’s inequality, together with the bound for the second
moment from Lemma [4.14] (applied with &), and using independence of n[I,,], w < u. We then get

c N
g P 3 wCerintil /)] 2 3 L0 oraltwe Py < () <ot
£ 0
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In view of this implies the result, since using 8 < ¢ < u and £ < 1/2, we have
el/4 eu/2
4 4 g U U ef3su/262u < 46735u/2 % 2_6 gt < 4(16673)5u/4 8u/4 <1.
lel/4] [eu/4] € €

Our next step is to show that for the vector X = (Xj,..., X,,) uniformly distributed on A,, the random

]

product H VK, (} Tojm] > wes, eXp(2miX, S)D is, in a certain sense, typically small (for most choices of s).

To do thls we first show that given a collection of distinct numbers si,...,s, which are pairwise well
separated, the above product is small for at least one s; with very high probability.

Lemma 4.16. For any ¢ € (0,1/2] there are Ryzg = Rym(e) > 1 and { := lzmy(c) € N with the following
property. Let k,m,n € N be with n/m > 0. Let 1 < Ky < 2/e, X = (Xy,...,X,) be a random vector
uniformly distributed on A, and let s1,. .., s, be real numbers in [0, k/2] such that |s; — sq| > Ry for all
J # q. Fiz disjoint subsets Sy, ..., Sy, of [n] of cardinality |[n/m| each. Then

IP’{V]’ </(: me (‘W wezs exp(2miX,,s;)

Proof. Fix any ¢ € (0,1/2] and set £ := lz5(e®) > 1000 and R := Rgy(c”). Assume that n/m > ¢. Note
that, by our definition of A,,, the coordinates of X are independent and, moreover, each variable kX,
is distributed on an integer interval of cardinality at least k. Thus, it is sufficient to prove that for any
collection of integer intervals I;, j < n, satisfying |I;| > k, the event

= {Vj </: f[wKz(‘ Z exp(2min[l, s]/k)D > (KQ/Q)*m/Q}.

has probability at most €™, where, as usual, we assume that the variables n[I,,], w € S;, i < m, are jointly
independent. Observe that, as ¥k, (t) < 1 for all £ <1, the event £ is contained inside the event

) > (Ky/2) "2} < e

&= {Vj </l : a;; >2/K, for at least m/2 indices i},

where a;; == mz cs, exp(2min(l,] sj/k)|, i < m, j < (. Denoting b;; = 1if a;; > 2/K; and bj; = 0

otherwise and using a simple counting argument for the matrix {b;;};;, we obtain that

5c5'c5"::{

{z’ ay; > 2/K, for at least £/4 indices j}’ > m/4}.

To estimate P(£”) we use Lemma with . Note that > < min(2/K5,1/2), and that by our choice of
R, for any j # q we have |I,,||s; — 84| > k|s; — 84| > Ram(£°)k, while |s; — s,| < k/2. Thus,

Vi<m : P{aij > 2/K, for at least ¢/4 indices j} < ghln/m]

Hence,
(g//) ( )€5Ln/mj m/4 < 2m65|_n/mj m/4 < 6”,
[m/4]

which completes the proof. n
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Lemma 4.17 (Very small product everywhere except for a set of measure O(1)). For any € € (0,1/2]

there are Ry = Rgr(c) > 1, { = lg(e) € N and ngr = ngm(e, K3) € N with the following property. Let
k,m,n €N, n>ngm k < 2Vt n/m >0, and 4 < Ky < 2/e. Let X = (X4,...,X,) be a random vector
uniformly distributed on A,,. Fiz disjoint subsets Sy, ..., Sy of [n], each of cardinality |n/m|. Then

IP’{HS € [0,k/2] : ﬁ% (]W Y exp(QWins)D > (K2/4)—m/2}‘ < Rm} >1-(g/2)".
=1 weS;

Proof. Fix any ¢ € (0,1/2], and define & := £3/2/32, { := lrg(2), ¢ := 20, and R := 4 Ry(2) brrg(8) > 1.
Assume that the parameters k, m,n and Si, . .., S, satisfy the assumptions of the lemma. In particular,
we assume that n is large enough so that (8K27rn) < 2" and g(n)* < 2". Denote

B := (8Kymmg(n)) " (2K,)™™? and  ay = ‘ Z exp(2min[ly] s;/k)|, i <m, j < ‘.

[n/m] “

Let T := [0, k/2]N BZ. By Lemma for any collection sy, ..., s; of points from 7" satisfying |s; — 54| >
Rarg(€) for all j # ¢, we have

p{vi <75 TLomlan) = (a2} <&
i=1
Taking the union bound over all possible choices of sy,. .., s; from T, we get

]P’{ H"LPKz(aij) > (K3/2)"™? for all j < { and for some s, .. . ,s57€T
=1 (21)

with |s, — s,| > Rg(€) for all p # q} < §”|T|Z.

Further, by of Lemma [4.13] for any realization of X,’s the product

)= ﬁ% ([ 3 exp(2niu) )

viewed as a function of s, is (8 Kamg(n)m)-Lipschitz. This implies that for any pair (s, s’) € R%, satisfying
|s — §'| < B, we have

J(s) > (Fa/2) ™ whenever f(s)) > (Ka/4) ™.

Moreover, for any collection s}, ..., s of numbers from [0, k/2] satisfying |s, — s;| > 2Rgrs(€) for all p # ¢
there are numbers s,...,s; € T with [s, — s;| < B s, — 54| > FRgm(€) for all p # ¢ (we used also

28 <1< Rgg(€)). This, together with (21)), yields
{HwKQ(‘ [nfm] - Zexp (271X, 5))

with [s), — st > 2Fgg(€) for all p # q}

<zngn (4/5)7"5/2 <EmeT216" < (¢/2).

) > (K5/4)™™? for all j < { and some Sty 085 € [0,k/2]
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The event whose probability is estimated above, clearly contains the event in the question —

{Hs e [0,k/2] : H"%%(

This, and our choice of parameters, implies the result. O

Tm] wezs exp(QWins)D > (K2/4)—m/2}‘ > 4Rm(§>z}

Lemma 4.18 (Moderately small product for almost all s). For any € € (0,1] and z € (0,1) there are

e =¢'(e) € (0,1/2], ngg = ngmy(e, 2) > 10, and Cgzg = Cgg(€, 2) > 1 with the following property. Let
n>ngm 2" > k>1 Gy <m<n/4, and 4 < Ky < 1/e. Let X = (Xy,...,X,) be a random vector
uniformly distributed on A,,. Fiz disjoint subsets Si, ..., Sy, of [n] of cardinality |[n/m] each. Then

P{Vs € [z,€'k] : i{jz% <‘WLme€ZS exp(ZWins)D < eﬁ} >1—(g/2)".

Proof. Let ¢ > 0 will be chosen later. Fix any s € [z,¢’k]. Assume m > (¢'2)™* > 10. For i < m denote

fl(s) = 1/}K2 (%(8))7 and f Hfz

Yi(s) = ‘ ] Z exp(2miX,s)|,

Observe that by the definition of ¥k, for each i < m we have f;(s) = 7;(s), provided ;(s) > 1/Ks. Next
note that if for some complex unit numbers z1, ..., z their average v := Zi\;l z;/N has length 1 —a > 0
then, taking the unit complex number 2, satisfying (zg,v) = |v| we have

N
N(1-a)< ZR@(Z@,U> <N,
i=1

therefore there are at least N/2+ 1 indices i such that Re (z;,v) > 1 —4«. This in turn implies that there
exists an index j such that there are at least N/2 indices i with Re (z;,Z;) > 1 — 16c. Thus, the event
{ fi(s) >1— \/Lm} is contained in the event

32 n
st et X212 T s we s )}
{3 w' €S cos(2ms(X Xu)) >1 — for at least 5 indices w € S; \ {w'}

To estimate the probability of the later event, we take the union bound over all choices of n/(2m) indices
from S;, and over all choices of w’. We then get

P{fl( y>1-— i} < T gln/m] max P{Vw e F: dist(s(Xy — X ), Z) < 2 }
vm m w'eS;, FCS;\{w'}, ml/4
|FI>n/(2m)

To estimate the latter probability (the probability following maximum in the previous line) we use the
definition of A,, and independence of coordinates of the vector X. Note that for each fixed w there is an
integer interval I, of the length at least 2k such that X, is uniformly distributed on I, /k. Therefore,
fixing a realization X, = b/k, b € Z, we need to count how many a € I, are such that s(a—b)/k is close to
an integer. This can be done by splitting [, into subintervals of length k£ and considering cases z < s < 1,
1 < s < C'k/m!* (this case can be empty), and C'k/m'/* < s < &'k. This leads to the following bound
with an absolute constant C” > 0,

"

2 n n/m C 1" _/
P{fl(s)zl_\/_m}SEQ/ <max(zm1/4,0 5))
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Using this estimate and the fact that g, (t) < 1 for ¢t <1 (so, each f;(s) < 1), we obtain

P{f(s) > (1 - %)37”/4} < P{fz(s) >1- % for at least m/4 indices 2}

m
<2m (ﬁ (40,/5/)n/(2m>> i — (%) " (40”5’)"/ °.
m

The last step of the proof is somewhat similar to the one used in the proof of Lemma [4.17] — we
discretize the interval [z, e'k] and use the the fact that f is Lipschitz. Recall that g(n) < 2™ and thus, by
Lemma [4.13] f(s) is (8 Kom2™ m)-Lipschitz. Let

Bi=(1- 2/\/%)3771/4 (8K, 2"m)_1 and T :=[z,'k] N BZ.

Then for any s, s’ € [z, £'k] satisfying |s—'| < 8 we have |f(s)— f(s')] < (1—-2/y/m) s/ deterministically.
This implies that

e S (R e S Y (e

k(160" "
2 1— B <Wn) (40”5/) /8 Z 1-— (S/Z)n,
provided that ¢’ := ¢’¢® for a sufficiently small universal constant ¢ > 0. ]

Lemma 4.19. Let p,e € (0,1, k> 1, h€R, a1 > h+1, as < h—p—1. Let Y1,Ys be independent random
variables, with Y; uniformly distributed on [h,a1] N +Z and Y uniformly distributed on [as, h — p| N 1 Z.
Then for every s € [—¢/8,¢/8] one has

IP’{‘ exp (27riY15) + exp (27TiY25)‘ > 2 — 27Tp252} <e.
Proof. Clearly, it is enough to consider 0 < s < /8 only. Note that
| exp (2miY1s) + exp (27iYas)| = |1 + exp (27i(Y; — Y2)s)| = 2| cos (7i(Y; — Y2)s)]|.

We consider two cases.

Case 1. Assume that a; < h+2¢7! and ay > h—2e~!. In this case, deterministically, p < Y; — Y, < 4/¢,
therefore, using that cost < 1 —#*/7 on [—m/2,7/2], we have for every s € (0,/8],

‘ exp (27riY15) + exp (27riY25) ‘ <2 —2mp?s?.

Case 2. Assume that either a; > h+2e7! or ag < h—2e~'. Without loss of generality, we will assume the
first inequality holds. We condition on a realization Y5 of Y5 (further in the proof, we compute conditional
probabilities given Ys = Y5). For any s < ¢/8, the event

{‘1 + exp (27Ti(Y1 — )72)3)‘ > 92— 52}

is contained inside the event B
{dist((Y1 — YQ)S,Z) < s}.

On the other hand, since (Y] — ?2)5 is uniformly distributed on a set [b1, by] N $Z, for some by > by + 2e71s,
the probability of the last event is less than . The result follows.
]
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Lemma 4.20 (Integration for small s). For any € € (0,1], p € (0,1/4] and 6 € (0,1/2] there are

Nz = Ng(€, 6, 0), G = Grm(€,6,p) > 1, and Kgzg = Kgzy(6, p) > 1 with the following property. Let
A, be defined as in (@, n>ngmm k>1, meNwithn/m > Cgm and m > 2, and let X = (Xy,...,X,,)
be a random vector uniformly distributed on A,,. Then for every K, > 4,

vm/Qrz

1
]P){Anm Z / Hl/JKQ (‘ [n/m] Z eXp 27r1me 1/2 )D ds > K@} (/2)",
St _ i) =
where the sum is taken over all disjoint subsets Si, ..., Sy, C [n] of cardinality |n/m] each.

Proof. Let ng, Cs, cs, and S be as in Lemma . For a given choice of subsets (S1,...,5,) € S denote

vi(s) == ‘ Ln/lmj Z exp(ZWins)‘, fi(s) == vk, (fyi(s)), and  f(s Hfl

wES;

(note that functions ~;(s), fi(s), f(s) depend on the choice of subsets S;).

First, we study the distribution of the variable f(s) for a given choice of subsets S;. We assume that
n > ns and n/m > Cs. We also denote ¢ := 2710/ Z16/9¢ and

S = {(Sl, ooy Sm) €S min(|S; N Q4 |S; N Qal) > d|n/m]/2 for at least csm indices z}
Fix a sequence (S, ...,5,) € &', and J C [m] be a subset of cardinality [csm| such that
Vie J : min(]S;NQ1l,|SiNQ:|) > d[n/m|/2.
For any i € J, wy € S; N Qq, and wy € S; N Q2 by Lemmawe have for s € [—¢/8,¢/8|,
]P’{| exp 27rin13) + exp (27rinQs | >2— 27rp252} <e.

Within S;, we can find at least $|n/m] disjoint palrs of indices (wy,ws) € Q1 X Qo satisfying the above
condition. Let T" be a set of such pairs with |T| = Ln /m]. Using the independence of coordinates of X,

and denoting z := min (1/1/(7p?9),2/8), we obtaln for every s € [z, 2],

252

< P{| exp (27iX,, ) + exp (2miXy,s)| > 2 — 2mp’s” for at least §[n/m| pairs (wy,ws) € T'}
< 25Ln/mj/2 55Ln/mj/4 < (46)6n/(4m)

Applying this for all i € J together with observations f(s) < 1 and f;(s) = vi(s) (when v;(s) > 1/K5), w
conclude that for every s € [—z, z],

P{f(s) > (1- 7T,02(532/2)J|/2} < ]P’{fi(s) > 1—mp*6s?/2 for at least |J|/2 indices i € J}

< 91 (42)VIn/(m)

At the next step, we apply the Lemma with £(s) = f(s) to obtain from the previous relation

/ ; 252\ 171/2
JP{ /f(s) ds < / (1 - ”p;‘s ) ds +m1/2} > 1 — 22m /2 21 (4)01In/Gm),
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Next we apply Lemma [4.12) with I = &', & = f(s) (recall that f(s) depends also on the choice of
(S1,...,5m) € S). We obtain

7rp2582 17172 _1/2 B 17| 8|J|n/(8m)
P Anm Z f )ds < 5 ds +2m > 1 —22m 2V (4e) .

Further, since by Lemma |3.3| we have \S’] > (1 — e %™)|S| and since f(s) < 1, we observe that

Apm Z /f ds < 2ze "

(1,000 S ) ES\S’

—z

deterministically. Recalling that |J| = [csm], we obtain

P{Anm Z / f(s)ds < C"m } — 2zm 2V (4¢)°IM/ M) > 1 (5/2),

..... Sm)€ES

—z

for some C” > 1 depending only on § and p, provided that n > ny(€,d, p). The result follows by the
substitution s = m~"/?u in the integral. O

As a combination of Lemmas [£.17] [£.18, and .20, we obtain Proposition

Proof of Proposition[{.9 As we mentioned at the beginning of this subsection, we fix p,d € (0,1/4], a
growth function g satisfying (8], a permutation o € II,, a number i € R, two sets Q1, Q2 C [n] such that
|Q1], |Q2] = [dn], and we use A, for the set A, (k, g, Q1,Q2, p, 0, h) defined in ([17). We also fix e € (0,1/4].

We start by selecting the parameters. Assume that n is large enough. Set ¢ := fgz(¢). Let & = €'(¢) be
taken from Lemma[4.18 Set 2 := 1/Cgx(e, 6, p). Fix an integer m € [Gr(e, 2), n/ max (¢, Gz)] satisfying
the condition Rggm/m e~V™ < 1, and take 1 < k < min (2”/5, (K2/8)m/2). Let A,,, be defined as in .
We assume that h is chosen in such a way that the set A, is non-empty. As before X denotes the random
vector uniformly distributed on A,,. Let S be as in Lemma[3.3). A given choice of subsets (S1,...,5,) € S
denote

f(s) = fs1..,(8) = Hl/)Kz (‘Wlmj Z exp (ZWinm_1/2 s)
=1 weS;

We have
ml/2k e'kym
A 3 /fdsan/fd8+2Aan/f
..... e S

In view of Lemma [1.20 with probability at least 1 — (¢/2)" the first summand is bounded above by K.
To estimate the second summand, we combine Lemmas and [4.18] (we assume that z < £’k as otherwise
there is no second summand). Fix for a moment a collection (Si,...,5,,) € S. By Lemma [4.17 with
probability at least 1 — (¢/2)" the function f on [0, ky/m/2] is bounded above by (K/4)~™/2 for all points
s outside of some set of measure at most Rggm/m (note that we apply variable transformation s — m~=1/2s
to use the lemma here). Further, by Lemma [4.18] with probability at least 1 — (¢/2)" we have that f is
bounded above by e™V™ for all s € [zy/m,&'ky/m]. Thus, with probability at least 1 — 2(g/2)",

'k /i ;
/ f(s)ds < v/mk (%) - + Rey/me V™
zy/m
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Applying Lemma with I = S and & = f(s), we obtain that

e'ky/m
Ko\ —m/2
Anm Z / f(s)ds < /mk (f) + Rpg/me V™ 41 <3
Sl?"'7S’In Z\/m

with probability at least 1 — 2(¢/2)". Thus, taking K := Kz + 3, we obtain

P{UD, (X, m, K1, K5) > em'?k} >1—-3(c/2)" > 1 — 3¢".

5 Complement of gradual non-constant vectors: constant p

In this section, we study the problem of invertibility of the Bernoulli(p) matrix M over the set S, defined
by in the case when the parameter p is a small constant. This setting turns out to be much simpler
than treatment of the general case C'lnn/n < p < ¢ given in the next section. Although the results of
Section [0] essentially absorb the statements of this section, we prefer to include analysis of the constant p
in our work, first, because it provides a short and relatively simple illustration of our method and, second,
because the estimates obtained here allow to derive better quantitative bounds for the smallest singular
value of M.

5.1 Spliting of R"” and main statements

We define the following four classes of vectors By, ..., Bsy. For simplicity, we normalize vectors with respect
to the Euclidean norm. The first class is the set of vectors with one coordinate much larger than the others,
namely,

By =Bi(p) :={x S " : 2} > 6pna}}.

For the next sets we fix a parameter £, = /p/Co, where Cy is the absolute constant from Proposition [3.10]
Recall also that the operator ) (which annihilates the maximal coordinate of a given vector) and the set
U(m,~) were introduced in Subsection . We also fix a small enough absolute positive constant ¢. We
don’t try to compute the actual value of ¢g, the conditions on how small ¢j is can be obtained from the
proofs. We further fix an integer 1 < m < n.

The second class of vectors consist of those vectors for which the Euclidean norm dominates the
maximal coordinate. To control cardinalities of nets (discretizations) we intersect this class with U(m, ),
specifically, we set

By = By(p,m) := B,NU(m,cy), where pi={zeS" :x¢g B and z} <B,}.

The next set is similar to Bs, but instead of comparing x] with the Euclidean norm of the entire vector,
we compare x5 with ||Qz||. For a technical reason, we need to control the magnitude of ||Qx| precisely;
thus we partition the third set into subsets. Let numbers A, k < ¢, be defined by

1
)\1 = 6—, )\k+1 = 3)\k, k<tl— 1, 1/3 < )\571 <1 and )\g =1. (22)
n

Clearly, £ < Inn. Then for each k¥ < ¢ — 1 we define

Bs i = Bsi(p,m) = {:c € S" i x g BIUBY, x5 < B,||Qx|, and N\ < [|Qz| < )\kﬂ} NU(m, coAg)-
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To explain the choice of A, note that if x & By U B} and ||z|| = 1, then x5 > x7/(6pn) > §,/(6pn). Thus,
if in addition f,||Qz|| > =3, then ||Qx| > 1/(6pn) = A\;. We set

Bg = Bg(p, m) = U Bgyk.

The fourth set covers the remaining options for vectors having a large almost constant part. Let
numbers ., k < s, be defined by

m:f—p, Pl =3k, k<s—1, 1/3<p,1<1 and p,=1 (23)
o

Clearly, s < Inn. Then for each k < s — 1 define the set By = Byx(p,m) as

{[z€8" 2 gBUB) > BllQull, and py <25 < s } N U(m, o/ /In(e/p)).

Note that if x & By U B} and ||z|| = 1, then x3 > x7/(6pn) > ,/(6pn), justifying the choice of ;. We set
-1
By = 34(]07 m) = U B4,k-
k=1

Finally define B as the union of these four classes, B = B(p,m) := U?Zl B;.

In this section we prove two following theorems.

Theorem 5.1. There exists positive absolute constants c,C' such that the following holds. Let n be large
enough, let m < cpn/1In(e/p), and (30Inn)/n <p < 1/2. Let M be an n x n Bernoulli(p) random matriz.
Then

<n(l—p)"+e P

1
Cy/nlun(e/p) ||:r||} N

IF’{EI r € B such that |[[Mzx| <

where the set B = B(p,m) is defined above.

Recall that the set V,, was introduced in Subsection |3.3] The next theorem shows that, after a proper
normalization, the complement of V,, (taken in Y, (7)) is contained in B for some choice of r,d, p and for
the growth function g(t) = (2t)*? (clearly, satisfying (§)).

Theorem 5.2. There exists an absolute (small) positive constant ¢y such that the following holds. Let
q € (0,c1) be a parameter. Then there exist ng > 1, r = r(q),p = p(q) € (0,1) such that for n > n,,
p€(q,c), d=r1/3, g(t) = (2t)*2, and m = |rn] one has

{o/llz] & @ € Talr) \ Valr.8,6,0) } < Blp,m).

5.2 Proof of Theorem [5.1]

Theorem is a consequence of four lemmas that we prove in this section. Each lemma treats one of the
classes B;, i < 4, and Theorem follows by the union bound. Recall that U(m,~y) was introduced in
Subsection and that given x, we fixed one permutation, o,, such that z; = |z, (| for i < n. Recall
also that the event &,,,, was introduced in Proposition [3.14]
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Lemma 5.3. Let n > 1 and p € (0,1/2]. Let Egum (with ¢ = p) be the event introduced in Lemmal[3.4 and
by Ecot C M, denote the subset of 0/1 matrices with no zero columns. Then for every M € Egum N Ecol
and every x € By,

1
Mz|| > —— )
[ Mz > NG ]l
In particular,

1
IP{M nt dr e By with ||Mz|| < —} < n(l—p)" +e 1o,
e M x € By with || x||_3\/ﬁ <n(l—p)"+e

Proof. Let 6;;, 1,5 < n be entries of M € Egym N & Let 0 = 0,. Denote, ¢ = o(1). Since M € &y, there
exists s < n such that d, = 1. Then

[(Rs(M), z)| = ‘$e+z5sjl’j > e =Y Ow; > | =Y 0y,
1

J#L j#L j=
Using that M € &g, we observe that Z?:1 ds; < 3.5pn. Thus,
[Mz|| > (Rs(M), z)| > z} — 3.5pna;,, > 27/3.

The trivial bound ||z|| < /nz} completes the first estimate. The “in particular” part follows by the
“moreover” part of Lemma 3.4 and since P(E.,;) < n(1 — p)™. O

Lemma 5.4. There exists a (small) absolute positive constant ¢ such that the following holds. Let n be
large enough and m < cn. Let (4lnn)/n <p < 1/2 and M be a Bernoulli(p) random matriz. Then

IP’(M €&um and Jxr € By with [|[Mz| < 5—”gn> <e
0

Proof. By Lemma for £ € [8¢p, 1) there exists an (¢/2)-net in V(1) N U(m,cy) with respect to the
triple norm ||| - |||, with cardinality at most

Cn? (18en\™

g2 \ em '

Since By C V(1) NU(m,co), by a standard “projection” trick, we can obtain from it an e-net N in By
of the same cardinality. Let x € By. Let z € N be such that |||z — z||| < e. Since on By we have
2t < Bl|z|| = B, Proposition implies that with probability at least 1 — ™37,

N
Izl > VA (24)

Further, in view of Proposition [3.14} conditioned on and on {M € &, }, we have

N VP
Mzx|| > |Mz|| — | Mz — 2)|| > — 100y/pne > )
Il 2 0=~ MG = 2)] 2 222~ 100ypme > Yo

where we have chosen € = 1/(5000C)). Using the union bound and our choice of €, we obtain that

IP(M € Em  and  Jz € By with ||Ma]| < —;?> < eTIN| < e
0

for sufficiently large n and provided that ¢y < 1/(40000Cy) and m < en for small enough absolute positive
constant ¢. This completes the proof. O
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Remark 5.5. Note that we used Proposition[3.10 with the set A = [n]. In this case we could use slightly
easier construction for nets than the one in Lemma — we don’t need to distinguish the first coordinate
in the net construction, in other words we could have only one special direction, not two. However this
would not lead to a better estimate and in the remaining lemmas we will need the full strength of our
construction.

Next we treat the case of vectors in Bs. The proof is similar to the proof of Lemma [5.4] but we need
to remove the maximal coordinate and to deal with the remaining part of the vector. Recall that the
operator () serves this purpose.

Lemma 5.6. There exists a (small) absolute positive constant ¢ such that the following holds. Let n be
large enough, and m < cpn/In(e/p), (4Inn)/n < p < 1/2. Let M be a Bernoulli(p) random matriz. Then

—2n

1

Proof. Fix 1 < k < ¢ —1. By Lemma for € € [8coAg, Akr1) there exists an (g/2)-net in V(Agyq) N

U(m, coAx) with respect to ||| - |||, with cardinality at most
Cn? [(18eMpn\"™" C’n 5dehgn\ "
g2 em =22\ em

Again using a “projection” trick, we can construct an e-net Ny in Bs j, of the same cardinality. Let x € Bs .
Let z € N, be such that |||z — z||| < e. Since on Bs, we have z5 < 3,]|Qz||, Proposition applied with
A = 0,([2,n]) implies that with probability at least 1 — e™3"

||MZH > VanQZH \/pn)\k
T 3V20, 3\f00

Conditioned on the above inequality and on the event {M € &,,.,,}, Proposition implies that

VP Ak NI
Mzx|| > ||Mz|| — ||M(x — 2)|| > — 100y/pne > ,
[Maz|| > [[Mz]| — [[M(x — 2)]| 3730, VP 5C

where we have chosen ¢ = A;/(5000C)). Using the union bound, our choice of ¢ and A\, > 1/(6pn), we
obtain that

VoA
Py = IP’(EII € By, with ||[Mz| < %) < e NG| < et
0

for large enough n and for m < cn, where ¢ > 0 is a small enough absolute constant (we also assume
co < 1/(40000C))). Since £ < Inn and Ay > Ay > 1/(6pn), we obtain

e~ 2m,

IP(EIx € Bs with [[Mz] <

T
= =

30Cy\/pn —
This completes the proof. O
Finally we threat the case of vectors in By.

Lemma 5.7. There exists a (small) absolute positive constant ¢ such that the following holds. Let n be
large enough and let m < cpn/In(e/p), (30Ilnn)/n < p < 1/2. Let M be a Bernoulli(p) random matriz.
Then

P(M €& and 3By with |[Ma] < ) < o1

78Cy+/nn(e/p)
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Proof. Fix 1 <k <s—1. By Lemma for e € [8cour/+/In(e/p), tx+1) there exists an (£/2)-net in

V(pry1/Bp) VU (m, copr//In(e/p))

with respect to ||| - ||| with cardinality at most
Cn? (18epprin\™ < Cn? (bdeupn\"™
2 emf, — ez \ emB, '

By the projection trick, we get an e-net Ny in Byx C V(pgr1/5) N U (m, copr/+/In(e/p)).
Let x € Byy. Let z € Ny be such that |||z —z||| < e. Since on B, we have z} > z5 > 1, Proposition
implies that with probability at least 1 — e~ 127,

1Mz] > _ HeyPnr
104/In(e/p)

Conditioned on the above and on {M € &,,,}, Proposition implies that

1Mzl > M) = [M(z — )] > —"YP 0 e > PRV
104/In(e/p) 134/In(e/p)

)

where we have chosen
e = u/(50C1+/In(e/p)) > 8copur/+/In(e/p),

provided that ¢y < 1/40000. Using the union bound and our choice of ¢ we obtain that

P, = IP’(M € Eym and  dz € By, with ||[Mz] < _ HeVPR ‘pn> < e NG| < et
134/In(e/p)

for large enough n and for m < ¢pn/In(e/p), where ¢ > 0 is a small enough absolute constant. Since
s <Innand pp > py > B,/(6pn) = 1/(6Con/p), we obtain

s—1
1
P<M €&ym and dxr € By with |[Mz| < > < P, < el
78Ch+/nln(e/p) ;
This completes the proof. =

Proof of Theorem[5.1. Lemmas[5.3] [5.4] 5.6 and [5.7 imply that
P(E) < n(l—p)" + 3e 14" + P(&S

nrm)J

where £ denotes the event from Theorem . Lemma applied with ¢ = 30 and imply that
P(&e,. ) < e 1% provided that pn is large enough. This completes the proof. O

nrm

5.3 Proof of Theorem [5.2]

Proof. We prove the statement with r = r(¢) = cq/In(e/q), where c is the constant from Theorem 5.1} and
p = p(q) = con/rB,/(64/In(e/q)). Note that under our choice of parameters (and assuming c¢; is small),

96/2 < cofly/\/I0(e/a) < cofty/v/I(e/p).

Assume that = € T,(r) \ Va. By (27); denote the non-increasing rearrangement of (z;); (we would
like to emphasize that we do not take absolute values). Note that for any ¢ > 0 there are two subsets
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Q1,Q2 C [n] with |Q1], |Q2| > [dn] satisfying max z; < minx; — t if and only if z¥ > t. This

#
i€Qr [6n] Lo [én]+1

leads to the two following cases.
Case 1. xﬁ 1~ Zﬁ fonl 1 > p. Since x ¢ V,, in this case there exists an index j < n with % > (2n/j)%2.
Note that since T, =1, we have j < rn = 3on.

Subcase la. 1 < j <3dn. Since z} > (2n/5)*? we get

J

Qi 2 3 (i) 2 3 ni) >3 (20/)° = nl2n/ )"

Therefore,

T* .
lrn|+1 <L_<

J
Q] = vn2n = Vn o

Now let y = x/||x||. Then

x,., 36/2 [|Qx|| 35/2

* \_j—i—l

Yirn = < Qy 25
T e N R L (25)

Our goal is to show that y € B(p,m) (with m = |rn]).

If y € By(p), we are done.

Otherwise, if y € By, then implies that y[,.,, ., < co //n, that is, there are at least n—m coordinates
at the distance at most ¢o/y/n from zero. Thus y € U(m, ¢y) and hence y € Bs.

If y ¢ By UBY, and y3 < 5,||Qyl|, then necessarily Ay < [|Qy|| < Agy1 < 3\ for some k, where A, A\pyq
are defined according to . Then implies that y*[m 141 S coAr/+/n, that is, there are at least n —m
coordinates at the distance at most coA,/y/n from zero. Thus y € U(m, co\;) and hence y € Bs .

If y & By UB, and y5 > (3,||Qy|| then necessarily px < v5 < pur1 < 3pu, where pug, pg41 are given by
. Then, similarly,

. 35/2 35/2 Y5 < /2 9(5/2 < Cofbk
y[rnJ—i—l = \/— \/— Bp\/_ —m\/ﬁ

This implies that y € U(m, cour/+/In(e/p)) and, thus, y € Byy.
Subcase 1b. j = 1. In this case zF > (2n)%2. Assume x ¢ By, that is 2 < 6pna}. Then

1Qyll <

) [rn]+1 i < Gpn _ 6p

1Qell =25 = @2~ By

We can now define y := z/||z|| and, having noted that y,, ., < %ﬁ |Qul|, proceed similarly to the

Subcase la. We will need to use the condition 18p < 2%/2¢y3,/+/In(e/p), which holds for small enough p.

Case 2. xﬁnw — xf—wnHl < p. Set ¢ be a permutation of [n] such that z7 = To(), 1 < n (note that o is
in general different from the permutation o, defined in connection with the non-increasing rearrangement
of the absolute values |z;|). Define the following set, which will play the role of the set in the definition of

U(m,7) (see Subsection [3.6),

A:={o(i): [on] <i<n-—[dn]}.

Then |A| = n —2[on], and m > 2[on] = 2[rn/3]. Since x}, = 1, we observe that either xﬁ 141 = Lor
a ron] < —1 (or both). Moreover, since 7 < 1/2, we necessarily have that |z¥| < 1 for some [on] < i <
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n — [dn]. Therefore, there exists an index j € A such that |z;| = 1. Taking b = z;, we observe that for
every i € A, |x; — b| < p. On the other hand we have

2> Qa2 =Y w2 m—12m/2 and vied: U ¥2e 1 2

~ ' - Qe T vm T TW'

Now let y = x/||z||. Then

b
Eln

||Ql“|| £/ \/_\/_

The end of the proof is similar to the end of the proof of Case 1. If y € By, we are done. If y € B),
then using (26), |Qy| < |yl = 1, and 6p/\/7 < ¢y we obtain that y € U(m,co) and, thus, y € Bs. If
y & B UBY, v < B,]|Qull, and A\, < [|Qy]| < Ag+1 < 3\, then, using and 6p/+/r < ¢y we obtain
that y € U(m, coA\x) and, thus, y € Bsy. If y & By U B, ys > B,l|Qyll, and py < y3 < pig1 < 3 then,

similarly, using and 6p//1 < cofB,/+/In(e/p), we obtain that y € U(m, copr/+/In(e/p)) and, thus,

y € Bay. This completes the proof. O

Vie A :

(26)

Yi —

6 Complement of gradual non-constant vectors: general case

We split R™ into two classes of vectors. The first class, the class of steep vectors T, is constructed in
essentially the same way as in [27] and [30]. The proof of the bound for this class resembles corresponding
proofs in [27] and [30], however, due to the differences of the models of randomness, there are important
modifications. The second class R, which we call R-vectors, will consist of vectors to which Proposition [3.10]
can be applied, therefore dealing with this class is simpler. To control the cardinality of nets, part of
this class will be intersected with the almost constant vectors. Then we show that the complement of
Vu(r,g,0,p) in T, (r) is contained in 7 U R.

We now introduce the following parameters, which will be used throughout this section. It will be
convenient to denote d = pn. We always assume that p < 0.0001 and n is large enough (that is, larger than
a certain positive absolute constant). We also always assume that the “average degree” d = pn > 200 Inn.
Fix a sufficiently small absolute positive constant r and sufficiently large absolute positive constant C
(we do not try to estimate the actual values of r and C., the conditions on how large 1/r and C, can be
extracted from the proofs, in particular, the condition on C, comes from (38])). We also fix two positive
integers ¢y and sy such that

pn so—1 1 n S
by = | ——— d — <. 2
0 Llln(l/p)J o - 64p 64d = 0 (27)

Note that ¢y > 50 and that sg > 1 implies p < ¢y/(Inn)/n.
For 1 < j5 < 59 we set

ng =2, n;:=306", Nggta = L\/n/pJ = {%J ,and  ngas = |rn].
Then, in the case |1/(64p)| > 15n,, we set ng 1 = [1/(64p)|. Otherwise, let ng, 41 = ng,. Note
that with this definition we always have ng,4o > ng4+1. The indices n;, j < 59 + 3, are global
parameters which will be used throughout the section. Below we provide the proof only for the
case |1/(64p)| = ng,41 > 15ng,, the other case is treated similarly (in particular, in that other case the
set Ti(so+1) defined below, will be empty).
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We also will use another parameter,

In(6pn)
In go .

Note that the function f(p) = In(6pn)/(41n(1/p)) is a decreasing function on (0,1), therefore for p >
(100Inn)/n and sufficiently large n we have 1 < k < Inlnn. Moreover, it is easy to see that if p >
(1001n*n)/n, then x < 2. We also notice that if pn > 6(5Inn)* for some v € (0,1) then x < 1+ 1/
and, using the definition of £, and sy,

k= k(p) == (28)

(6d)* 0" = 507D < 1/(64p)"~. (29)

6.1 Two classes of vectors and main results

We first introduce the class of steep vectors. It will be constructed as a union of four subclasses. Recall
that the notation z* was introduced in Subsection B.1l Set

To:={r€R" : 2] >6dr;} and Ty:={rcR":2¢7; and z; >6dx), }.
Then for 2 < j < 50+ 1,

j—1 so+1
T = {xGR” : ng?BUUﬂi and x;j_1>6dxzj} and T; = Uﬂi.
i=1

i=1

Finally, for k = 2,3 set j = j(k) = so + k and define

k—1
T = {xGR” cr ¢ U7§ and :E;;j_l >C’T\/c_la:;j}.

=0

The set of steep vectorsis T := ToUT,UToUT3. The “rules” of the partition are summarized in the diagram.

X* CRITICAL RATIO ©(d)
1

X5 CRITICAL RATIO ©(d1/2)
Xn,
A

| o

551 _ 1 _ a2 _
1 n,=2 n=30 m=301, <+ n=30L"" n,,=5, n,.,=(3) Ny .3 =1N

For this class we prove the following bound.

Theorem 6.1. There exist positive absolute constants ¢ and C' such that the following holds. Let n > C,
and let 0 < p < ¢ satisfy pn > C'lnn. Let M be a Bernoulli(p) random matriz and denote

c(64p)~ . 1
Esteep = {EI x €T such that ||Mz| < EPTP;Q min (1, m) HxH},
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where as before & = r(p) := (In(6pn)); In o. Then
P(gsteep) < n(l — p)n + 26_1'41)”_

Next we introduce the class of R-vectors, denoted by R. Let Cj be the constant from Proposition [3.10
and recall that the class AC(p) of almost constant vectors was defined by (9) in Subsection 2.2 Given
Ngyr1 < k < n/In*d denote A = A(k) := [k,n] and consider the sets

o C
RL = {x € (Ta(r)\ T) NAC(p) : H > 7% and /12 < ||zo, ) < CT\/%},

and
To, C 2y/n
R2 = {J,‘ < Tn(r) \ T . % Z 72_) and T\/_ S H""Eo'x(A)H S Czd\/ﬁ} .
Define R := Un30+1<k§n/ln2d (R, URZ).

The class R should be thought of as the class of sufficiently spread vectors, not steep, but possibly
without having two subsets of coordinates of size proportional to n, which are separated by p (which would
allow us to treat those vectors as part of the set V,). Crucially, the sets R} and R are “low complexity”
sets because they admit e—nets of relatively small cardinalities (see Subsection . For the class R we
prove the following bound.

Theorem 6.2. There are absolute constants ro, po, C' with the following property. Let 0 <r <1y, 0 < p <
po, let n>1 and p € (0,0.001] be such that d = pn > C'lnn. Then

v -2 ~200,
P4 Ml < — <e L
({:L‘ER | xH_lQCO <e "+e

Finally we show that together with V,, the classes T and R cover all (properly normalized) vectors for
the growth function defined by

g(t) = (2t)*?* for 1 <t < 64pn and g(t) = exp(In®(2t)) for t > 64pn. (30)
It is straightforward to check that g satisfies with some absolute constant K.

Theorem 6.3. There are universal constants c¢,C' > 0 with the following property. Let n > C, p € (0,¢),
and assume that d = pn > 100Inn. Let r € (0,1/2), 6 € (0,7/3), p € (0,1), and let g be as in (30). Then

Tn(r> \ Vﬂ(ra g, 67 P) CRU 7-

6.2 Auxiliary lemmas

In the following lemma we provide a simple bound on the Euclidean norms of vectors in the class 7 and
its complement in terms of their order statistics.

Lemma 6.4. Let n be large enough and (200Inn)/n < p < 0.001. Consider the vectors x € Ty; for some
1<j<so+1,yeTy, z€T3 andw € T¢. Then

ol _ ot Il _ 384 el _ 384G, (om)*? Jull_ 384C2(m)"
LL’;J;1 - (64p)'€ ’ y:Lsm.l - (64]9)” ) 2;2504-2 - (64p)'€ ) w230+3 - (64]3)”
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Proof. Let d = pn. Since x € Ty, denoting m = n;_;, we have
< (6d)xh < (6d)*x% . < (6d) ;. | = (6d)xy,
Since n; = 3045 1 < 30d""!, i < sg, since k > 1, and in view of 7 we obtain

2] = (29)" + (25 + ... + (27,)") + ((iv21+1)2 +ot (@) 4
6d)% + ny (Gd) U 4 na(6d)*07 L nya(6d)% + ) (a,)?
(60)% +5(60)% > Y (6d) +n) (3,)? < (2064 + n) (a;,)?

< (2(6d)/(64p)* + ) (a,)? < (3(6d)°/(64p)™) (x)2

This implies the first bound. The bounds for y, z, w are obtained similarly. O

(
(

IN

The next two Lemmas [6.5] and [6.6] will be used to bound from below the norm of the matrix-vector
product Mz for vectors x with a “too large” almost constant part which does not allow to directly apply
the Lévy-Kolmogorov-Rogozin anti-concentration inequality together with the tensorization argument.
Lemma will be used to bound |[[Mz|| by a single inner product |(R;(M),z)| for a specially chosen
index ¢, while Lemma will allow to extract a subset of “good” rows having large inner products with
x.

Lemma 6.5. Let n > 30 and 0 < p < 0.001 satisfy pn > 2001Inn. Let m,¢ = {(m) > 2 be such that either
m =2 and { = 15,

or

1
m>30, I{m< — and (< npl.
Let M be an n x n Bernoulli(p) random matriz. By E.q = E.(f,m) denote the event that for any
choice of two disjoint sets Ji, Jo C [n] of cardinality |J1| = m, |J2| = m — m there exists a row of M

with exactly one 1 among components indexed by J; and no 1s among components indexed by Jo. Then
P(‘S'col) >1- eXp(_1'5pn)'

Proof. We first treat the case m > 30. Fix two disjoint sets Ji, Jo C [n] of required cardinality. The prob-
ability that a fixed row has exactly one 1 among components indexed by J; and no 1s among components
indexed by J, equals

g :=mp(1 — p)™" > mpexp(—2ptm) > 29mp/30,

where we used ¢mp < 1/64. Since the rows are independent, the probability that M does not have such a
row is
(1 —¢q)" < exp(—nq) < exp(—29mpn/30).

Note that the number of all choices of J; and J; satisfying the conditions of the lemma is

() (707 = () G2 () o

Thus union bound over all choices of J; and J, implies

P((Em)) < (j—”) (20)™ exp(~29mpn /30).

m
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Using that m < 1/(64p) and ¢ < Tt/ Gryy» We Observe (g_gl)em < exp(mpn/2). Since np > 2001Inn, we

have (2¢)™ < exp(2mpn/5). Thus,
P((Eeot)) < exp(—=mpn/15) < exp(—2pn),

which proves this case.

The case m = 2, ¢ = 15 is similar. Fixing two disjoint sets .J;, Jo C [n] of the required cardinality,
the probability that a fixed row has exactly one 1 among components indexed by J; and no 1s among
components indexed by .Jy equals

g :=2p(1 —p)* > 2pexp(—29p).
Since rows are independent, the probability that M does not have such a row is
(1—q)" < (1 —2pexp(—29p))" < exp(—2pn exp(—29p)) < exp(—1.8pn).

Using union bound over all choices of J; and J, we obtain

30

¢ <

exp(—1.8pn) < exp(—1.5pn),
which proves the lemma. O

In the next lemma we restrict a matrix to a certain set of columns and estimate the cardinality of a
set of rows having exactly one 1. To be more precise, for any J C [n] and a 0/1 matrix M denote

Iy=I(J,M):={i<n: |suppR;(M)NJ| =1}
The following statement is similar to Lemma 2.7 from [27] and Lemma 3.6 in [30].

Lemma 6.6. Let { > 1 be an integer and p € (0,1/2] be such that p{ < 1/32. Let M be a Bernoulli(p)
random matriz. Then with probability at least

1-— 2(2) exp (—nfp/4)
for every J C [n] of cardinality ¢ one has
lpn/16 < |I(J, M)| < 2np.
In particular, if ¢ = 2|1/(64p)] < n, n > 10°, and p € [100/n,0.001] then, denoting
Eeard = Ecaral) :={M € M,, : VJ C [n] with |J| ={ one has |I(J,M)| € [{pn/16,2¢pn]},
we have
P (Eeara) > 1 — 2exp (—n/500) .
Proof. Fix J C [n] of cardinality ¢. Denote ¢ = ¢p(1 — p)*~!. Since fp < 1/32,

150p/16 < £p(1 — 2pl) < fpexp(—2pl) < q < lp < 1/2.
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For every i < n, let &; be the indicator of the event {i € I(J, M)}. Clearly, ¢,’s are independent Bernoulli(g)
random variables and |I(J, M)| = Y"1, &. Applying Lemma we observe that for every 0 < e < ¢

P(1(J, M)| € [(q—2)n, (g +=)n]) > 1 - 2exp (—”—52 (1 c )) |

2¢(1—q) ' 3¢

Taking € = 14¢/15 we obtain that

(¢ —e)n =qn/15 > lpn/16 and (g +¢e)n < 2gn < 20pn,

" ’ 08 - 31
ne € -31ng
——— (1—— ) > = > 0.3nlp(1 — 2lp) > nlp/4.
2q(1—4:)< 3q>— 29545 = 3l p) > nlp/
This implies the bound for a fixed J. The lemma follows by the union bound. =

6.3 Cardinality estimates for c—nets

In this subsection we provide bounds on cardinality of certain discretizations of the sets of vectors in-
troduced earlier. Recall that e denotes the vector 1/y/n, P, denotes the projection on el, and P is
the projection on e, that is P = (-,e)e. We recall also that given A C [n], 4 denotes coordinate
projection of x on R#, and that given z € R", 0, is a (fixed) permutation corresponding to non-increasing
rearrangement of {|z;|}1 .
Our first lemma deals with nets for 75 and 73. We will consider the following normalization:
7;/:{.1'675:1‘;;0“:1} and T ={reT;:z =1}.

Nsg+2
The triple norm is defined by the equation |||z|||*> = || Pez||* + pn||Piz||*.

Lemma 6.7. Let n > 1, p € (0,0.001], and assume that d = pn is sufficiently large. Let i € {2,3}. Then
there exists a set Ny = N + N/, N/ C R", N/" C span {1}, with the following properties:

o |NV;| <exp(2ng.:Ind).
e For every u € N one has u; =0 for all j > ng, -

o For every x € T, there are u € N and w € N satisfying

V2n

I cvd

and |||z —u—w||| <

1 1
T Ul £ —7=, [[W[lo < ——F,
o < g Ml <

Since the proof of this lemma in many parts repeats the proofs of Lemma 3.8 from [27] and of Lemma ,
we only sketch it below.

Proof. Fix = 1/(C;v/d) and i € {2,3}. We first repeat the proof of Lemma 3.8 from [27] with our
choice of parameters. See also the beginning of the proof of Lemma below — many definitions,
constructions, and calculations are exactly the same, however note that the normalization is slightly
different. In particular, the definitions of sets By(z), Bs(z) (with k — 1 = ng,1;_1), Bs(x) are the same
(we do not need the sets By(z) and By(z)). This will show (for large enough d) the existence of a u-
net N (in the (o metric) for 77 such that for every u € N one has uj = 0 for all j > ng4; and
IN/| < exp(l.lngilnd).
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Next given x € T, let u = u(x) € N/ be such that ||x—u| s < p. Then ||Pf(z—u)|| < py/n. Let NI be
a (puy/n/d)-net in the segment 111/n [—e, €] of cardinality at most 2v/d (note, we are in the one-dimensional
setting). Note that every w € N/ is of the form w = ae = al/y/n, |a| < py/n, in particular, ||w||e < p.
Then for z (and the corresponding u = u(x)), there exists w € N/ such that

llz = u—wll]* = | Pe(z —u—w)|* + d| Ps-(z — u — w)||* = ||Pe( — w)||* + d|| Py~ (z — ) — w]]* < 2u%n.
Finally, note that [N} + N7| < 2v/dexp (1.1n,,4;Ind) < exp (2n4,4:Ind). This completes the proof. [

Let Rj, Ri be the vector subsets introduced in Subsection Consider the increasing sequence
A< Ay <...< Ay, m>1, defined by

M=1/V2, N1 =3\ forl<i<m, and M, <A,=C%d<3\, 1. (31)
Clearly m < n. For s € {1,2}, ngo11 <k <n/ In?d and i < m set

Rii = {2 € R+ Miv/n < [z, qrapll < Nipav/n} -

It is not difficult to see that the union of Rj;’s over admissible i gives Rj. The sets R}, are “low complexity”
sets in the sense that they admit efficient e-nets. For s = 1, the low complexity is a consequence of the
condition that R}, C AC(p), i.e., the vectors have a very large almost constant part. For the sets R%,, we
do not assume the almost constant behavior, but instead rely on the assumption that ||z, (.|| is large
(much larger than /n). This will allow us to pick € much larger than y/n, and thus construct a net of
small cardinality.

Lemma 6.8. Let R > 40 be a (large) constant. Then there is ro > 0 depending on R with the following

property. Let 0 < r <1y, 0 < p < 1/(2R), let n > 1 and p € (0,0.001] so that d = pn is sufficiently

large (larger than a constant depending on R,r). Let s € {1,2}, nyp1 < k < n/In*d, t < m, and

40\v/n/R < & < M\\/n, where A\, and m are defined according to relation [B1). Then there exists an e-net
5 CR;, for Ry, with respect to ||| - ||| of cardinality at most (e/r)>™.

Proof. Note that in case of s = 2 the set R, is empty whenever 3)\; < % So, in the course of the proof
we will implicitly assume that 3\, > % whenever s = 2.

We follow ideas of the proof of Lemma 3.8 from [27]. We split a given vector from Rj, into few parts
according to magnitudes of its coordinates and approximate each part separately. Then we construct nets
for vectors with the same splitting and take the union over all nets. We now discuss the splitting. For
each z € Rj, consider the following (depending on ) partition of [n|. If s =2, set By(z) = 0. If s =1
then z € AC(p) and we set

Byx) = 0u({j < n ¢ 25— Al < p}),

where )\, = %1 is from the definition of AC(p) (note that under the normalization in T, (r) we have

Tpois = 1). Then |Bj(z)| > n — ng,43 for s = 1. Next, we set
Bi(z) = 04([ns41]);
By(z) = ou([k — 1)) \ Bi(2);
Bs(z) = 04([nso+3)) \ (Bi(z) U Ba(2));
By(z) = By(x) \ (Bi(x) U By(7) U Bs(x));
By(z) = [n] \ (Bo(x) U Bi(z) U Ba(x) U Bs(x))

(one of the sets By(z), By(z) could be empty). Denote £, := |By(x)|. Note that the definition of Bs(x)
and By(z) imply that ¢, < n — ng,3, while the condition k — 1 < ng, 43 and the above observation for
Bj(x) give n — 2ng 3 < £, for s = 1. Clearly, ¢, = 0 for s = 2.
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Moreover, we have both for s =1 and s = 2:
|Bi(2)| = nsoi1, | Ba(@)] =k =1 —ngq1, [Bs(@)] =nsi3 —k+1, [Ba(z)]| =n—Lly —ngys. (32)

Thus, given £ € {0} U[n—ng,+3—k+1,n—k+1] and a partition of [n] into five sets B;, 0 < i < 4, with
cardinalities as in , it is enough to construct a net for vectors x € Rj, with B;(z) = B;, 0 < i < 4,
¢, = {, and then to take the union of nets over all possible realizations of ¢ and all such partitions
{Bo, Bl, BQ, B3, B4} of [n]

Now we describe our construction. Fix £ as above and fix two parameters p = 1/(C,v/d), and v =
9\v/n/R. We would like to emphasize that for the actual calculations in this lemma, taking p to be a
small constant multiple of R~! would be sufficient, however, we would like to run the proof with the above
choice of i because this corresponds to the parameter choice in the previous Lemma whose proof we

only sketched. Note that for x € R, we have z ¢ T, hence z7, < C’T\/E:E:‘LSO+2 < C2d and
vy < (6d)ay < (6d)%z), < ... < (6d)° 2y, . < C7d(6d)". (33)

Fix Iy C [n] with |Iy| = nsy+1 (which will play the role of By). We will construct a p-net Ny, (in the
l~o-metric) for the set

Tty = {Ppwyx : € Ry, Bi(z) =1I}.

Clearly, the nets N, for various Iy’s can be related by appropriate permutations, so without loss of
generality we can assume for now that Iy = [ng,41]. First, consider the partition of I into sets I, ..., I 42

defined by
[1 = [2] and [] = [nj,l] \ [nj,g], for 2 Sj S So + 2.
Consider the set
T =2 € Tyl 0u(l;) =1;, j=1,2,... 50+ 2}.
By the definition of Tj,, for every x € T*, one has ||P | < b; := C2d(6d)**7 for every j < sg + 2
(where as usual P; denotes the coordinate projection onto RY). Define a p—net (in the £o-metric) for 7*
by setting
N =N ON, @ - ® Ny,

where N is a p-net (in the {w-metric) of cardinality at most
(3b; /1)) < (C2P/2(6d)¥3)-1 < (C(6d) 77y

in the coordinate projection of the cube Pr,(b;BY,). Recall that ng = 2, n; = 3()6%_1, 1 <5 < sp, where £,
and sy are given by . Since d is large enough,

so+1 so—1
250+ 8430 (s0+5— )6 =250 +8+30) (m+3)00 " < 121007 < ddng .,
j=2 m=1
which implies
so+2
V] < [T NG| < exp(T.1ngy 1 In(6C20)).
j=1
To pass from the net for 7* to the net for Tj,, ,,), let M, ,,) be the union of nets constructed as N* but
for arbitrary partitions Ii, ..., I{ o of [ns41] with [I}]| = |;|. Using that
so+1 so—1 '
D ni <2430 4 < 24306071 /(1—1/) < 24y
j=1 J=0
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and efy < d, we obtain that the cardinality of ./\f[ns0 L1] is at most

so+1 so+1 so+1
n; en; \ -1 )
VT (n) <WITT () < IV TT(et)™ < exp(9.1megi In(6C24)).
j=1 ] j=1 j—

Jj=1

Next we construct a net for the parts of the vectors corresponding to Bs. Fix Jy C [n] with |Jo| =
k —1—mngy+1 (it will play the role of By). We construct a p-net (in the f,-metric) for the set

Ti = A{Ppywyz : © € To(r)\ T, Ba(z) = Jo}.

Since by (33)), we have Thyer C2d for every x € Y,,(r)\ T, it is enough to take a p-net K, of cardinality
at most
Kl < (3C2d/p)! < (3C32)"

in the coordinate projection of the cube Py, (C?dBL).
Now we turn to the part of the vectors corresponding to Bs. Fix Dy C [n] with |Dy| = ng,13 — k + 1
(it will play the role of Bs). For this part we use fo-metric and construct a v-net (in the Euclidean metric
this time) for the set
To, = {Ppyw)* : © € Ry, Bs(z) = Do}

Since for € R}, we have ||z, || < |0, k)]l < 3Av/n, there exists a corresponding v-net Lp, in the
coordinate projection of the Euclidean ball Pp,(3A\;y/nBYy) of cardinality at most

1L, < (9Nv/n /)Pl < Rmsots < R™

Next we approximate the almost constant part of a vector (corresponding to By), provided that it is
not empty (otherwise we skip this step). Fix Ay C [n] with |Ay| = ¢ (it will play the role of By) and denote

7;90 = {Ppy)x : T € (Tn(r) \ T) NAC(p), Bo(z) = Ap}.

Let K%, := {£Pa,1}. Since for every x € T, (r) we have either A, = 1 or A\, = —1, by the definition of
By(z), every z € T} is approximated by one of £P4,1 within error p in the {,-metric.

We use 0 to approximate the last part of the vector, which corresponds to B4. Note that for any
x € Ri, we have ||Pp, x| < v/rn < v/2r)\/n, in view of the condition = € AC(p). On the other hand,
for € R, we have || Pp,z|| < v/n < ZX/n.

Now we combine our nets. Consider the net

M= | {y=un+w+tytyo: necNy ek ys€ Lo,y €Ky},
0,1o,Jo0,D0,A0

where the union is taken over all £ € {0}U[n—2n,, 13, n—ny, 3] and all partitions of [n] into Iy, Jo, Do, Ag, B
with |Io| = Ngy+1, |J()| =k—1- Nsy+1, |D0| = Ngyg+3 — k + 1, |A0| = g, and B = [n] (IO U J() U D() U Ao)
Then the cardinality of N,

n n — Ngyi1 n—k+1 N — Ngyi3
INo| < n( )(k 0 )( )( , 0 )IHI?X |NIO|H}]E;JX|’CJO|II})&OX|£DO|11}4%X|IC%O|.

Mso+1 —1- Nso+1 Nso+3 — k+1

Using that ng1 < n/(64d), k < n/In*d, ng3 < rn, £ = 0 or £ > n — 2n,, s, the obtained bounds on
nets, as well as that d is large enough and r is small enough (smaller than a constant depending on R),
we observe that the cardinality of Ny is bounded by

n/In%d
(

n (ed)™" (2¢In*d) 2¢/r)™ (2e/r)"™ exp(9.1nIn(6C2d) /(64d)) (3C3d*/?y/ ™ AR™ .2 < (e/r)*™ .
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By construction, for every x € Rj, there exists y = y1 + y2 + ys + yo € Ny such that

[ = yll < 1Py = 91l + 1 Poy® = voll + 1Py — ysll + [ Poacayzll + | Pio@y — boll

2 9N 10A
SM«/nso+1+M\/k‘—1—nso+1+V+\/§/\t\/ﬁ+p\/ﬁ§C\/\/__+ o+ ,g\/_S ]t%\/ﬁ’

where we used that p < 1/(2R) < A;/(v2R) < \;/(v2R) and that r is sufficiently small.
Finally we adjust our net to ||| - |||. Note that by Lemma[6.4| for every z € T, (r) \ 7,

u 384C2d4
r,e)| = <|lz|| € ——Z— < e
(@)= 30| <l < opaas

Therefore, there exists an &/(4,/pn)-net N, in PR, of cardinality 8,/pne™ /e (note, the rank of P} is
one). Then, by the constructions of nets, for every z € R$, there exist y € Ny and y. € N, such that

100A?n
Iz = Pey = g.[|I* = | Pe(w = 9)|I* + pnll Pz — g.l|* < —5— +€°/16 < £°/8.
Thus the set N = Pe(Ny) + N, is an (¢/2)-net for R§, with respect to ||| - ||| and its cardinality is bounded
by (e/r)?™. Using standard argument we pass to an e-net N5, C R;, for R,. O

6.4 Proof of Theorem [6.2]

Proof. Recall that the sets R, were introduced just before Lemma and the event &,,,, was defined in
Proposition

Fix s € {1,2}, k < n/In*d, A := [k,n], i < m. Set ¢ := \jy/n/(600v/2C)), where )\; and m are
defined according to (31). Applying Lemma with R = 24000v/2Cy, we find an e-net (in the ||| - |||-
norm) N C Rj, for R, of cardinality at most (e/r)*". Take for a moment any y € N;.. Note that

1Y)l = CollYoa)lloo//Ps |Ye(A)|| > Aiv/n (where o = o). Then Proposition implies P(&5) < e 3,

where
/pn
E, =< ||Myl|| > - .
Y {H y” 3\/§CO Hy (A)H}

Evrm N ) &y

yeNG

Using the definition of N}, and Rj;, the triangle inequality, and the definition of &,,,, from Proposition [3.14]
we get that for any x € R *. there is y € N}, such that |||z — y||| < e, and hence

Condition on the event

\/_Am

Mzx| > ||My|| — || M(z —y)| >
[Mz| = [Myl| — [[M(x —y)] 6v3Ce.

/pn
. 100+ /pne >
WoTe) Yoyl — 1004/p

Using that [N < (e/r)*", that \; > 1/v/2, and the union bound, we obtain

s \/2_971 c —3(1—rln(e/r))n
]P’(Smmﬂ{ﬂxeR ] < 5 <P(5Mmm U sy) <e .

Since R = U, (Ry; URj,;) and r is small enough, the result follows by the union bound together with
and Lemma applied with ¢ = 30 in order to estimate P(Em). ]
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6.5 Lower bounds on ||Mz| for vectors from 7, U T,

The following lemma provides a lower bound on the ratio ||Mz||/||z||2 for vectors x from Ty U Ty.

Lemma 6.9. Letn > 1, 0 < p < 0.001, and assume that d = pn > 2001Inn. Then

o al}) < a1 e

IP’({EI:L‘E%Uﬂ such that |[|[Mzx| < 1920y )

where k is defined by .

Proof. Let 0;;, t,5 < n be entries of M. Let £ be the event that there are no zero columns in M. Clearly,
PE&)>1—-n(1l—-p)"

Also, for each 1 < j < sg+1, let & = E.0i(lo, nj—1) be the event introduced in Lemma (with sq, 4o
defined in (27)), and observe that, according to Lemmal6.5, P(€;) > 1 — e~ for every j.

Recall that o, denotes a permutation [n] such that &7 = |2, ;)| for i < n. Pick any « € To U 7;. In the
case x € Tp set m = m; = 1 and my = 2. In the case z € Ty, for some 1 < j <50+ 1set m =m; =n;_;
and my = n;. Then by the definition of sets 7y, 71 we have x}, > 6dx;,,. Let

JE=JYz) = 0.([m]), J =J(x)=0.(my—1]\[m]), and J(z)= (J'UJ")"

(if z € Ty then J” = ). Note that by our definition we have |z;| > 6d|z,| for any i € J*(z) and u € J(z),
and that max;e () |2;] < af,,. Denote by I*(z) the (random) set of rows of M having exactly one 1 in
J(x) and no 1’s in J"(x). Now we recall that the event &, was introduced in Lemma (we use it with

g =p) and set
so+1

£ =ENEumn [) &
j=1
Clearly, conditioned on &', the set I*(x) is not empty for any = € ToU7T;. By definition, for every s € I*(x)
there exists j(s) € J*(z) such that
supp Rs(M) N J (x) = {j(s)} and supp Rs(M) N J"(z) = 0.

Since j(s) € J*(x) (which implies |z;)| > z7, > 6dz?, ), we obtain

(Ro(M), 2)| = |30+ Y dyjaj| > |ajo)] — 2, Z Osj = Z Os;-

JjEJ(x) jeEJ(z jGJ(z

Observe that conditioned on &, we have > et (@) dsj < 22:1 dsj < 3.5pn = 3.5d. Thus, everywhere on
&' we have for all z € Ty U Ty,

M| > (Ry(M), )| = @7,/3, s €1'(x).
Finally, in the case x € Ty we have m = 1 and ||z|| < \/nz}. In the case € Ty; by Lemma (6.4 we have

G4(pn)® .
(64p)~

This proves the lower bound on ||Mx||/||z|| conditioned on £’. The probability bound follows by the union
bound, Lemmas [3.4 and [6.5] and since sq < Inn, indeed

]l <

so+1
P (5 N Esum N ﬂ Sj) >1—n(l—p)" —(so+2)e P >1—-n(l—p)" —e 4

Jj=1
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6.6 Individual bounds for vectors from 75, U 73

In this section we provide individual probability bounds for vectors from the nets constructed in Lemma/6.7]
To obtain the lower bounds on ||Mz||, we consider the behavior of the inner products (R;(M), z), more
specifically, of the Lévy concentration function for (R;(M), z). To estimate this function, we will consider
2m columns of M corresponding to the m biggest and m smallest (in absolute value) coordinates of z,
where m = ng 41 or m = ng,42. In a sense, our anti-concentration estimates will appear in the process
of swapping 1’s and 0’s within a specially chosen subset of the matrix rows. A crucial element in this
process is to extract a pair of subsets of indices on which the chosen matrix rows have only one non-
zero component. This will allow to get anti-concentration bounds by “sending” the non-zero component
into the other index subset from the pair. The main difficulty in this scheme comes from the restriction
2mp < 1/32 from Lemma [6.6] which guarantees existence of sufficiently many required subsets (and rows)
but which cannot be directly applied to m = ng,12. To resolve this problem we use idea from [30]. We
split the initially fixed set of 2m columns into smaller subsets of columns of size at most 1/(64p) each,
and create independent random variables corresponding to this splitting. Then we apply Proposition [3.9]
allowing to deal with the Lévy concentration function for sums of independent random variables.

We first describe subdivisions of M,, used in [30]. Recall that M,, denotes the class of all n x n matrices
with 0/1 entries. We recall also that the probability measure P on M,, is always assumed to be induced
by a Bernoulli(p) random matrix. Given J C [n| and M € M,, denote

I(J,M)={i<n : |suppR;(M)NJ| =1}.

By M, we denote the set of n x |J| matrices with 0/1 entries and with columns indexed by J. Fix
¢o < n and a partition Jy, Ji, ..., Jy, of [n]. Given subsets I1,..., 1, of [n] and V = (v;;) € M,, denote
Z=(L,...,1,) and consider the class

7 +qo
FZ,V)={M = (pij) € My, : Yq € [qo] I(J,, M) =1, and Vi <nVje Jy pij =vi;}.

In words, we fix the columns indexed by Jy and for each q € [go] we fix the row indices having exactly
one 1 in columns indexed by J,. Then, for any fixed partition Jy, J1, ..., J4, M, is the disjoint union of
classes F(Z,V) over all Ve M, and all Z € (P([n]))%, where P(-) denotes the power set.

The following is an important, but simple observation.

Lemma 6.10. Let F(Z,V) be a non-empty class (defined as above), and denote by Px the induced prob-
ability measure on F(Z,V), i.e., let

P(B)

BB = sz vy

B C F(Z,V).
Then the matriz rows for matrices in F(Z, V') are mutually independent with respect to Pz, in other words,
a random matriz distributed according to Pr has mutually independent rows.
Finally, given a vector v € R, a class F(Z,V), indices i < n, ¢ < g, define
&i) = &M, v i) ==Y vy, M = (8;) € F(Z,V). (34)
J€Jq

We will view £,() as random variables on F(Z, V') (with respect to the measure Px). It is not difficult to see
that for every fixed 7, the variables &; (i), . .. &, () are mutually independent, and, moreover, whenever i €
I, the variable £, (i) is uniformly distributed on the multiset {v;};c;,. Thus, we may apply Proposition

to
[(Ri(M), o) = | D &(0)
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with some o > 0 satisfying Q(&,(7),1/3) < « for every i € I,. This gives

C()Oé
Hg=1:i¢€ Iq}|7

(35)

Pr{[(Ri(M),z+y)| <1/3} <
V-«
where Cj is a positive absolute constant.
We are ready now to estimate individual probabilities.

Lemma 6.11 (Individual probabilities). There exist absolute constants C,C" > 1 > ¢; > 0 such that the
following holds. Let p € (0,1/64], d = pn > 2, Set mo = |1/(64p)] and let my and my be such that

1<my <mo <n—my.
Let y € span {1} and assume that x € R™ satisfies
zy, >2/3 and x; =0 for every i>ms.

Denote m = min(mg, my) and consider the event

Br,y) = {M € My : [M(z+y)| < Vemd].
Then in the case my < mg one has
P(E(z,y) N Eara) < 272,
and in the case my > C'mg one has
md/20
P(E(r.) 1 i) < () v
where E.qrq 1S the event introduced in Lemma with £ = 2m.

Remark 6.12. Below we apply Lemma for sets T; with the following choice of parameters. For i = 2
we set
my = my = N1 = max(306°71, | 1/(64p)]), mg = ng4e, and p <0.001,

obtaining
P(E(:L" y) N gcard) < 9—Mso+1d/20.

For i =3, we set
my = Ngypo = Ln/\/aj > My = Ngyr1, Mo = Ngyr3, and p < 0.001,

obtaining for large enough d,

Nso+1d/20 g 41d/20
P(E(x,y)ﬂgcard)ﬁ( Cn > < (Vaseey)

n50+2d

To prove Lemma [6.11] it will be convenient to use the same notation as in Lemma [6.9) Given two
disjoint subsets J*, J" C [n] and a matrix M € M,,, denote

I“=1M):={i <n: |suppR;(M)N J* =1 and suppR;(M)NJ" = 0},

and
I"=T1"(M):={i<n:suppR;(M)NJ" =0 and |suppR;(M)NJ"| =1}.

Here the upper indices ¢ and r refer to left and right.
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Proof. Let d = pn and fix v = mp/72 = md/(72n).

Fix x € R" and y € span {1} satisfying the conditions of the lemma. Let o = o,, that is, a permutation
of [n] such that =7 = |z,(;| for all i < n. Denote gy = m;/m and without loss of generality assume that
either gy = 1 or that ¢ is a large enough integer. Let J{, J£, ..., quo be a partition of o([m;]) into sets of
cardinality m each, and let J{,J,... JI be a partition of o([n — m; + 1,n]) into sets of cardinality m

0]
each. Denote

qo0
Jo=JyUJl for q€gp] and Jo:=[n]\ U Jy.

Then Jy, Ji, ..., Jy is a partition of [n], which we fix in this proof. Let M be a 0/1 n x n matrix. For every
pair Jf, J7, let the sets I (M) and I7(M) be defined as after Remark and let I,(M) = I{(M)UI7(M).
Since

| Jg| = 2m < 2mo < 1/(32p),

and by the definition of the event £.,.q (see Lemma with ¢ = 2m), we have
1,(0)] € [md/8, dm] (36)

everywhere on &.,.q. Now we represent M,, as a disjoint union of classes F(Z, V') defined at the beginning
of this subsection with V'€ M, and Z = (14, ..., 1,). Since it is enough to prove a uniform upper bound
for classes F(Z,V) N Eura and since for every such non-empty class Z must satisfy for every ¢ < qq,
we have

P(E(z,y) N Eeara) < maxP(E(z,y) N Eara | F(Z,V)) < maxP(E(z,y)| F(Z,V)),

where the first maximum is taken over all F(Z, V) with F(Z,V) N Eeara # O and the second maximum is
taken over all F(Z,V) with I,’s satisfying condition (36]).

Fix any class F(Z, V'), where Z satisfies , and denote the corresponding induced probability measure
on the class by P, that is

Pr(:) =P(-|F(Z,V)).
Let

Note that |I| < 4ggmd. We first show that the set of i’s which belongs to many I,’s is large. More precisely,
denote
Ai={q€q) 1€}, icn], and ILy={i<n: |A]| >y}

Then, using bounds on cardinalities of I;’s, one has

q0 n
mdqo/8 <Y Il = |Ail < olgo + (n — [Io])vg0 < |Tolgo + nygo-

q=1 i=1

Thus,
|Io| > md/8 —ny > md/9.

Without loss of generality we assume that Iy = {1,2,...|ly|} and only consider the first k := [md/9]
indices from it. Then [k] C I,.
Now, by definition, for matrices M € E(z,y) we have

M (2 +y)|I” = ZI M),z +y)|* < cymd.
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Therefore there are at most 9¢c;md rows with [(R;(M), z + y))| > 1/3. Hence,
{i <k :|(Ri(M),z+y)| <1/3} >md/9—9cymd > (1/9 — 9¢1)md.
Let ko := [(1/9 — 9¢1)md] and for every i < k denote
Qo ={MecFZV): |(Ri(M),z+y)| <1/3} and Qy=F(Z,V).
Then
Pr(E(z,y)) < Z ]P)f<nQi> < (klj;) max P]—'(ﬁ Qz)
Bet icB |Bl=ko ieB

Without loss of generality we assume that the maximum above is attained at B = [ko]. Then

Pr(E(x,y)) < (e/(81c1))™™ T Pr(uln...nQiy) = (e/(81cr))* ™ [ Pr(%),  (37)

i=1 =1

where at the last step we used mutual independence of the events €); (with respect to measure Pr), see
Lemma [6.10

Next we estimate the factors in the product. Fix i < ko and A; = {q : i € I,}. Since, by our
assumptions, ¢ € Iy, we have |A;| > vgo. Consider the random variables (i) = &,(M,x + y,1), ¢ € A;,

defined in . Then by we have

Pr(5%) = Pr{| (Ri(M), 2 +y) | < 1/3} < Qx( D" &,(0),1/3)

q=0

<

. C@CY C()Oé
<Q &(1),1/3) < < :
f<quA ' ) VI =a)lA] T /(1= a)vg
where a = maxgea, Qr(&,(7),1/3). Moreover, in the case gy = 1 we just have
Pr() < a = Q(6(i), 1/3).

Thus it remains to estimate Qr(§,(7),1/3) for ¢ € A;. Fix ¢ € A;, so that i € I,. Recall that, by
construction, the intersection of the support of R;(M) with J, is a singleton everywhere on F(Z,V).
Denote the corresponding index by j(q, M) = j(q, M,7). Then

&) = &(M,z +y,1) = Y 05 + 11) = Zj(qnn) + Y1,

J€Jq

and note that || > 2/3 whenever j(q, M) € Jf and xjq,n) = 0 whenever j(g, M) € JJ. Observe
further that Pr{j(¢, M) € Ji} =Pr{j(q, M) € J'} =1/2. Hence, we obtain

Qr(¢,i),1/3) < 1/2 =i .

Combining the probability estimates starting with and using that v = md/(72n), we obtain in the
case qo = my/m > (',

e 9ci1md CO (1/9—9c1)md
Pr(E < | — 0
e s (50) - ()
B e 9c1md 600\/5 (1/97901)md< Cl’fl md,/20
N 8101 mld - mld ’
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provided that ¢; is small enough and C; = 36C3. Note that the bound is meaningful only if C” is large
enough. In the case gy = 1 we have

e 9c1md 1 (1/9—9c1)md 1 md/20
Pr(E < | — — <[ =
e (5=) (3) <(3) .

provided that c; is small enough. This completes the proof. ]

6.7 Proof of Theorem [6.1]

We are ready to complete the proof. Denote
m=mgy = N1 = max(304°71 [ 1/(64p)]) € [n/(64d),n/(2d)].

Lemma [6.9] implies that

( ) n —1.4np
IP’({EIJ;E’L-)UT such that HMxH_lgz( )2 |z H} <n(l—p)"+e .

We now turn to the remaining cases. Fix j € {2,3}. Let

& = {Me M, : 3z €T, such that [ Mz < Y|, ||}

where ¢; is the constant from Lemma [6.11], and by = 384(pn)?/(64p)~, by = 384CT(pn)3'5/(64p)”.
Recall that &,,, was defined in Proposition [3.14, For any matrix M € &; N &, there exists x =

x(M) € T; satistying
vV clm

[Mz]| < ][

Normalize x so that z}, =1, that is, z € 7]. By Lemma 4l'we have ||z|| < b;.
Let N, = N T+ N 4 be the net constructed in Lemma Then there exist u € N " with

Wl > 1—1/(CVd) > 2/3
and uj = 0 for £ > ng4;, and w € N} C span {1}, such that |||z — (u +w)||| < V2n/(C/d). Applying

Proposition (where &, was introduced), and using that C, is large enough, we obtain that for every
matrix M € & N &y there exist u = u(M) € Nj and w = w(M) € Nj C span {1} with

M (u+w)|| < ||Mz|| + |M(z —u—w)|| < Vermd/2 + 200v2n/C; < v/eymd. (38)

Using our choice of ng,11, Ns,42, Msy+3, Lemma and Lemma twice — first with my = mo = 14,41,
Mo = Ngyt2, then with my = ng 10 > My = Ngyr1, Mo = Ng,43 (see Remark [6.12), we obtain that for small
enough r and large enough d the probability P (€ N Eypm N Ecara) is bounded by

exp (2142 In d) 275041420 < exp (—ny, 1 1d/30) < exp (—n,/2000)

and that the probability P (€5 N Eprm N Ecara) is bounded by

—ngo+1d/20
) " < exp (—nInd/10000)

exp (2ng,13Ind) <\/a/(20)
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where &,4.4 is the event introduced in Lemma with ¢ = 2m.
Combining all three cases we obtain that the desired bound holds for all x € T with probability at
most

2 exp (_n/QOOO) +P (57iorm) +P ( card)
It remains to note that since np is large, by Lemma (applied with ¢ = 30) and by Lemma [6.6]

P& +P(ESq) < 4e~225mp 4 2 exp(—n/500) < exp(—10pn).

nrm

6.8 Proof of Theorem 6.3

Proof. Clearly, it is enough to show that Y, (r)\ (V,.(r,g,6,p)UT) C R. Let z € T, (r)\ T and set ¢ := o,.
Note that |2y, .| < C-Vd, where sy was defined in (27). Denote mo = [n/In*d| > 2n,,.».

Assume first that x does not satisfy . Then by Lemma , v € AC(p). Ifxy, < In? d then denoting
k =mg, A = [k,n], and using the definition of AC(p), we observe

ol = V(1 = nors — k)1 = p) = V/n/2,

’xcr YAk 2 OO

|1 To(a ||Oo_ In®d _\/]_?

On the other hand, z, < |z, ,,| < C,V/d, hence ||z,(4)|| < C-V/dn. This implies that » € R} C R.
Now, if 7, > In*d then denoting k = ny, 12, A = [k,n], we get

whence

mo

lzo? = Y (25)* = (mo/2)In*d > (n/4) In*d,

1= +2

whence

|Zoll o vnlnd _ Co
||‘TO'(A)||OO 20 \/_ \/_
As in the previous case we have ||z,(4)|| < C-v/dn, which implies that = € R}, C R.

Next we assume that x does satisfy . Then, by the definition of the set V,(r,g,d,p) and our
function g, x does not satisfy the following condition:

1 1
Visgpt U s exp(In®(2n/i))  and Voap <SS (2n/i)*">.

We fix the smallest value of j > 1 which breaks this condition and consider several cases. Note that since
x € T,(r), we must have j < rn.

Case 1. 2mg < j < rn. In this case by the conditions and by minimality of j, we have z7 < (2n/ m0)3/ 2
and % > (2n/7)*?. Take k = mg and A = [k,n]. Then we have

|zoyll = VG —mo+1a] > \/§/2(2n/5)*% = \/rnj2(2/r)*/* = 2y/n/r,

tei=> (3) g > () moar > 5
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As above we have [|z,(4)|| < C;Vdn, which implies that z € R C R.
Case 2. 16C2n/d < j < 2my. Take k = [j/2] and A = [k,n]. Then we have z} < (2n/k)3/? < (4n/j)3/?,

z; > (2n/j)3?, and

|zoll = Vi —k+ 125 > V/5/2(2n/5)% > (2/r) v/n.
Therefore,

lzoll (g) @20/ _ Co
lzollee = N2/ (4n/5)%* = /P’
Since z & T, we observe x} < C2d, hence ||,(4)| < C2dy/n and z € Ri C R.
In the rest of the proof we show that we must necessarily have j > 16C3n/d.

Case 3. ng1 < j < Cin/d, where C; = 16CZ. Using that x ¢ T, in this case we have

2n 3/2 2d 3/2
C%d > > (== > [ ==
zez (5) 2 (5)

which is impossible for large enough d.
Case 4. ngy < j < ng41. Using that x ¢ T and that ng,1 = [1/(64p)| = [n/(64d)], in this case we have

(6d)C2d > a5 > exp(In*(2n/j)) > exp(In®(2n/ng41)) > exp(In®(128d))

which is impossible for large enough d.

Case 5. np < j < ngyq for some 1 < k < sy — 1. Recall that ny = 305’5‘1 and recall also that if sg > 1
(as in this case) then p < cv/nlnn. Using that x ¢ T, in this case we have

(C2d)(6d)* "1 > a5 > exp(In®(2n/5)) > exp(In®(2n/(304;))),
hence
(C2d)(6d)™** > (6d)" exp(In*(2n/(30(5))). (39)

Considering the function f(k) := kIn(6d) + In*(2n/(30£5), we observe that its derivative is linear in &,
therefore f attains its maximum either at £k = 1 or at k = sy — 1. Thus, to show that is impossible,
it is enough to consider k = 1,50 — 1 only. Let kK = 1. By , (6d)®* < (6d)1/(64p)*, where k = %.
Therefore, the logarithm of the left hand side of is

In(6d)
In fo

On the other hand, n/¢y > (41n(1/p))/p, therefore the logarithm of the left hand side of is larger
than In*(In(1/p)/(4p)). Thus, it is enough to check that

(1/2)In*(In(1/p)/(4p)) > 4Ind and  (1/2)In*(In(1/p)/(4p))In s > In(6d) In(1/64p).

Both inequalities follows since p < e¢vnlnn, d = pn, d and n are large enough, and since £y > 25. Next
assume that k = so — 1. Note that in this case £5 < n/(64d). Thus, to disprove (39), it is enough to show
that

In((C2d)(6d)*+") < 41nd + In(1/64p). (40)

In*(64d/15) > In(36C2d?),
which clearly holds for large enough d.
Case 6. 2 < j < 30. In this case we have

(C2d)(6d) ™" > o > exp(In®(2n/j)) > exp(In*(2n/30)),
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By this implies
In(6d)

4Ind +
In 0

In(1/64p) > In*(2n/30),

which is impossible.
Case 7. j = 1. In this case we have (C2d)(6d)**? > z* > exp(In*(2n)) and we proceed as in Case 6. [J

7 Proof of the main theorem

In this section, we combine the results of Sections [ [f] and [} as well as Subsection [3.2] to prove the main
theorems, Theorems and the following improvement for the case of constant p.

Theorem 7.1. There exists an absolute positive constant ¢ with the following property. Let ¢ € (0,c¢) be
a parameter (independent of n). Then there exist C;, and n, > 1 (both depend only on q), such that for
every n > n, and every p € (¢,¢) a Bernoulli(p) n x n random matriz M, satisfies

P{M, is singular} = (2+ 0,(1))n (1 —p)",
and, moreover, for every t > 0,
P{smin(M,) < Cyn™?°t} <t + (1 + 0,(1))P{ M, is singular} =t + (2 + 0,(1))n (1 — p)".

At this stage, the scheme of the proof to a large extent follows the approach of Rudelson and Vershynin
developed in [44]. However, a crucial part of their argument — “invertibility via distance” (see [44]
Lemma 3.5]) — will be reworked in order to keep sharp probability estimates for the matrix singularity
and to be able to bind this part of the argument with the previous sections, where we essentially condition
on row- and column-sums of our matrix.

We start by restating main results of Sections [5| and @ using the vector class V,(r,g,d, p) defined by

, together with Lemma .

Corollary 7.2. There are universal constants C > 1, §,p € (0,1) and r € (0,1) with the following

property. Let M, be a random matriz satisfying with C' and let the growth function g be given by
(130). Then

IP’{HMan <a x| for some x ¢ U (AVu(r, 8.6, p))} =(1+o0,(1))n(1=p)", (41)
A>0
where (pn)?
= PV hax Lo an K = k(p) == (In(6pn))/In | —2 |,
= D0 max (L) and () = (o) | 12

Further, Theorems [5.1], and Lemma [3.1] are combined as follows.

Corollary 7.3. There are universal positive constants ¢, C" with the following property. Let q € (0,c) be
a parameter. Then there exist ng = no(q) > 1, r =1r(q), p = p(q) € (0,1) such that for n > ng, p € (q,c¢),
§ =r/3, g(t) = (2t)*2, a random Bernoulli(p) n x n matriz M, satisfies with a, = C\/nln(e/p).

Y

Below is our version of “invertibility via distance,” which deals with pairs of columns.
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Lemma 7.4 (Invertibility via distance). Let r,d,p € (0,1), and let g be a growth function. Further, let
n > 6/r and let A be an n X n random matriz. Then for any t > 0 we have

P{||Az|| < t||z| for some x € V,(r,g,0,p)}

g#ZP{dist(Hi(A),Ci(A))gtbn and  dist(H;(A), C;(A)) < th,),
i#]

where the sum is taken over all ordered pairs (i,7) with i # j and b, = > (7).

Proof. For every i # j, denote by 1;; the indicator of the event
The condition

[Az[| < ¢z
for some = € V,, = V,(r,g,0, p) implies that for every i < n,

where the last inequality follows from the definition of V,. Since x’[m | = 1, we get that everywhere on

the event {||Az| < t|z|| for some x € V,} there are at least |rn| (|rn| — 1) > (rn)?/2 ordered pairs of
indices (7, j) such that for each pair the event &; occurs. Rewriting this assertion in terms of indicators,
we observe
{||[Az|| < t]z|| for some z € V,} C {Z 1;; > (rn)z/Q}.
i#j
Applying Markov’s inequality in order to estimate probability of the event on the right hand side, we
obtain the desired result. O

Proof of Theorems and[7.1 The proofs of both theorems are almost the same, the only difference is
that Theorem [1.2| uses Corollary [7.3] while Theorem [1.2] uses Corollary Let parameters d, p, 7, g, a, be
taken from Corollary or from Corollary correspondingly. We always write V,, for V,,(r,g,d, p). Let
b, = Y ., g(i). Without loss of generality, we can assume that n > 6/r. Fix ¢ € (0, 1], and denote by &€
the complement of the event

{IMual < a;Mall or 7w < a;'flell  forsome @ ¢ |J (AV) -

A>0

For : = 1, 2 denote

Applying Corollary (or Corollary , Lemma and the invariance of the conditional distribution
of M,, given £ under permutation of columns, we obtain

P{ $min(M,) < (anb,) 't}
<2+ 0,())n(1=p)" +P({IMpz| < (anbn) " t||lz]| for some z€V,}NE)

2
<24+o0,())n(1—p)"+ s P(ENENE).
At the next step, we consider events

Q; := {|supp C;(M,)| € [pn/8,8pn]},i=1,2, and Q:=0;UQ.
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Since columns of M are independent and consist of i.i.d. Bernoulli(p) variables, applying Lemma we
observe

P() = B()P(9%) < (1— )"
Therefore, in view of equidistribution of the first two columns, we get

PENENE)S(1—p)"+P(ENENENQ) < (1—p)"+2P(ENE ND).

Denote by Y a random unit vector orthogonal to (and measurable with respect to) H;(M,). Note that
on the event & the vector Y satisfies

(Y, CLM))| = M, Y| < az" ¢,

which implies that on the event £ N &, we also have Y* 7é 0, and Z := Y/Y | € V.. By the definition
of V,, we have ||Z|| < b, therefore,
Py:=PEN&ENY) <P(WN{3Z € H (M) NV, : (Z,Ci(My))| < a," b.t}).

On the other hand, applying Theorem [2.2) with R = 2, we get that for some constants K; > 1 and Ky > 4,
with probability at least 1 — exp(—2pn),

Hi(M,)" NV, C {z € Tpo(r): UD,(z,m, K1, K>) > exp(2pn) for any m € [pn/8,8pn]}.
Combining the last two assertions and applying Theorem [2.1], we observe
Py <exp(—2pn) + P(Q N {3Z € Hi(M,)" NV, : |(Z,Ci(M,))| <a,'b,t and
VYm € [pn/8,8pn| : UD,(Z,m, K1, K3) > exp(?pn)})
< exp(—2pn) + sup P{|(y, CL(My))| < a"bat | [supp C1(M,)| = m}

UDy, (y,m,K1,K2)>exp(2pn)

< (1+ G exp(~2pn) + — 2.
pn/8
Thus SO
P{ Smin (M, n) Tt < (24 0,(1))n (1 —p)" + Ch

— 1.
72 Gy /P

By rescaling t we obtain

Plam() < gt} < Qo -pr e, 0<is S

In the case of constant p (applying Corollary we have a, = C/nln(e/p) and b, < 2/3n%?, and
we get the small ball probability estimate of Theorem [7.1]

In the general case (applying Corollary. we have a,, = cggz;; max (1,p"*n) and b, < exp(1.51n%(2n)).
Therefore,

r*y/pn 2
(8Cg?) > exp(—31n“(2n))

for large enough n, and the s,,;, estimate follows.

In both cases the upper bound on ¢, _cmb_ is greater than 1, so we may omit it.

an/pn’
Finally, applying the argument of Subsectlon 3.2] we get the matching lower bound for the singularity
probability. This completes the proof. n
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8 Further questions

The result of this paper leaves open the problem of estimating the singularity probability for Bernoulli
matrices in two regimes: when np, is logarithmic in n and when p,, is larger than the constant C~! from
Theorem [1.2]

For the first regime, we recall that the singularity probability of M,,, with np,, in a (small) neighborhood
of Inn, was determined up to the 1+ 0,(1) multiple in the work of Basak-Rudelson [5].

Problem 8.1 (A bridge: Theorem to Basak—Rudelson). Let p,, satisfy
1 <liminfnp,/Inn < limsupnp,/Inn < oo,
and for each n let M,, be the n X n matriz with i.i.d. Bernoulli(p, ) entries. Show that
P{M, is singular} = (14 0,(1))P{M, has a zero row or a zero column}.

A few months after our paper was posted on arXiv, a positive solution to the above problem was
given by Huang in [15], thus completing the research program of sharp singularity probability estimates
for sparse Bernoulli matrices.

The second problem is the singularity of random Bernoulli matrices with large values of p,.

Problem 8.2 (Optimal singularity probability for dense Bernoulli matrices below the 1/2 threshold). Let
the sequence p, satisfy
0 < liminf p, <limsupp, < 1/2.

Show that
P{M, is singular} = (1+ 0,(1))P{M, has a zero row or a zero column} = (2 + 0,(1))n (1 — p,)".

As with the first problem, a few months after our paper was posted on arXiv, a positive solution
was obtained by Jain, Sah, and Sawhney in [17, [18] (their result in fact covers a more general model of
randomness). Conditioning on the sums of Bernoulli random vectors exploited in the present paper, is
also one of crucial elements of [17].
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