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Abstract

Let d and n be integers satisfying C' < d < exp(cvInn) for some universal constants ¢, C > 0, and
let z € C. Denote by M the adjacency matrix of a random d-regular directed graph on n vertices.
In this paper, we study the structure of the kernel of submatrices of M — z1d, formed by removing
a subset of rows. We show that with large probability the kernel consists of two non-intersecting
types of vectors, which we call very steep and gradual with many levels. As a corollary, we show, in
particular, that every eigenvector of M, except for constant multiples of (1,1,...,1), possesses a weak
delocalization property: its level sets have cardinality less than Cnln? d/Inn. For a large constant
d this provides a principally new structural information on eigenvectors, implying that the number
of their level sets grows to infinity with n. As a key technical ingredient of our proofs we introduce
a decomposition of C™ into vectors of different degrees of “structuredness,” which is an alternative
to the decomposition based on the least common denominator in the regime when the underlying
random matrix is very sparse.
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1 Introduction

Fix a large integer n and an integer d in the range {3,4,...,n — 3}. Denote by M,, 4 the collection
of all n x n matrices with entries taking values in {0,1} such that in any row and any column
there are exactly d ones. Every matrix from this set can be viewed as the adjacency matrix of a
d-regular directed graph on n-vertices, where we allow loops but no multiple edges. For a subset
K C[n]:={1,2,...,n} and a matrix B, by BX we denote the submatrix of B formed by rows R;(B),
1 € K. In this paper, we consider the structure of the kernel of random linear operators of the form
(M — z1d)%, where M is a random element of M,, 4 (with respect to the uniform measure) and z is
a fixed complex number.

Our motivation for this study is multifold. We obtain new results regarding delocalization proper-
ties of approximate eigenvectors for very sparse random matrices. Apart of being of an independent
interest, these results provide new insights into spectral properties of random graphs. Furthermore,
as is shown in [39], our results are key to understanding the intermediate singular values of the matrix
M — zId, which in turn are crucial for establishing the limiting spectral distribution of appropriately
rescaled adjacency matrices, when the dimension n tends to infinity.

Spectral properties of random graphs, in particular, graphs with predefined degree sequences, have
been an object of active research. In the case of d-regular undirected graphs, the magnitude of the
second largest eigenvalue as well as the limiting spectral distribution of the adjacency matrix have
been considered in various regimes and for different models of randomness (uniform, permutation, and
configuration models). In particular, the study of the second largest eigenvalue has been motivated by
the well known relation between the magnitude of the spectral gap and the graph expansion properties
[1, 19, B2]. We refer, in particular, to [13] 25] 24] 2T [46], 10} 17, 57] and references therein as well as to
the survey [32] for more information on spectral expanders. The limiting spectral distribution of an
(appropriately rescaled) adjacency matrix of an undirected d-regular graph follows the Kesten—-McKay
law [34] 43] which, for degree d converging to infinity with n, coincides with the classical semi-circle
law [58]. We refer, in particular, to [20, O] [§] for recent results in this direction.

In the case of directed d-regular graphs, establishing the limiting spectral distribution for constant
d presents a major challenge not resolved as of this writing. It is conjectured that the limiting spectral
distribution of the appropriately rescaled adjacency matrix follows the oriented Kesten—McKay law
(see, for example, [I1], p. 52]). For min(d,n — d) — oo, the limiting distribution has been conjectured
to follow the circular law, thus matching (up to rescaling) the standard i.i.d. non-Hermitian models.
Very recently, this conjecture has been partially resolved in the uniform and permutation models of
randomness under the assumption that the degree d grows with n at least poly-logarithmically [16, [5].
However, the case of very slowly growing d has remained open. This (very sparse) regime is in certain
respects fundamentally different as it requires special handling of not only the smallest but also the
intermediate singular values of the shifted adjacency matrix M — zId.

In [38], building upon arguments in [14] 15, 37, B6], we have established lower bounds for the
smallest singular value of the matrix M — zId which work for all d larger than a large absolute
constant (with probability estimates depending on d). In this paper, we consider a more technical
(and more difficult) aspect of the study by establishing a structural theorem for the kernel of random
operators (M — zId)¥.

This paper is an autonomous part in the series of works in which we resolve the conjecture for the
limiting spectral distribution for any function d = d(n) growing to infinity with the dimension n. In
[39], we use the main result of this paper together with additional probabilistic arguments to derive
bounds for intermediate singular values of M — zId and, applying the standard argument of Girko



[26], to establish the circular law for the spectrum in the regime d — oo, resolving the corresponding
conjecture (see [16, p. 5]). In order to avoid repetitions, we leave further discussion of Girko’s approach
and, more generally, the historical overview of the circular law to [39]. As mentioned before, while
being very useful in proving the limiting law, the structural theorem is of interest on its own and in
the case K = [n] can be viewed as a delocalization statement about approximate eigenvectors of very
sparse random matrices.

We start with formulating a “soft” version of the main result. In what follows, given a vector
x € C", by * = (z}); we denote the non-increasing rearrangement of (|z;|);. We also recall that for
an n x n matrix B and a subset K C [n], BX denotes the |K| x n matrix with rows R;(B), i € K.

Theorem 1.1 (Structural theorem). There are universal constants c¢,d’,C > 0 with the following
property. Let n > C, C < d < exp(cvVInn), and let M be uniformly distributed on M,, 4. Let z € C
be such that |z| < v/dInd. Fiz d~Y? <a <1 and any subset K C [n] with 0 < |K¢| < n/d>. Set

clnind Cl 2d
p := max (n‘c,exp ( — (n/(l + \KC|)) Ind )), 0= @7 q = max(a| K[, 1).

Then with probability at least 1 — 1/n every unit complex vector x such that
1M = 210)% als < |K“PPn ",

satisfies one of the following two conditions:

e (Gradual with many levels) One has x} < (n/i)*x} for all i <q,
xf < d?’(n/i)(jx’[dw forall q<i<|dn],

and
Hign: ]mi—)\|§px’[c,nJH§5n for all X\ e C.

o (Very steep) x} > 0.9(n/i)*x} for some i < q.

We note that the probability bound in the theorem can be replaced with 1 — n™" for any fixed
r > 1 by adjusting the absolute constants. The terms “steep” and “gradual” vectors will be discussed
in detail below. In full generality, the theorem will be given at the end of the paper, see Theorem [7.10
The above statement asserts that, given a vector z € C* which is close to the kernel of (M — zId)¥ |
either the coordinates of x* decrease fast for small indices (x is “very steep”) or, if this is not the
case, the vector z is spread (has many non-zero components) and, moreover, for any complex \ very
few coordinates of x are concentrated around A. Note that when |K¢| = 1, i.e., when we consider
normal vectors to a linear subspace spanned by n — 1 matrix rows, the second assertion never holds
(since ¢ = 1), and the theorem says that the normal vectors are all spread and have many levels.
Moreover, for K = {1,2,...,n}, combining the theorem with a simple covering argument, we obtain
the following delocalization property.

Corollary 1.2 (Delocalization properties of eigenvectors). There are universal constants ¢,C > 0
such that the following holds. Let n,d and M be as in Theorem [1.1. Then with probability at least
1 —1/n any eigenvector x of M, which is not parallel to (1,1,...,1), satisfies z} < cl?’(11/z')6x"[mJ for
all 1 <i < |en|, and, moreover,

YAeC Hz <n: o — A< n*cxfmJH < Cnind/Inn.
For completeness, we give a proof of Corollary at the end of the paper. We would like to notice

that delocalization properties of eigenvectors for various models have been a focus of active research.
In the case of sparse matrices we refer to [12] for eigenvector statistics for Erdés—Rényi graphs and to



[2, 3] 4], [18] for delocalization properties of eigenvectors (and almost eigenvectors) of undirected regular
graphs. In the non-Hermitian setting (relevant to our present work) we refer to [52, 53]. The term
delocalization usually refers to upper bounds on the £,,-norm of a random vector or, more generally,
upper bounds for the scalar product with a fixed unit vector. The delocalization statement provided
by Corollary is closer to the concept of no-gaps delocalization, introduced in [53], which bounds
the /5-mass of the vector supported on every subset of coordinates of a given size. At the same time,
Corollary not only provides lower bounds for the order statistics of eigenvectors but also measures
cardinalities of sets of almost equal coordinates, thus giving an additional structural information (very
important in our context). Corollary to our best knowledge, is the first statement which provides
quantitative information on the delocalization for non-Hermitian random matrices with a constant
number of non-zero elements in rows/columns.

A fundamental feature of the main theorem is that it provides information on the kernel of the
matrix for large constant d, with the “unstructuredness” measured in terms of the dimension n. Here,
“unstructuredness” refers to the allowed number of approximately equal components of a vector. For
example, we show that for M {2} with large probability any vector in the kernel can have at most
O(n/Inn) equal components. We expect that the theorem and the argument used in its proof will
turn to be useful in the study of the spectrum of random directed graphs of constant degree. In fact,
combined with some known arguments, our result implies that the random adjacency matrix M has
rank at least n — 1 with probability going to one with n (d being a large constant) [40].

Theorem can be interpreted as follows: with probability very close to one we have

inf ||(M — 21d)%z||5 > 0,
zeT

where the infimum is taken over the set T C C" of all non-zero vectors, which are neither “very steep”
and not “gradual with many levels.” Estimates of this type fall into a large body of research dealing
with matrix singularity and structural properties of null vectors for various models of randomness. A
possible strategy in estimating the infimum ;122 |Bz||2 (for a random matrix B and a subset S, say,

the unit Euclidean sphere) consists in representing S as a union of subsets J,, So grouping together
vectors with a similar structure, and then combining bounds for inéf ||Bz||2. In turn, each of the
TESq

infima is bounded using the structural information about vectors in S, and may involve, depending on
the problem, a discretization of the subset (i.e., a version of a covering argument). A very incomplete
list of works involving this approach in the study of square non-Hermitian or “almost square” matrices
is [33, 64 58] (singularity of random Bernoulli matrices), [41], 49, 50, [47] (matrices with i.i.d. entries
with a tail decay condition), [55], 56}, 27, [0, [7] (sparse matrices with i.i.d. entries, see also [42] for
the non-i.i.d. case), [15, 37, [16, 5] (adjacency matrices of directed d-regular graphs). For a detailed
exposition of this method we refer to [51] and [59]. The decomposition into subsets differs significantly,
depending on the randomness model. In particular, estimating the singularity probability for Bernoulli
matrices in [33, 54, B8] involved defining the combinatorial dimension of certain discrete vectors.
Further, the idea from [4I] of splitting the Euclidean sphere into sets of “close to sparse” and “far
from sparse” vectors was developed in [49, 50], where the notion of compressible and incompressible
vectors appeared. In [49, 50], building upon earlier works on the Littlewood—Offord theory (see, in
particular, [56]), the concept of the least common denominator (LCD) of a vector was introduced, and
the Euclidean sphere was partitioned into subsets according to the magnitude of the LCD. Further, in
works [16], B, [38], 6], [7] dealing with adjacency matrices of sparse directed random graphs, the crucial
structural property of a vector was statistics of “jumps” in its non-increasing rearrangement, i.e., the
magnitude of ratios of the form z}/z7},, where i < n and L > 0 is a scaling factor. In works [0} [7],
this analysis of jumps in the rearrangement was combined with the LCD-based approach of [49, [50].

Despite the progress in this research direction in the past years, an efficient estimate of the smallest
singular value and, more generally, of quantities of the form ;Ielg ||Bz||2 for a very sparse random

matrix B (with a constant average number of non-zero elements in a row/column) seems to require
essentially new arguments. In this work, we propose such a new argument for 0/1 random matrices

4



with prescribed row/column sums. We believe that our approach can be extended to more general
sparse models.

A crucial new ingredient of our paper is the concept of the £-decomposition of a vector which
is a partition of [n]| into subsets encoding useful structural properties of a complex n-dimensional
vector . We combine the ¢-decomposition with new tensorization arguments (which allow to pass
from individual small ball probability estimates for (R;(M — zId),z) to the matrix-vector product
(M — 21d)Xz) and a discretization (covering) procedure to get a characterization of gradual vectors in
the kernel. On the other hand, the steep vectors are treated by a combination of covering arguments
and a procedure utilizing expansion properties of the graph, thus augmenting the approach in [3§].
In the remainder of the introduction, we will discuss in detail the three main features of the proof:
steep and gradual vectors, ¢-decomposition, and tensorization.

Steep, almost constant, and gradual vectors. The notions of steep, almost constant, and gradual
vectors appeared in [38] in the context of bounding the smallest singular value of the shifted adjacency
matrix. Naturally, these notions play an important role in the present paper as well. For technical
reasons, we slightly modified the definitions, compared to [38].

A full description of the class of steep vectors in C" is provided in Subsection Since the precise
formulas are long and involve many parameters, we omit them in the introduction. We just loosely
describe this class as the collection of vectors € C" such that for some indices 1 < i < j < n,
the ratio x7 /ac}k is wvery large compared to the ratio j/i. The basic example of a steep vector is
(1,1,...,1,0,0,...,0), with less than cn ones (for a small constant ¢ > 0). At the same time, the
steep vectors are not necessarily close to sparse in the Euclidean metric — in particular, the steep
vectors cannot be identified with compressible vectors introduced in [41], 49} [50].

The second class of vectors which we call almost constant, is much easier to describe explicitly —
those are all the vectors x € C" such that

IneC Hi<mn:|z;,— A <0z} >n—cn,

where 6 is a negative constant power of the degree d and ¢ > 0 is a small universal constant. Vectors
which are neither steep nor almost constant are called gradual. Thus, a gradual vector has many pairs
of distinct coordinates and controlled ratios 7 /27 for all indices 1 <i < j < n.

In our study of the kernel of the random operator (M —zId)¥, we consider its intersection with the
classes of steep and almost constant vectors in Section [f and with gradual vectors — in Sections
Theorem [I.1] combines the information about the intersections.

For large enough K¢ and small d, simultaneous existence of very steep and gradual (with many
levels) vectors in the kernel of the matrix M¥ is an objective fact. We can consider the following
informal argument. For an integer p > 1, the kernel of MP+Ln} contains ker M{2"} | which, in
view of Theorem and the above remark, typically consists of gradual vectors with many levels.
At the same time, the columns of M, C;(M), are “locally” almost independent, in the sense that for
every small subset @ C [n], the joint distribution of C;(M), i € @, is “close” to the joint distribution
of independent vectors uniform on the set {y € {0,1}" : |suppy| = d} (in order not to expand the
paper we prefer not to discuss quantitative aspects of this observation). Thus, for fixed integers p > d
and r < n, we have

P{3i <r:suppCiy(M)N{p+1,...,n} =0}

~ 1 - [[P{supp Ci(M) n{p+1,...,n} # 0}

i=1

1o <1 - (Z) <Z>_1> ~ 1 oxp (— (p/n)’r).

Accordingly, when r > (n/p)?, with large probability there exists a null-column in M {ptL.n} g0 that
a typical realization of M {ptL.n} contains a coordinate vector in its kernel, which is “very steep.”



The analysis of the null steep and almost constant vectors, which occupies Section [4] is a devel-
opment of an argument from [38] with some important technical additions. It combines deterministic
estimates for Mz (assuming certain expansion properties of the underlying graph) with covering ar-
guments for non-constant vectors with large support. For almost constant vectors z, a satisfactory
bound for the Lévy concentration function of the product Mz is generally impossible. For example,
if x =(1,1,...,1) then Mz = (d,d,...,d) deterministically. A key step in bounding the Euclidean
norm of (M — zId)z (or, more generally, (M — z1d)%z) from below for almost constant vectors is a
non-probabilistic argument which utilizes d-regularity (see Lemma. A related method is used for
steep vectors if the jump occurs at the beginning of the non-increasing rearrangement (Lemma .
For the remaining vectors x, anti-concentration estimates for individual row-vector products are ten-
sorized to obtain individual estimates for Mx, which are combined with a covering argument, using
specially constructed nets (see Subsection .

The least common denominator (LCD), and the /-decomposition. The correspondence
between small ball probability and arithmetic properties of the vector of coefficients goes back to
Haldsz [29] [30], and was refined in the work [54] on the singularity probability, before being developed
for the least singular value problem in [48, 56]. Then in [49] [50], the LCD with parameters v,a > 0
of a vector z € R™ was defined as

LCD(z) :=inf {6 > 0, dist(fz,Z") < min(y0]|z||2,)}.

It was used there with v being a small positive constant and a being a small constant multiple of
v/n. Thus, LCD encapsulates information on the distance of a rescaled vector to the integer lattice.
The fundamental correspondence between the magnitude of the LCD of a vector x and the small ball
probability for the random sum ;" | ;& (for independent sufficiently “spread” random variables &;)
was the key ingredient employed in [49, 50]. Specifically, it was shown in [49] that a normal vector to
the hyperplane spanned by n—1 columns typically has LCD which is exponentially large in dimension.
This fact was then applied to estimate the small ball probability for the least singular value of the
random matrix. However, in the sparse regime this approach presents certain challenges. Note that the
definition of the LCD does not allow to distinguish a vector having a (small) proportion of coordinates
of the same value from a vector with almost all components distinct. For example, the vectors
! = (1/n,2/n,3/n,...,n/n) and 2% := (0,0,...,0,0,0.01 + 1/n,0.01 + 2/n,...,0.01 + 0.99n/n)
(with the first 0.01n components equal to zero) would have comparable LCDs, whereas behaviour of
the corresponding scalar products with a row of a random d-regular matrix is completely different.
Specifically, if £ = (£1,&2,...,&,) is the random 0/1 vector uniformly distributed on

{y €{0,1}" : |suppy| = d}

then for any number r» € R the scalar product (¢,z!) is equal to » with probability O(1/n) while
(¢, 2%) = 0 with probability at least 0.01%. Indeed, it is the absence (or presence) of large constant
blocks of coordinates which becomes crucial in the sparse regime.

The notion of the ¢-decomposition developed in this paper is in particular designed to deal with
the above issue. More importantly, the /-decomposition carries very detailed information about the
structure of a vector. This information turns out extremely useful in estimating cardinalities of
coverings as well as in bounding small ball probabilities.

The precise definition of the ¢~-decomposition is rather involved and includes an iterative procedure
for constructing a partition of [n] associated to a vector. We skip the technical details in the intro-
duction (see Subsection for the actual construction procedure) and describe the ¢-decomposition
of a vector y in the lattice 1 (Z2)" (where k is a large integer) as a partition of [n] into non-empty
subsets (C(Q));":l (called £-parts) which satisfy, among some other conditions, the following: For any

g < m and any numbers a,b € %ZQ, setting

Jog:={i € £9: yi=a} and Jog:=1{i € LDy =0,
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one has that either one of the sets is empty or |Jq 4| < 4|Jb4]- In other words, considering the levels
(blocks of coordinates having the same value) of the vector y restricted to £(9), all the blocks have
approximately the same cardinality. If the vector y is real and non-increasing, its restriction to £(@
can be viewed as a ladder or staircase, where all the stairs are of about the same size, whereas the gaps
between the stairs are allowed to differ significantly. The number of “stairs” within the ¢-part is called
the height of the ¢-part. Note that the height is not determined by the magnitude of y;, i € £(9), but
instead by the number of levels in £(9. The position of the ¢-parts and their heights provide essential
information on anti-concentration properties of the vector, specifically, on anti-concentration of the
scalar product with a row of our random matrix. The information contained in the ¢-decomposition
allows us to compute conditional small ball probability with imposed restrictions on the distribution
of the row. This becomes useful when studying anti-concentration for the matrix-vector product
MKy (see Section @ Observe that the /-decomposition is defined for a discrete subset of C"; in fact,
given a gradual vector x we construct its approximations by vectors in %(Zz)n for various values of &k
(k-approzimations) and consider the ¢-decomposition of each of the approximations.

At a high level, the way we apply the ¢-decomposition to the original problem is similar to the way
the least common denominator was used in [49]. In [49], the set of unit incompressible vectors was
split into subsets according to the magnitude of the LCD. Then, with the help of a covering argument
combined with small ball probability estimates, the subsets of vectors with small (subexponential in
dimension) LCD were excluded from the set of potentially null vectors of the matrix, leaving only
those with very large LCD.

In our setting, we partition the collection of gradual vectors according to properties of the /-
decompositions of their lattice approximations. Using a combination of small ball probability es-
timates and coverings, we exclude those gradual vectors with “not that many” levels, leaving only
those satisfying the first condition in Theorem The partitioning scheme is rather complicated
because of the “multidimensional” nature of the /-decomposition, i.e., due to the necessity to take into
consideration a set of parameters rather than a single number. The crucial notions used in the parti-
tioning are those of regular and spread ¢-parts. Given a vector y € %(22)n with the ¢-decomposition
(E(q))g"”zl, we say that the f-part £(9) is spread if it contains at least two distinct levels and for every

pair of coordinates y;,y; (i,j € L9, y; # y;), we have |y; — y;| > d/k. In the case of a vector with
ordered real components, we may say that the gaps between the “stairs” within the spread /-parts are
d times larger than their absolute minimum 1/k. The ¢-parts which are not spread are called regular.
Naturally, the matrix-vector products My, with y having spread (-parts of large cardinality, enjoy
relatively better anti-concentration properties. At a more detailed level, the following procedure is
applied:

e We isolate the set of gradual vectors, whose k-approximation (for some k within a specific range)
has large spread ¢-parts. The sets of vectors are denoted by K, in the text (see Subsection [5.3)),
where u > 5 is related to k by k = d“.

e For every vector from JIC,, its k-approximation y has the structure which guarantees strong
bounds for the small ball probability

P{[|(M — z1d)" y||> < t}.

These bounds, combined with a covering procedure for the vectors in K., implies that with
probability close to one no vector in |J K, is approximately a null vector.

e Thus, it remains to deal with vectors in the complement S \ |JK,, where S denotes the set
of gradual vectors in C" (we emphasize again that the union is taken over u within a specific
range determined by n, d, and the cardinality of the set K). We show (see Subsection that
the complement S \ |J K, consists of gradual vectors, whose k-approximation (for a specially
chosen k) has ¢-parts of very large heights (see the definition of sets P, and Propositon .
At an elementary level, the coordinates of those k-approximations y take many distinct values.



Naturally, this property provides a fine small ball probability estimate for (M —zId)¥ y, however,
for a different reason than in the case of large spread f-parts.

e As the final step, we make the following observation: the set of gradual vectors from P,, which
have relatively large constant blocks of coordinates, has much smaller complexity than the entire
P, In a sense, it is possible to construct a net on the set of such vectors with cardinality balanced
by individual small ball probabilities, thus excluding the set from the collection of potentially null
vectors. The remaining set — gradual vectors without large constant blocks — are the “gradual
vectors with many levels” from the first assertion of Theorem

The procedure described above occupies Section [5 and a considerable part of Section [7] Passing
from small ball probability bounds for scalar products with individual matrix rows to the entire matrix-
vector product is a crucial step, with technical complexities arising because of the lack of independence
between the rows. This tensorization part of the argument spans Section [6] and partially continues
into Section [ We would like to describe it in more detail.

Tensorization. Our goal is to represent the small ball probability
P{[I(M — 21d)%y]|> < ¢}

for a given k-vector y (i.e., y € %(ZQ)H) and t > 0 in terms of the structure of y, i.e, in terms of the
f-decomposition with respect to y. A bound is obtained via a series of reduction steps. At each step,
we replace our random model or quantities with objects that are simpler to analyze.

As the first step, given a vector y with its {-decomposition (C(Q));”:l, we condition on realizations
of > icrw Cj(M), ¢ < m (recall that C;(M) denote the i-th column of M). Specifically, we define a
collection of n x m matrices () with integer valued entries and study the small ball probability within
the event

Eo={ D Ci(M)=Cy(Q), q<m}

jeLla

for some fixed matrix (). In particular, this forces the distributions of the columns of M from different
l-parts to be independent. Moreover, using the expansion properties of the underlying graph, we
impose additional assumptions on () thus getting statistics of the number of non-zero entries of the
matrix M “restricted” to each f-part. The conditioning on &g is described at the beginning of
Section [6] however, additional structural assumptions on matrices @Q are introduced later in Section [7]

The next — crucial — step consists in replacing the given random model with another one having
independent components. More precisely, we define a random n-dimensional vector Z with jointly
independent components such that, conditioned on a certain event, its distribution matches the con-
ditional distribution of My given £g. In its essence, every component Z; is a sum of independent
random variables, where each variable indicates the level of y “hit” by a non-zero entry in the i-th
row of M. We connect the (conditional) distribution of Z with the distribution of My by introducing
an intermediate random model involving bipartite multigraphs. We start by showing that the distri-
bution of the adjacency matrix of that multigraph, conditioned on the event that the graph is simple,
coincides with the distribution of M. Results of this type are known in the random graph literature.
In our setting we apply a result from [44] to get the correspondence. In its turn, the distribution of
the adjacency matrix of the multigraph is directly related to the distribution of Z conditioned on a
certain event that can be viewed as a sort of “d-regularity” property.

Anti-concentration estimates for My thus can be obtained by multiplying bounds for individual
components Z;. Those, in turn, can be written in terms of the ¢-decomposition of y and the structure
of the i-th row of the matrix ). The functions which encapsulate this information are called the small
ball probability estimators. As the main result of Section |§|, we estimate P{||(M — zId)%y|]z < t} in
terms of the product [[;-; SB;, where SB; is the small ball probability estimator for the i-th row/i-th
component (see Theorem . Computing the product [}, SB; is not straightforward as it involves
analysis of both the (-decomposition of y and the matrix Q. In the first part of Section[7] we introduce
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other estimators related to SB;, which are easier to study. Once we obtain an explicit upper bound
for the small ball probability, we combine it with covering arguments, which were briefly mentioned
above.

The arguments in the paper are largely self-contained, although we employ several external re-
sults. This includes (mostly standard) bounds on concentration and anti-concentration of the sum of
independent variables; certain expansion properties of the underlying random d-regular digraph; an
upper bound on the second largest singular value of the adjacency matrix; some estimates regarding
the configuration model for random graphs with predefined degree sequences.

2 Preliminaries

By wuniversal or absolute constants we always mean numbers independent of all involved parameters,
in particular independent of d and n. Given positive integers ¢ < k we denote sets {1,2,...,¢} and
{6, +1,...,k} by [¢] and [¢, k] correspondingly. Having two functions f and g we write f = g if
there are two absolute positive constants ¢ and C such that cf < g < Cf. Given z € C, we denote by
Re z (resp., Im z) the real (resp., imaginary) part of z. We define a lexicographical order on C in the
following way. Given z,y € C, we have x > y if either Rex > Rey or Rex = Rey and Imx > Im y.
The lexicographical ordering will be useful when defining maximum over a finite subset of the complex
plane.

By Id we denote the identity n x n matrix, we use 1 for a vector of ones. For I C [n], by P; we
denote the orthogonal projection on the coordinate subspace R’ (or C!), and denote the complement
of I inside [n] by I¢ (n is always clear from the context). Given a vector z = (x;)]; € C", we
denote #f = Z = (%;)};, where Z is the complex conjugate of z € C, and by (z})"_, we denote the
non-increasing rearrangement of the sequence (|z;|);_;. We use (-, -) for the standard inner product
on C", that is (z,y) = Y.;"; x;¥. Further, we write ||| = max; |z;| for the {s-norm of z. For a
list of notation related to matrices and graphs we refer to the beginning of Section

Working with classes of vectors, we often consider the Minkowski sum for two subsets V' and W
of C", which is defined as

V+W={v4+w:veV,weW}

To obtain probability bounds we often consider certain relations between sets and use the following
simple claims to estimate their probabilities. Let A, B be sets, and R C A x B be a relation. Given
a € A and b € B, the image of a and preimage of b are defined by

R(a)={yeB: (a,y) €R} and R 'b)={xecA: (z,b) R}
We also set R(A) = UgeaR(a). We use the following standard estimate (see e.g. Claim 2.1 in [37]).

Claim 2.1. Let s,t > 0. Let R be a relation between two finite sets A and B such that for every
a € A and every b € B one has |R(a)| > s and |[R71(b)| < t. Then s|A| < t|B].

2.1 Anti-concentration

For a random vector X distributed over a real or complex inner product space F, its Lévy concentration
function Q(X,t) is defined as

Q(X,t) :==supP{||X — A2 < ¢}, t>0.
AeE

In particular, if X is a complex random variable then

Q(X,t) =supP{|X — \| < t}.
AeC



Dealing with the Lévy concentration function of a complex random variable, we often identify C with
R?, which allows us to apply Propositions and formulated below for F = R2.

Upper bounds on the concentration function of a sum of independent random variables is a stan-
dard subject, with many results available in the literature. In our setting, we primarily deal with
complex-valued random variables, which in some situations require more delicate arguments. In this
subsection, we combine classical estimates of the concentration function with some (not complicated)
computations for vector-valued variables.

We will use (a particular version of) a theorem of Esseen [23] for sums of random vectors (Corollary
1 of Theorem 6.1 in [23] applied with p; = to, p = t).

Proposition 2.2 (Esseen). Let m > 1 and &1,. .., &y, be independent random vectors in R%. Then
for any t >ty > 0 one has

S Gzt /t0)?
Q int) < ,
(;f t> = \/m_ ZZL Q(&, to)

where Ggz > 0 is a universal constant. In particular, if o > max;<m, Q(&;,to) then

. o
AXen) = ity

We will also need a result of Miroshnikov [45], which extends estimates on the concentration
function due to Kesten [35] to the multi-dimensional setting. We state below the two dimensional
version of the Corollary following Theorem 1 in [45] (note that the letter E in that paper stands for
the two-dimensional cube B2, while we deal with the unit disc B2, so that B C E = B2, C v/2B3).

Proposition 2.3 (Miroshnikov). Let m > 1 and &1, ..., &y be independent random vectors in R%. Let
to > 0 be such that max;<,, Q(&;,t0) < 1/2. Then for any t >ty one has

i Ct
Q(;glat> S t()\/m maXQ(é.’ia\/it%

<m
where C is a positive universal constant.

In general, the factor 1/4/m in the above estimates is the best possible and is attained for example
on &’s with Re&; = Im¢&; being Bernoulli random variables. But if for example for every ¢ < m,
Re&; and Im¢; are independent Bernoulli random variables, or if &; is uniformly distributed over
the unit square, then Theorem 2 from [35] implies respectively bounds C/m and Ct?*/m for all
t € (0,1/2]. Some other cases when the factor 1/y/m can be improved to 1/m were considered in [22]
(for distributions satisfying a certain symmetry condition) and in [23] (for, in a sense, well spread
distributions). We will need the following statement which is known to specialists. We provide its
proof for the sake of completeness at the end of this section.

Proposition 2.4. Let m > 1 and &1, ...,&n be independent random vectors in R? with densities
bounded by 1. Then the density of &1 + ...+ &y, is bounded by C/m, where C' is a universal constant.

Our next proposition is another case where the factor 1//m can be improved.

Proposition 2.5. Let u,e >0, m > 1, and let &1,&o,...,&y be i.i.d. discrete complex random vari-
ables taking values on an e-separated (in the Euclidean metric) subset of the complex plane satisfying
sup,ec P{&; = a} <wu. Then for any t > 0 one has

m
Q(Zﬁj,t) < C max (utz/(mEQ),u),
j=1
where C' is a positive absolute constant.
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Proof. As above, in this proof it will be convenient to identify C with R? and to present complex
random variables as two dimensional real random vectors. We also denote the Euclidean unit ball
(centered at 0) on R? by B. Let n;, 7 < m, be ii.d. random vectors in R? uniformly distributed on
(¢/2)B and jointly independent with &;’s. Note that by standard concentration estimates (e.g., one
can apply Hoeffding’s inequality [31] for the first and second coordinates), we have for a large enough
absolute positive constant C,

—p{| > n| < ovime} 2 172
j=1

Define smoothed i.i.d. random variables §;, 7 < m, by setting f;» := & + n;. Since interiors of the
discs of radius /2 centered at atoms of &;’s are disjoint, we get that the densities of {}, j < m, are
uniformly bounded by 4u/(we?). By independence of 1; and &; we observe that for every ¢ > 0,

oS e) =max L e{[ St o| < ma | S0 <)
j=1 j=1 j=1
<20( 3 e+ ovine) —20( 3 €l.r),
j=1 j=1

where &7 1= (2/e)&\/u/m and T = (2/e)t\/u/m + 2C\/um/m. Note that the densities of &7, j < m,
are uniformly bounded by 1. Thus Proposition [2.4] implies the desired result. O

To prove Proposition we need the following lemma (which, in a sense, similar to the proof of
Theorem 1 in [22]). In this lemma (-, -) denotes the canonical inner product on R2.

Lemma 2.6. Let p be a probability density on R? bounded by 1. Let f = p, that is
@) = blo) = [ exp(-2ri (2.0)p(w)d
R
Then for every q > 2 one has [go | f(x)|%dx < 47/q.
Proof. Denote p(z) = p(—x), P(z) := p * p, where * denotes the convolution, and F(z) = |f(x)|?.

Then, X
F=f.f=P.

Observe that the function P satisfies P(z) < 1, P(x) = P(—x) for every « € R?, and [p, P(z)dz = 1.
Therefore, for every z € R?,

F(z) = /]12{2 cos(2m (z,y)) P(y)dy :/

(1-— 28in2(71' (x,y))P(y)dy =1— 2/ sin2(7r (x,y))P(y)dy.
RQ

RQ

Consider the sets
As:={z €R?: F(z) >1— 4%}

for 6 € (0,1/2]. Note that for every integer k > 1 one has k?sin®t > sin?(kt). Given § € (0,1/2], let
k= 11/(26)]. Then for every x € As we have

F(kx)>1-— 214:2/ sin?(7 (z,9))P(y)dy = 1 — k*(1 — F(z)) > 1 — (k6)? > 3/4,
R2

that is on the set kAs = {kz : x € As} we have F' > 3/4. On the other hand, by the Plancherel
theorem we have

[ = [ @b = [ s [ pea=1

11



This implies [kAs| < 4/3, hence |As] < 4/(3k*) < 646%/3, in particular, |A; /5| < 4/3. Finally we
estimate

[ raids = [ (P)a,

Then for ¢ > 2 we have
I == / (F(2))%%dz < (3/4)9/%7! / F(z)dx < (3/4)7271 < 3/q,
A5 R?

and
1
= 2))2dz = §1/2-1 max(s s
n= [ (Fap | (@252 = max(s. 3/4)}a

3/4 1
= [ Fz s+ [ (a2 2 s}ds

0 3/4

1 1
= (/07 Aal + [ (/20 A s ds < 9/(160) + (64/3) [ (a/2)s77 71 s)ds
3/4 3/4
Using integration by parts, we have
1 1 1 9

/ (q/2)s7?7 (1 — s)ds < / (1—s)ds?? = / §12ds = ———.
3/4 0 0 2

q+

Therefore,
I, <9/(16q) + 128/(3q) < 44/q.

Since [po | f(2)|9dx = I + I2, this completes the proof. O

Proof of Proposition[2.4. The case m = 1 is trivial, so we assume m > 2. As in Lemma [2.6] set
fi = pi, and denote the density of &1,&s,...,&, by p. Then, applying the Holder inequality and
Lemma [2.6] we obtain

p(z) =

[ TL 5w expiemi Gy
R? ;5

</, ﬁl 1) dy < f[l (/. \ﬁ(y)\’”dy)l/m < C/m.

2.2 Concentration

The next lemma is the tensorization argument. It is a variant of Lemma 2.2 in [49] and its proof
follows the same lines. We include it for the sake of completeness.

Lemma 2.7. Let &,...,&, be independent complex random variables and eg,p1,...,pn be non-
negative real numbers. Assume that for every i < n and every € > €y one has

P{l&] < e} < ®pi.

Then for every € > g9 one has
n n
P{> l&l* <} < (Czze)™ [] o
i=1 =1
where Cgzp > 0 is a universal constant.
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Proof. Let € > €p. Using the hypothesis of the lemma and the distribution integral formula, we have
1 0o )
Boxp(-[6//%) = [ Plexp(-|6/e%) > s)ds = [ 2ue  P{lg] < ue) du
0 0
() ) €o/e )
< pi52/ 2u3e ™™ du +p2-s§/ 2ue™™ du < Cp;e?.
co/e 0

By Markov’s inequality, we obtain

B{3l6P < ) =B{ow (- L 316R) 2 )
=1 i=1
S en]EeXp ( _ 5% i |£z’2) — €nﬁEexp(—|§il2/52)7
i=1 i=1

which implies the desired result. O

The following statement is a non-Hermitian counterpart of the spectral gap estimates for undi-
rected random d-regular graphs — a characteristic of major importance in connection with the graph
expansion properties. We refer to [II, 10, 13| 17, 19 21} 24, 25] 32} [46], 57] for more information on
random expanders. The following statement was first proved in [I3] for d < C'y/n (which is enough
in this paper), then it was extended to the range d < Cn?/? in [I7] and to d < n/2 in [57].

Theorem 2.8. There exists a universal constant Cgg > 0 such that for 1 < d < 5 one has P(ggg) >
1—1/n'% where

g = {M € Mpg: HM . %utH < qu/&}.

In fact one can replace the term 1/n'% in the above probability bound by any negative power of

n at the expense of increasing the constant (gg.

3 Edge count statistics of d-regular digraphs

A combination of probabilistic arguments shows that the edge counting statistics of random d-regular
digraphs (i.e., the number of edges connecting subsets of vertices of given cardinalities) concentrate
around their average values. In this section, we collect some estimates of the number of edges con-
necting given subsets of vertices (equivalently, the number of non-zero elements in a given submatrix)
and of the number of in- or out-neighbors of a given vertex subset. While some of the statements are
borrowed from earlier works, others are new. We would like to note that properties of this type were
considered in the random setting in [14] 37, [38].

First we introduce some notation. Denote by D, 4 the set of directed d-regular graphs on n
vertices, where we allow loops but no multiple edges. This way, there is a natural bijection between
D, q and M, 4. We endow D,, ;4 with the uniform probability measure also denoted by P. Given
a graph G € D, q with an edge set E and a subset I C [n] of its vertices, define sets of out- and
in-neighbors as

Nt (D) ={v<n:3iel(i,v)e E} and NFI)={v<n:3Jiel (v,i)€E}.
Similarly, we define the out-edges and the in-edges as
EZ'(I)={e€ E: e=(i,j) for some i € I and j < n}

and
EG(I)={e€ E: e=(i,j) for some i <nand j € [}.
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If I = {i} we use lighter notation NZ* (i), N&'(i), EZ"(i), and EZ(i). Given a graph G = ([n], E),
for every I,J C [n] the set of all edges departing from I and landing in J is denoted by

Eq(I,J):={e€ E:e=(i,j) forsomeicIandjeJ}

Let M = {p;j} € My q and let R; = R;(M) be the i’s row of M, i = 1,...,n. For every subset
J C [n], let

Sy:={i<n :suppR;NJ # 0}

be the union of supports of columns indexed by J (the matrix will be clear from the context). Given
an n x n matrix M and a set K C [n], we use notation M for a |K| x n matrix obtained from M
by removing rows R;(M) with indices i ¢ K.

We start with the statement which essentially says that given a typical d-regular digraph and a
set of vertices J, which is not too large, the set of all in-neighbors of J has cardinality close to the
largest possible, i.e., d|J|. To formulate the statement, given k& < n and € € (0,1) we introduce the
set

Opoe = {M € Myg : ¥J C[n] with |J] =k onehas |Sy| > (1— s)dk}. 1)

Clearly, if k =1 then Q. = M,, 4. The following theorem is essentially Theorem 2.2 of [37] (see also
Theorem 3.1 there).

Theorem 3.1. Let e® < d < n, g9 = \/Ind/d, and ¢ € [eo,1). Let k < qggen/d, where qzq € (0,1)
is a sufficiently small absolute positive constant. Then

2
P(e) > 1 —exp <—8 dk In <e€qg:un>) .

8 kd

In particular,
lazEn/d] ,
IP’( N Qk) >1— (Cd/en)= /8
k=1
where C' is an absolute positive constant.

In this paper, we prove the following auxiliary theorem, which states that given a large set of
columns (of a typical matrix from M,, 4), there are many rows having many ones in this set.

Theorem 3.2. Let d < n be large enough integers and let £y > d + 24en/d. For every k > £y, denote

— 4k 1
ap = dtk=d) _ 1  and By :=max (en exp (—ay/2), M)
8en oy

Let Gz be the set of all M € M,, 4 such that for every J C [n] with |J| > €y one has
‘{’L <n:|suppR;(M)NJ| < Oéu‘}‘ < ,8‘(]‘
Then
P(&g) > 1 — 4e %,

Before passing to the proof of Theorem we mention an immediate corollary which will be used
in Section [7

Corollary 3.3. There exist positive absolute constants (g, qzm such that the following holds. Let
O3 < d < aqzgv/n and let &3 be the set of all M € M,, 4 such that for every J C [n] with |J| > n/Vd
one has
[{i <n: |supp Ri(M) N J| < qggd|J|/n}| < n/Vd.
Then
P(&gm) > 1 — 4exp (—n/Vd).
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Proof of Corollary[3.3. Let J C [n] be such that k := |J| > n/v/d. By the conditions on n and d we
have k > 2d so that, with ay, O; defined as in Theorem we have oy, > dk/(32en) > \/d/(32¢) and
Br < Cnlnd/d, for some positive constant C'. Adjusting the choice of the constant qgm and applying
Theorem With lo = [n/\/d] > d + 24en/d we obtain the result. O

In order to prove Theorem we need the lemma below (it will be more convenient for us to
formulate it in the graph language). For every S,.J C [n] we introduce

Iy :={G€D,g: Vic S onehas |Eg(i, ])| < a1}

where «aj’s were defined in Theorem When S = [s] and J = [k] (we postulate that [0] = 0)) we
will denote the above set by I'¥. For every ¢ < d, denote

It :=T%  N{G € Dpy:|Ea(s,[k])| = ¢}.
With these notations, we have Flg = D, q for every k. Clearly

Lo ]
rkcrk | and  TF=||TF, (2)
=0

Lemma 3.4. Let d,n, %y, and o, k > Ly, be as in Theorem and let S, J C [n] be such that
|J| > €. Then
P(I'd) < exp(—ay[S)).

Proof. Without loss of generality we may assume that S = [s] and J = [k] for some s > 1 and k > /.
Let g be a parameter in the interval ap < g < d, which will be chosen later. We first compare the
cardinalities of F’;}E and F’;E 41 for every £ < g. To this end we construct a relation R, C FE,@ X F’;@ 1
Let G € F’;e- For j > k denote

Ej i= Eq([s]°, [K]) \ (E& (N&“(s) N K]) U B (V&) )-

Since G € I";e,
[Ec([s]% [k])] = kd — |Ea([s], [k])| = kd — ak(s — 1) — L.

On the other hand, since |[N&"!(s) N [k]| = ¢, then |Eg/([s]¢, N2 (s) N [k])| < €(d — 1). Using that

| Be (NG (5) \ [s], [k])| < d(d 1)

we obtain
|Ej| > kd—ap(s—1)—4d—d(d—1) > (k—d+1)d—q(s +d —1). (3)

Now we are ready to define the relation Ry. We let a pair (G, G’) belong to Ry for some G’ € F’;’ 041

if G’ can be obtained from G in the following way. Choose j € N&"(s) N [k]¢ and an edge (u,v) € E;.
We destroy the edge (s,j) and create the edge (s,v), then we destroy the edge (u,v) and create the
edge (u,7) (in other words, we perform the simple switching on the vertices s, u, j,v). Note that the
conditions u &€ N&'(j) and v & N2*(s), which are implied by the definition of E;, guarantee that the
simple switching does not create multiple edges, and we obtain a valid graph in I”;Z 41+ Using and
assuming

(4)

we deduce that for every G € I"; ¢ one has

R(G)| = (d = 0)(k—d+1)d—q(s +d~1)] > . . (5)
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Now we estimate the cardinalities of preimages. Let G’ € RE(F’; ¢)- In order to reconstruct a graph
G for which (G,G") € Ry we need to perform a simple switching which destroys an edge in Eg/ (s, [k])
and adds an edge in Eg (s, [k]¢). To this end, choose

veENSHS)N[K] and € [K]°\ N2 (s).

Since [N (j)| = d, there are at most d simple switchings which destroy the edge (s,v) and create the
edge (s, j) Using that [N (s) N [k]| = € + 1, we observe
(BN G) < d(C+1)(n — k= (d= £ = 1)) <dg(n ~ k). (6)

Using Claim together with inequalities and @, we obtain that for every £ < ¢,

QQ(n — k) k ‘
(k—d)(d—q) >

2(n—k) " 2q(n—k) \"" &
s f‘—(uﬂ—d)(d—q)) Tsal < ((k—d)(d—q)) Foal

This together with implies that

U5l <

Therefore

Lo

2q(n —k - o

|F§‘ < E :((k _(d)(d_)q)> ’F 1| <6L k] +1- q’rk ‘
£=0

provided that
2q(n — k) <e !
(k= d)(d-q)
We choose ¢ = 2|y | + 2 which satisfies the above condition and the condition by the definition

of . Therefore we have
TS| < e |54 .

Since we do not impose any restrictions on s, we conclude that

’Fk nd‘ H

I"’I

_Sak ‘D )

Proof of Theorem[3.4. We start by defining
{GEDnd HJC[ ] |J‘Z£0 With‘{iﬁﬂ: |Eg(i,J)’<Oé‘J|H>,B|J|}.
It is not difficult to see that I' is the graph counterpart of event &z, in particular P(&gm) = P(T).

Note that
r=J) U rs

JC[n] SCln]
[ 71220 |SI>B) 5

Therefore, applying Lemma and taking the union bound, we obtain

DY Forrhs ¥ S ewii= 35 ()

JCln] ScCn] JCln] ScC[n] k>£o s>y,
171>¢0 1S|>6, 171240 15128, 5,
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Further, by the choice of 8, we have (Z)e_aks < (en/s)® e” ¥ < e~s/2 for all s > B and since

ag > 2, then
Z <n> e~ kS < 2€—akﬂk/2‘
52> P s

By the choice of SBi’s, this implies

n E\F
< —apBr/2 < < fe—to
P(F) _Qkézo (k:)e <2 E <en> < 4e 0,

k>£g
which completes the proof. O
Combining Theorems and [3:2] we prove the following proposition.

Proposition 3.5. There exist absolute positive constants C' and qzx such that the following holds.
Let C < d < gzzv/n/Inn and let g7 be the set of all M € M,, 4 such that for all J C [n] one has

[{i <n:|supp Ry(M) N J| > qzzd|J|/n  and
[supp Ri(M) N J¢| > qggd|J|/n}| > qgmmin(d]J],d|J|, n).

Then
P(fg) > 1 —n &,

Proof. Let ¢ > 0 be small enough absolute constant and let d < c¢y/n. We first treat subsets J
satisfying |J| < 2d. Recall that S; denotes the union of supports of columns indexed by J. Therefore,
using d < ¢y/n and applying Theorem (3.1, we observe that there exists an absolute constant ¢ > 0
such that with probability at least 1 — n—¢?% one has |S;| > 0.9d|.J| for all J with |.J| < 2d. Now fix
J C [n] satisfying both |J| < 2d and |S;| > 0.9d|.J|. Since d < ¢y/n, then cd|J|/n < 2¢3 < 1 for small
enough c. Therefore, the condition

|supp Ri(M) N J| > cd|J|/n

means that ¢ € S;. Note also that in this case min(d|J|,d|J¢|,n) = d|J|. Thus, it is enough to show
that
{i € Sy |suppR;(M)NJ¢| > cd}| > cd|J|.

Let ¢ denote the number of rows having at least d — 1 ones in J¢. Counting ones in the columns
indexed by J we have

dlJ|=dn—d|J| <dl+ (d—2)(n—¥{) =20+ dn — 2n.

This implies ¢ > n — d|J|/2. Therefore there are at least ¢ + |S;| — n > 0.4d|J| rows indexed by
S and having at least d — 1 ones in J¢. This proves that the set of all matrices in M,, 4 satisfying
the condition of the proposition for subsets J C [n] with |J| < 2d, has measure at least 1 — n~=¢'¢.
Interchanging the role of J and J¢ we obtain the same bound for subsets J satisfying |J| > n — 2d.

For the rest of the proof we deal only with sets J satisfying |J| € [2d,n — 2d] for which the
quantities d(|.J| — d)/n and d|J|/n are equivalent up to a constant multiple (and similarly for J¢). We
will prove a more precise relation, which is convenient to formulate in the graph language. Namely,
denoting by & the set of all digraphs G € D,, 4 such that for every J C [n] with |J| € [2d,n — 2d]

C

Cld(|*7]1| =D and |Eqi, 00 > AT I—d)}‘

n

{i<n: 1B66, 1) >
> mln(d|J|,d!J°|,n),
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we show that the event £ has probability at least 1 — n~“? where ¢; > 0 is a sufficiently small
universal constant.

Given {y > d + 24en/d and k > ¢y, we consider parameters «y and [ introduced in Theorem
Additionally, for k < £y we set oy, := ay, and let B; be defined by the same formula as fj for k > 4.
Note that (ag)r is a non-decreasing sequence, while (8x)x is a non-increasing sequence. Now set
ly = |d+ Cn/d|, where C > 24e is a sufficiently large universal constant chosen so that f;, < n/4
(then B; + B; < n/2 for every i,j > £y). Note that 2d < ¢y < n/2. Define the event

& = {G € Dypq: YJ C [n],|J| € [lo,n — L)), one has
HZ <n: ‘Eg(Z,J” > OZIJl and |Eg(’i,Jc)| > Oé|Jc|H >n— ,3‘J| — 6|Jc|}
and, for m = 2, 3, the events

Em = {G € Dyq: VJ Cnl,|J| €Sy, onehas
. . a|J| - C a|Jc| 4 Cc
Hz <n: Bl J)| = 2 and |Eq (i, J°)| > —H > ¢ min(d|J|,d|J |,n)}.
60 EO
where Sy = [lp — 1], S3 = [n — £y + 1,n]. Then we clearly have P(&) = P(&3) and, moreover,
E1NENE; CE, provided that ¢ is sufficiently small. Therefore,

P(E) > P(&1) + P(&2) + P(E3) — 2 =P(&1) + 2P(&2) — 2. (7)
First, we estimate probability of £;. For any set J with |J| > £y and |J¢| > £y, the condition
|{z <n:|Eg(i,J)| > O‘IJ\H >n — (7 and |{z <n: |Eg(i,J)| > O(IJC'}’ >n— B
for a graph G € D,, 4 implies
Hz <n:|Eg(i,J)| > oy and [Eg(i,J)| > O{‘Jcl}‘ >n =By = B

Therefore by Theorem [3.2] we obtain P(&;) > 1 — 8¢~ %0,
We now turn to the probability of &. Note that for every J with [J| < £o, we have o ; = ay, and
a|je| < ap. Further, for every i < n,

Therefore, for every graph G' € D,, ;4 we have

el

. . Qe
{z <n:|Eqg(i,J)| >
a

and (i, J9) > <21}

Zo afo

> {z <n:|Eq(i,])|>1 and |Ec(i,J¢)| > %}
oy,

= NP(I)\ {z <n:|Eg(,J)|>d— 2‘2}

Since ag, > 2, a,, < d/(8e€), we observe

n d|J
{ign: \Eq(i, J)| >d—i}] < d" < 2]J).

Qg - Ozn/ Qg

Therefore,
£ D {G € Dpa: VT C [n), |J] < lo, INZ'(J)| > ¢y min(d| ]|, n) + 2|J|}

18



We apply Theorem [3.I] with £ = 0.1. Recall that ¢; is small enough. Theorem [3.1] implies that there
exists a universal constant ¢j > 0, such that with probability at least 1 — n=cd for every J with
|J| < qgzn/(10d) one has

ING(J)] = 0.9d|J| > ¢y min(d|J|,n) + 2|J]|

and for every J with qggn/(10d) < |J| < £y, passing to a subset Jo C J with |Jo| = |qzmn/(10d)]| and
using ¢y < 2C'n/d, one has

INE(T)| > INEW(Jo)| > 0.9d|Jo| > 9azpd]|J|/(400C) > ¢ min(d|J|, n) + 2|.J|.

Thus P(E) > 1 —n—% By (7) this implies P(€) > 1 — 8’ — 2n~1%, which together with the bounds
obtained at the beginning of the proof implies the desired result. O

Finally, we need the following deterministic statement dealing with sets of in-neighbours of two
disjoint sets of vertices. Given two disjoint subsets J¢, J" C [n] and a matrix M € M, 4, denote

I =T°(M) :={i <n: |suppR; N J*| =1 and suppR;NJ" = 0},

and
I"=I"(M):={i<n:suppR;NJ =0 and |suppR;NJ"|=1}.

Here the upper indices £ and r refer to left and right, since later for a given vector x € C", denoting
by o a permutation of [n] satisfying @} = [z,(;| for all i < n, we will choose J¢ = o([k1]) and
J" = o([ka,n]) for some ki < ky. The following statement is Lemma 2.7 from [3§].

Lemma 3.6. Let d and e be as in Theorem. Letp > 2, m > 1 be integers satisfying pm < qggen/d
and let J*,J" C [n] be such that J*NJ" =0, |J|=m, |J"| = (p — 1)m. Let M € Q.. Then

1] > (1 — 2ep)d|J").
In particular, if |J7| = |J*| = m with m < qggen/(2d) then

(1 — de)dm < min(|I], |I"|) < max(|I], |I"]) < dm.

4 Almost constant and steep vectors

As in [38] we split C" into three classes of vectors which we call steep, gradual, and almost constant
vectors. This section is devoted to steep and almost constant vectors. The definition of steep vectors
is similar to the one given in [38], with slight modifications one of which is quite important. Note
that if a subset K C [n] is such that |K°| is much larger than n'~'/? then the submatrix M*¥ will
contain null columns with large probability, hence the kernel of M* will contain very sparse vectors.
Therefore, when studying the kernel of M* (or (M — z1d)¥), very sparse vectors and those “close”
to very sparse should be handled separately, see the definition of 73 below. The set T3 — the set of
very steep vectors — can be viewed as an enlargement of the set of very sparse vectors; in this sense,
our construction is related to the definition of compressible vectors,

Comp(m, p) := {z € C" : I m-sparse vector y € C" such that ||z —y|2 < pllz|2},

introduced in [49] following ideas from [41] (as usual, m-sparse means that a vector has at most m non-
zero coordinates). Both classes, 73 and Comp, are introduced as classes of vectors close to m-sparse
vectors (for an appropriate m). An important difference between the two lies in how the distance to
the set of sparse vectors is measured — instead of the Euclidean distance used for compressible vectors,
we estimate the {-norm after some normalization related to a variant of the weak /¢y /3-norm.
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After introducing and eliminating very steep vectors we consider other vectors with a jump in their
non-increasing rearrangement. The goal is to show that such vectors are far from the kernel of M¥.
We will distinguish two types of jumps. The first one occurs at the beginning of the non-increasing
rearrangement and is of order 4d, that is for certain m < k, we have x;, > 4dxj, see the definition
of 7y below. To treat such vectors x we use Lemma which yields that with large probability the
random matrix distributed in M,, 4 has many rows with exactly one 1 in coordinates corresponding
to m largest components of x, and all zero coordinates in places corresponding to m + 1-st to k-th
largest component of x. Since the total numbers of ones in every row is d we have that the inner
product of every such row with x is separated from zero. Unfortunately, since this procedure relies
on graph expansion properties given by Theorem [3.1] it works only when k is not too large, namely
when k < qzgen/d. For larger values of k we use a different technique, which requires considering a
jump of order d/2, see the definitions of 77 and 73. For vectors with such jumps, using the switching
technique, we estimate the probability that a fixed vector is close to the kernel, construct a special
net of rather small cardinality in the set of such vectors, then use the union bound. This scheme
is similar to the one used in [38] with an important difference in the class 72 — we use a number
of coordinates proportional to n in the definition (meaning ns is proportional to n), while in [38]
we used only n/Ind coordinates. This makes bounding the probability for individual vectors much
more difficult and involved (the method of [38] does not work). The main novelty of our new method
is splitting the set M,, 4 into many equivalence classes and working in each class separately. The
construction of nets, which is also rather delicate, comes from [38§].

Finally, we treat almost constant vectors, i.e., vectors having many coordinates which are almost
equal to each other. Having excluded vectors with jumps it only remains to treat those without any.
However, if a vector  with no jumps has many almost equal coordinates (say on a set J), then
its inner product with a row having many ones inside J cannot be close to zero (and we show that
there are many such rows). In view of this observation, it is important to find a balance between
quantitative characteristics of the level of jumps and the places where these jumps occur. Due to
technical reasons, such a balance cannot be achieved directly, in particular, to treat almost constant
vectors, one needs to consider constant jumps (not a power of d). Fortunately, it turns out that every
almost constant vector without a constant jump can be represented as the sum of a vector with a big
jump and a constant vector, i.e., a vector whose coordinates are equal to each other. Moreover, our
proof for vectors with big jumps is stable under shifts by constant vectors which makes our treatment
of almost constant vectors a lot easier.

We now introduce the following parameters, which will be used throughout this section. First
fix 1 < L < n/d® (we always assume that n > d3). When considering the minor M*, L will be
responsible for the size of the set K¢. In order to use Theorem [3.1], we fix £y and a related parameter

p as follows:
co=+nd)/d,  p=[1/(5)] = |1/ nd|

(the choice of p comes from gpp < 1 needed in Lemma in order to apply Lemma [3.6)). Furthermore,
we fix a sufficiently small positive absolute constant az (we don’t try to estimate the actual value of
a3, the conditions on how small it is appear in the corresponding proofs). Set

ny = [n/d%?], ny:=|n/d*3], and n3:=|azn].

We also fix two positive integers r and ro = ro(L) such that p” < n; < p"*! and rq is the smallest
non-negative integer satisfying p"® > 20L/d. Note that 0 < ¢ < r. Indeed,

prt > ny/p? > 25n1nd/d*? > 20L/d,

which implies that ro < r — 1.
Finally, denote the class of constant vectors by

K= {.’L’ = ($i)?:1 cCn . Tl =T9=..= xn}
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4.1 Steep vectors

The definition of the class of steep vectors consists of few steps at which we define the sets Ty, 71, T2,
and T3. We start with 73, the class of very steep vectors. Set

T3 =T3(L) :={x € C" : 3i <p™ such that z} > (n/i)Bx;ro}.

Note that one can relate this class to the class of vectors close to m-sparse vectors with m = p™ — 1.
Indeed, consider the following variant of the weak £; /3-norm,

1 -3k
xr = — Sup v x;.
el = 75 sup s

Then
T3 = {xz € C" : 3 m-sparse vector y € C" such that ||z —ylls <|||z|||}.

We now define the set 7g. For rg <i <r —1 set

i—1
767i = 7671(.[1) = {LU S (Cn " g 75 U U 767] and .CU;Z > 4d$;i+1},

J=ro

where U;‘):_T;%,j means (), and for i = r let
r—1

Tor =Tor(L):={zeC" : z ¢ T3U U To,; and aﬁfm/m > 4dxy, },

J=ro

Let

To=To(L) = (J Tou-

=70

Next we define 77 and 73 as
Ti=Ti(L)={zecC" : 2 ¢ ToUT3 and z, > d3?zk )

n2

and
To=T(L)={zecC" : 2 ¢ToUTIUT3 and =z, >d3/2:r:3}.

Below we work with constant shifts of steep vectors, so we also introduce the following sets for
0<i<3,

T ={veC":v=a+y forsome z€T; and ye K with ly1| < x,, /10}.

Note that
TK c{veC”: 3i<p™® suchthat v} > O.9(n/i)3v;r0}. (8)

Finally we define sets of steep and shifted steep vectors as
T:=ToUTiUTUTz and Tx:=TFUTFUTr
Note that the set of steep vectors contains very steep vectors.

Our first goal in this section is to prove the following theorem.

Theorem 4.1. Let d > 1 be large enough, n > d®, 1 < L <n/d®, K C [n] with |K¢| < L, and z € C
be such that |z| < d/2. Let

K L3d
Esteep = {M € Mpgq:3JveTe suchthat ||(M —zId)" vz < g Hv||2}
Then
P(Esteep) < min (exp (—L/d), exp ( — (Ind)(In n)/20)) .
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We will now formulate simple properties of steep vectors which will be used later. The follow-
ing lemma shows that the vectors from the complement of 7 have a rather regular decay of their
coordinates.

Lemma 4.2. Let d > 1 be large enough, n > d®, and x & T. Then

< (n/m)° T, if 1<m<p
m = d(n/m)* if p"° <m < mnj.

ns’

Furthermore, for every n1 < j <1i < ns one has
o <zt <Pz < dar
J — “np — ng — 7"
Proof. Since p” > [n1/p] and x ¢ T, we have x, < 4dx;, < 4d*z}; . Therefore, for every ro < j <r,

oy < (Ad)at < ... < (dd) e, < 4dh(dd) e,

Since for large d one has 4d < p3 and p” < n; < n/dB/2 + 1, we deduce for j = rg that
rypo < Ad ), < AdT G, < dh ), < (/)

Since = & T3, this implies the bound for every 1 < m < p
Now let p/ < m < p/T! for some 79 < j < 7. Then

S any < Ad'pPCar < dd (mp/m)Pa, < d(n/m) i,

which proves the case m < p”. For p" < m < n; we have n/m > n/nj > d3/2/2, hence

ak, < ddxl < 4d'zl, < (n/m)> z

ns*
The last inequality is trivial. O
The next lemma provides a comparison of the fo-norm of a given vector with one of its coordinates.

It is similar to Lemma 3.5 from [38]. Since our choice of parameters as well as the definition of steep
vectors is slightly different we provide the proof for the sake of completeness.

Lemma 4.3. Let d > 1 be large enough, n > d>, 1 < L <n/d3, and x € C"\ T3. Then
nd .

D
lelle < oo zager “m
where m = p' if x € To,; for somerg <i<r andm=ny ifx ¢ T3UT.
Proof. By the definition of 73, for « ¢ T3 one has

p"o p"0

S < Yo 0fi)® (a5 < 5 (o)

=1 =1
If x € 7oy, then
p'o—1

4 * * *
||'I||% = Z + Z g 6 ('IpT0)2 + n(xpTO)2 S 2n6 (xpT0)2a

Jj=1 Jj=p"o

which implies the bound in the case ¢ = r9. Let x € 7p; for some 79 < @ < r. Then x ¢ 73 and for
every j < ¢ one has & & Tp ;. Therefore, assuming without loss of generality that x;i =1, as in the
previous lemma we observe

e < (4d)TT0x, = (4d)7T0 < pPlTo),
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Therefore, using again that 4d < p3, we observe

pTO pr0+1 pr0+2
I3 => "%+ D> @)+ Y @)+
j=1 J=pro+1 j=proti+l

<208 (w0) + PO (4d)?07T0) 4 prot2(4d)2 0T 4 pi(4d) 4
< 3n6p6(ifro) + (Z o ro)p6i+175ro
< 4n6p6(r—'r0).

Recalling that 20L/d < p" < 20Lp/d and p" < ny = [n/d*?] < p"+!, we have

_ 7”L1d n
Pl — < ——
20L ~ 10LVd’
which, together with the above, implies the desired bound in the case rp < ¢ < r. Repeating the
above scheme and using that p” < n; < p"*!, we obtain the result for & 73 U Tp. O

4.2 Lower bounds on ||Mz|; for vectors from 7

Here we provide lower bounds on the ratio ||Mz||2/||x||2 for vectors x from Ty. Recall that given
and k the set Q. was introduced before Theorem [3.1] (see (T))).

Lemma 4.4. There exists an absolute positive constant C' such that the following holds. Let d > C,
n>d, 1< L<n/d® K Cn] with |K°| < L, and let z € C be such that |z| < d/2. Then for every
v € TE and every

r
M € in,so M ﬂ ij750
Jj=ro+1

one has 273 2
ro/s [°d
1M = 21d) < ]lo > [l

Proof. Let v = x 4y, where x € Ty and y € K with |y1| <z /10. Fix ro <4 < r such that = € To;.
Ifi < rset m=p', ifi =7 set m = [n1/p]. Then x}, > 4dxy,,. Fix a permutation o = o, of [n] such
that 27 = [2,(;)| for i <n. Let
Je=o([m]), J =o(pm]\[m]), and J=(JUJ)"
Then, for sufficiently large d,
|J°U T = pm < p[ni/p] < @greon/d  and  |J7| = (p—1)|J| = (p - 1)m.
Denote by I, the set of rows having exactly one 1 in J¢ and no 1’s in J”. Lemma implies that
|17 > (1 — 2peg)md > 3md/5.

Let I = (I, \ (J*UJ"))NK (so that the minor I x (J*U.J") does not intersect the main diagonal and
only rows indexed by K are considered). Since |[K¢| < L and m > p™ > 20L/d, we have

|I| > 3md/5 —pm — L >md(3/5—p/d—1/20) > md/2
provided that d is large enough. By definition, for every s € I there exists j(s) € J* such that

suppRs N J! = {j(s)}, suppRsNJ" =0, and mz%]x\xﬂ < Ty
1€
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Since [y1| < a7, /10 < @3,,/10, s € J* U J" (which implies |z, < 23,,), and j(s) € J* (which implies
|zj(s)| = 7, > 4dxy,,), We obtain

|(Rs(M — 21d), (m’—i—y)TH - ’%’(s)-l- Z T — zxs +dyr — 2y
j€JNsuppRs

> || = (d = 1) @y, — |2 25y — (d 4 [2])]92] = 27,/2.
Since the number of such rows is |I| > md/2 and I C K, we obtain
(M = 21d)" (z + y)ll2 > Vmd x;,/2V2.

Using Lemma [4.3 we have

nb n6 nl/2
< < ———z < *
Iz +ll2 < Nallz + 1yl < 15757575 o+ Vitlunl < ( fostss + 5 | o

which implies the desired result. O

4.3 Bounds for vectors from 7/ U T}

For the vectors from 7{* U 7-21C we will use the union bound together with a covering argument. We
first construct nets for “normalized” versions of the sets 7;’C and then provide individual probability
bounds for elements of the nets. The natural normalization for “non-shifted” component would be
n, = 1, which we use for TIK. However, for individual probability bounds below and to have the
same level of approximation, it is more convenient to use a slightly different normalization for 7'2’C.

We construct nets for the sets

T

Ti={e+y : xeTi:x;, =1 and yek : |p| <z /10}, i=1,2

Then, repeating the proof of Lemma 3.8 from [38] with slight adjustments, we obtain the following
lemma.

Lemma 4.5 (Cardinalities of nets). Let d < n'/3 be large enough and i = 1,2. There exists a set
Ni =N+ N/, N] CC", N/ C K, with the following properties. The cardinality

IN;| < exp (Tnit1Ind).

For every u € N one has u; =0 for all j > niy1. For every x € T; with z;,, =1 and every y € K
with |y1| <z /10 there are u € N and w € N’ satisfying

o = ulloe < 1/d** and |ly - wllo < 1/d¥/2,

We now turn to the individual probability bounds where we will work in a more general setting by
considering any n xn complex matrix W instead of the shift zId. To obtain the lower bounds on || (M +
W)z||2 for vectors « from our nets, we investigate the behavior of the inner products (R;(M + W), z').
One of the tools that we use is the Lévi concentration function for (R;(M + W),:L‘T>. To estimate
this function we, in particular, will use Theorem [3.I] for 2m columns of M corresponding to the m
biggest and m smallest (in modulus) coordinates of x, where m = n; or m = ny. The main difficulty
in this scheme comes from the restriction 2m < qggen/d in Theorem m which is not satisfied for
m = ng. To resolve this problem we split the set of 2m columns into smaller subsets of columns of
size at most qggen/d, and create independent random variables corresponding to this splitting and
such that their sum is <RZ(M + W), ZL‘T> up to a constant. Then we apply Proposition allowing
to deal with Lévy concentration function for sums of independent random variables.
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We first describe subdivisions of M,, 4 needed for our construction. Given J C [n] and M € M,, 4
denote
I(J,M) ={i <n : |[suppR;(M)NJ| =1}

(¢f., the definition of I*(M), I"(M) before Lemma — clearly, if we split J into J¢ and J”, then
I(J,M) = I*(M)U I"(M)). By Mj we denote the set of n x |J| matrices obtained from matrices
M € M,, 4 by taking columns with indices in J, i.e.,

M= {V = {Uz‘j}ign,jeJ :dM € Mn,d such that Vi < an eJ Vij = ,uij} .

Now we fix ¢o < n and a partition Jy, Ji, ..., Jg, of [n]. Given subsets I3, ..., Iy, of [n] and V € M,
denote Z = (I,...,I,,) and consider the class

FIZ,V)={MeMpq :Vgelqp I(Jp,M)=1, and Vi <nVje Jy puij =i}

(depending on the choice of Z such a class can be empty). In words, we fix the columns indexed by
Jo and for each ¢ € [go] we fix the rows having exactly one 1 in columns indexed by J,;. Then M,, 4
is the disjoint union of classes F(Z,V') over all V. € M, and all Z € (P([n]))%, where P(-) denotes
the power set.

Furthermore, given V' and Z as above, we split each class F(Z, V') into smaller equivalence classes
using the following equivalence relation. Fix ¢ < n and A C [go]. Denote Ag := {0} U ([g0] \ 4). We
say that two matrices M, M € F (Z,V) are equivalent if

Vs<iVj<n Msj = [hsj

Vs<nvVied =) J,  py =,
qE€Ap

and

VSSTIVQEA Z/LSJ‘:Z[LS]'.

J€Jq J€Jdq

The collection of equivalence classes corresponding to this relation will be denoted by

H=H(F(Z,V),i,A), in particular F(Z,V)= U H.
HeH

Note that for matrices in a given class H, the rows Ry, ..., R;—1 are fixed and every block [n] x J; has
a prescribed sum in each row, thus, in a sense, these blocks are independent of each other on H.

Finally, given a vector x € C", an index i < n, a class H € H (in particular, V,Z,i, A are fixed),
and ¢ € A, we introduce a random variable {, on H by

& = &(M) ==Y pija;.

J€Jq

In words, §, represents the dot product of x with the restriction of the i-th row to J,;. Later we use
this construction in the case when i € I, for all ¢ € A, that is for a specific choice of parameters
defining our classes (recall here that for M € H, |[suppR;(M) N Jy| = 1 provided that i € I;). As
we have already mentioned, by construction, for matrices in the class H every block [n] x J; has a
prescribed sum in each row, therefore the random variables &;, ¢ € A, are independent. Thus, using
that for a fixed matrix W = {w;;} and a fixed constant vector y € K, the function

n n
=& M) = pyz+ Y wijzj+yd+y Y wy
P =1

jeJ
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is a constant on H, we may apply Proposition (in which we identify C with R?) to

(R + W), @ +9)T)| = | D& +¢
qeA

with some a > 0 satisfying Q(&,;,1/3) < « for every ¢ € A. This gives
Co

V(= a)[A]

P(KRAMAJV%@+yﬁN§1&)§
where Cj is a positive absolute constant.

We are ready now to estimate individual probabilities.

Lemma 4.6 (Individual probability). There exist absolute constants C,C" > 1 > ¢; > 0 such that
the following holds. Let C' < d < mn, K C [n], € € [g9,0.01]. Set mg = |qgqen/(2d)| and let my and
ma be such that my < mo < n —my. Assume that x € C" satisfies

Ty, >2/3 and  x; =0 for every i>my.
Let W be a complex n x n matriz, y € KC, and denote m = min(mg, my) and
E:ﬂ@:{MeMw:WM+W%@+wM§¢@%}
Then if my < mg and |K¢ < 3myd/5
P(E N Qo ) < (5/6)™72,
if my > C'mg, € = 0.01, and |K€| < 3mod/5

< [ ==
]P)(Eﬁ QQmO78) < <m1d

Remark 4.7. We apply this lemma below twice: first with mi1 = ny < mg, ma = ne, € = 0.01,
obtaining
P(E N Qan, 000) < (5/6) 7%

then with my = ne > mg, mg = ng, € = 0.01, obtaining

Cn 0.01 qzn/8 o cn
P(E N Qo < (== < (=)
(ENQy 0’0'01)_<dn2) _<d>

where C1 = 8C3 and ¢ = qggn/2400 are positive absolute constants.

Proof. Fix v = 3md/5n. Fix x € C" and y € K satisfying the condition of the lemma. Let o be

a permutation of [n] such that x] = |z,(;| for all i < n. Denote go = m1/m and without loss of
generality assume that either ¢qg = 1 or that ¢¢ is a large enough integer. Let Jf, Jf, e Jgo be a
partition of o([m;]) into sets of cardinality m. Let J{,J3,..., Jy be a partition of o([n —m1 + 1,n])

into sets of cardinality m. Denote

1
Jy = Jf UdJ, for ge€lg] and Jo:=[n]\ U Jq-

g=1

Then Jy, Ji, ..., Jg, is a partition of [n], which we fix in this proof. Let M & Qo,, .. For every pair Jg,
Jy» let the sets Ig(M) and I (M) be defined as before Lemmaand let I, = 1,(M) = Ig(M)UI;(M).
Since

|Jql = 2m < 2my < qzxen/d,
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Lemma [3.6] implies that
[1g(M)], 115 (M)] € [(1 — de)md, md],

in particular,

I1,| € [2(1 — 4e)md, 2md). (10)

Now we split M,, 4 into a disjoint union of classes F(Z, V') defined at the beginning of this subsection
with Ve M, and Z = (I4,...,I;) and note that Qo N F(Z,V) # 0 implies that I, satisfies
for every g. Thus, to prove our lemma it is enough to prove a uniform upper bound for such classes,
indeed,

P(E(z) N Qopme) < maxP(E(x) N Qo | F(Z,V)) < maxP(E(x)| F(Z,V))

where the first maximum is taken over all F(Z, V') with Qa,, . N F(Z, V') # 0 and the second maximum
is taken over F(Z,V) with I,’s satisfying (10).
Fix such a class F(Z,V) and denote the uniform probability on it just by Pz, that is
Pr() =P([F(Z,V)).

Let

Note that |I| < 2gymd. We first show that the set of i’s belonging to many I,’s is rather large. More
precisely, given i € [n] denote

Ai={qelq] :iely}, lTo={iel:[A|>vq}, and Io=IpnNK.
Then, using bounds on cardinalities of I,’s, one has

q0 n
2(1 — 4e)mdgo < Y |T,| = Ai| < [Toolgo + (n — [Tool)va0 < [Toolgo + nyqo.
g=1 i=1

Since € < 0.01, v = 3md/(5n) and |K¢| < 3md/5, we get
|Io| > |Ioo| — |K€| > 2(1 — 4e)md — 6md/5 > 2md/3.

Without loss of generality we assume that Ip = {1,2,...|lo|} and only consider the first k := [2md/3]
indices from it. Then [k] C Iy C K.
Now, by definition, for matrices M € E(x) we have

J(M + W) @+ )3 = 30 1R + W), (@ + ) [P < eym
€K

Therefore there are at most 9cimd rows with [(R;(M + W), (x +y)T)| > 1/3. Hence,
i <k : [(Ri(M+W),(z+y)"| <1/3} >2md/3 — 9eymd > 2(1 — 14¢1)md/3
(we used that In C K). Let ko := [2(1 — 14c;)md/3] and for every i < k denote
Q:={MeF(ZV):| <RZ-(M + W), (z + y)T> | <1/3} and Qo= F(Z,V).

Then

Pr(E@)< > IP’;( N Q) < (/.Z) max Pf( N Q)

BC[k] i€B |B|=kq i€B
| Bl=kq
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Without loss of generality we assume that the maximum above is attained at B = [ko]. Then

ko
Pr(E(z)) < (1/e)' ™ T Pr@ln...n Q). (11)
=1

Next we estimate the factors in the product. Fix ¢ and A; = {q : i € I;}. Since i € I, we have
|A;| > vq0. Consider the splitting of F(Z,V) into classes H € H = H(F(Z,V),i, A;) as described
before the statement of the lemma and let Py denote the uniform probability on a class H, i.e.,
Py (-) = P(-|H). Since in every class H all matrices have their first ¢ — 1 rows fixed, for every H the
intersection H; ;== HN QN ...NQ;_q is either H or (). Thus

]P)]:(QZ’ MN...Nn Qi—l) < max PH<Qz)
H:H;#0

Fix H such that H; # () and consider the random variables &;, ¢ € A;, defined above. Then by @ we
have

Qi _ i (= t C()Oé C()a
Prr() = Prr(| (Ri(M + W), (2 + ) )| £1/3) < Ja—aA] - Vi-aha

where o = maxgea, Q(§4(M),1/3). Note that in the case g = 1 we just have

Pr () = a = Q(&1(M),1/3).

Thus it remains to estimate Q(&;,1/3) for ¢ € A;. Fix ¢ € A;, so that ¢ € I,. Recall that, by
construction, the intersection of the support of R;(M) with J; is a singleton. Denote the corresponding
index by j(q). Then

§=E(M) = pijmj = x50

J€Jq

and note that |z;,| > 2/3 whenever j(q) € Jf and z(4) = 0 whenever j(q) € J;. Denote
H'={MeH:jlqeJ} and H ={MecH:jq)eJ}
Since |£,| is either larger than 2/3 or equals 0 we observe that
Q(€,(M), 1/3) < max{Py(HY), Py(H)}.
Claim 4.8. For i < [2md/3] one has
max{Py (H"), Pyr(H")} < 4/5.

Combining the probability estimates starting with , using that v = 3md/5n, and applying
Claim we obtain in the case ¢ = my/m > C’,

1 10cimd ( 4C, )2(114cl)md/3
Pr(E(z) < | —
e (2 (5

C1
B (1> 10c1md <400ﬁ>2(1_1461)md/3 _ (Cln>md/4
N C1 3mad - \mad ’

provided that ¢; is small enough and C’ is large enough. In the case gy = 1 we have

1 10c1md 4 2(1—14c1)md/3 5 md/2
< (| — — <[ =
e () (5) <(3)

provided that ¢; is small enough. This completes the proof. ]
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Proof of Claim [{-8. We show the bound for Py (H*), the other bound is similar. Note that for matrices
in H we have I(Jg, M) = I, and I, satisfies (10). Since |J§| = |J;| = m, we observe that on H one
has

[IL(M)| > |Iy| = md > (1 —8)md and  |I[(M)| < md.

To compare cardinalities, define a relation R € HY x H" by (M, M') € Riff M € H*, M’ € H",
and M’ can be obtained from M by a simple switching in

(I \ [t =1]) x Jq

(note that the i-th row is necessarily involved in the switching). It is easy to check that for every
M € H and every M’ € H" one has

[R(M)| = [I(M)\ [i = 1]] and |R™'(M")| = [Ig(M")\ [i - 1],

hence |[R(M)| > (1 — 8)md — i+ 1 and |[R™*(M')| < md. Claim [2.1] yields

1
(| HT| < md < .
(1-8)md—i+1~ 1/3—8¢
Therefore,
[H|/|H'| = ([H'| + |H"|)/|H"| > 4/3 — 8¢,
which completes the proof since € < 0.01. O

4.4 Proof of Theorem 4.1]

We are ready to complete the proof.

Proof of Theorem [{.1} Recall that d is large enough, eg = \/(Ind)/d, p = |1/(5e0) ], and let £ = 0.01.
Denote m = mg = |qzgen/(2d) | and note that n/d>? < ny; < mg < ny and that |K¢| < L < 3n1d/5 <
3mod/5. Below we deal with matrices from

.
Qo = Qony e N Qopge N Ly N ﬂ ij,fo'
Jj=ro
Ifve 76’C and M € )y then Lemma implies that

L3 d?
(M — 21d)% ||, > y; [v]|2-

We turn now to the case v € 7;’6 for i =1,2. Let

veimd
lella},

&= {M € Mpq : 3v e T such that [|(M — 21d)Xov|s < 55
i

where ¢; is the constant from Lemma by = n8/(L3d%?), and by = d®/%b; = n%/L3. For a matrix
M € &; there exists v = v(M) € TX

veimd
2b;

I(M — 21d)" ) |l2 < [[v]]2-

Write v = x +y, where x € T; and y € K such that |y;| <z}, /10. Normalize v so that zj, = 1 (that
is, v € 7/). By Lemma 4.3 we have

6 \/> * 6
_ n « nazm n *
HUHQ - Hx + yH2 < 100L3d3/2 Ly + 10 = L3d3/2 Ty

S bﬂ?;l = bi.
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Let N; = N/ + N/ be the net constructed in Lemma Then there exist u € N with u), >
1—1/2d%? > 2/3 and uy =0 for j > n;t1, and w € N}’ C K, such that for large enough d,

< oyma-3z < Yamd

lv = (u+w)ll2 < Va(llz = ullo + ly — wlloo) 1d

Therefore, using that |[M| = d and |z| < d, we obtain that for every matrix M € &; there exist
u=u(M)eN and w=w(M)e N/ C K with

I(M = 21d)™ (u + w)ll2 < [[(M — 21d)* wll2 + (| M]| + |2])[[v = (u + w) ]2 < Vermd.

Using union bound, our choice of ni, ns, ng, Lemma and Lemma twice — first with
my = ny < mg, mg = ng, € = 0.01, then with m; = ny > mg, mg = n3, ¢ = 0.01 (see Remark ,
we obtain for small enough a3 and large enough d,

P (&1 N Q) <exp(—(n1d/2)In(6/5) + TneInd) < exp (—n1d/20)

and
P (&N Q) <exp(—cnlnd+ Tnzlnd) < exp (—conlnd),

where ¢y > 0 is an absolute constant.
Combining all cases we obtain that for z € Tx one has ||[(M — 21d)Xz|s < B||z||2, where

L3d®> L3\/cimod >L3al2 ) c1aq3IEN /2 L3d
6 > min | 1, >

8= min(

né ’ 2n nb 2d? nb
with probability at most
po =P (Qf) + exp (—n1d/20) + exp (—conlnd) .

We now estimate the probability pg. Using Theoremand that ny > n/d3/27 E%d =Ind, e = 0.01,
we obtain for large enough d,

1= IP’( 5”175) +IP( gm,ao) + exp (—n1d/20)

< exp (—52dn1/4) + exp (—sgdnl/S) + exp (—n1d/20) < exp (—n/d3/2) :

p2 =P (95, ) +exp(—conlnd) < exp (—e%dmo/4) + exp (—conlnd) < exp (—czn);

and

T

p3 = Z P(Q;jvgo) < ZT: exp ( - v gnd In (pi;}/2>>

=70 =T

< exp ( _ Pm;nd In (p?“OZi”/?))’

where c3 is a positive absolute constant. Since 79 > 0 and n > d°, we have

< —Ml (L) < _(Ind)Inn
ps < exp o nlpp))sep| 5|

Since p™ > 20L/d, we also have p3 < exp(—2L(Ind/d)). Since py < p1 + p2 + p3, the desired estimate
follows.

O
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4.5 Almost constant vectors

Given 6 > 0, we introduce a class of almost constant vectors by
B(0) ={r € C" : 3X € C such that [{i <n : |v; = A[ <Oz}, }] >n—n3}.

Note that this class slightly differs from the class considered in [38] — there we compared the error in
terms of |z||2 instead of z},,.

Remark 4.9. Let x € B(0). Fiz a permutation o = o, of [n] such that x] = |x,)| fori < n. Fiz
Ao = Ao(z) € C such that the cardinality of

Jy={i<n |z — Aol <0}

is at least n —n3 + 1. Then there exist positive integers k,{ with k < ng < £ such that o(k),o(f) € J;
and
zy, — 023, < |To)| — [Tok)y — Aol < Aol < Ao — o] + 240 < O3, + 27,

which implies
(1-6)z;

n

L < ol < (1 +0)a,. (12)
Define ng = [n/16d]. Given ¢ > 0, consider the following class of vectors
St):={reC":0<z,, <tr,}.

The proof of the next lemma is similar to that of Theorem 3.1 from [38]. We provide it at the end
of the section for the sake of completeness.

Lemma 4.10. Let 6 € (0,1/20] and t > 12 be such that ast < 1/100. Let K C [n] with |K¢| < n/4
and z € C with |z| < d/5. Then for every x € B(8) N S(t) and every M € M,, q one has

d
(M — ZId)KZL‘HQ > ﬂx*

2v/2 "
We also need the following simple lemma about almost constant vectors not covered by Lemmal4.10

Lemma 4.11. Let d > 3, 0 < 0 < 10/d® and t > 12 be such that azt < 1/100. Then every
x € B(9)\ S(t) can be represented as x = w +y with w € T and y € K with |y;| < wy;, /10.

Proof. Fix x € B(0) \ S(t). Then z;, > tx; . Let o, Ji, and Ao be as in Remark Consider
Y = (A0, A0s-.; Ag) € K and w = z — y. Since = € S(t) and by (12)), for every i < ng we have

[Woi)| = |To@ | — Aol = 25y — (L +0)ay, > (t—1—0)x;, > 101,

This implies wy,, > 10x},,. On the other hand, for every i € Ji, one has |w;| < z;,.. Since |J1| > n—ns,
this implies w}, < 6a7,.. Using that § < 10/d*, we obtain

*

* * 3
Wy, = Wy > d wy,,

which shows w € T.
Using again that = ¢ S(¢) and the inequality , we observe that for every ¢ < ng,

[Wai)| 2 2o = (Aol 2 |Za(ne)| = [Aol = tap, — Aol > (£/(1 4 0) = 1)[Ao| > 10]Xol,
which implies [y1| = |Xo| < wy,, /10 and completes the proof. O

As a consequence of Theorem [.1] and Lemmas and we obtain the main theorem of
this section.
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Theorem 4.12. Let a3 < 1/1200, d > 1 be large enough, n > d®, 1 < L <n/d®, and 0 < 0 < 10/d>.
Let K C [n] with |K¢| < L and z € C with |z| < d/5. Then with probability at least

1 — min(exp(—L/d), exp(—(Ind)(Inn)/20),
one has that for every x € (B(0) \ TI*) U Tk

L3d
(M — zId) Xz > 5 [|][2-

Proof. Fix t = 12. Fix x € B(0) \ T*. If 2 € Tx then the result follows by Theorem Therefore
we assume that z & T U 75’9 Then, in particular, z & ToU 73 and x € 71 U 75, hence, by Lemma

we have
100L3

Ty 2 2, [d° > o573 17ll2-

n
Since n > d3, this and Lemma implies the case when x € S(t). Note that Lemma says that
B(0)\ S(t) C Te U TS,

therefore we are done. O

Proof of Lemma[{.10 Since x € S(t), we have z},, # 0. Let o, Ji, and Ag be as in Remark and
set
Jr=o([no) \ 1, Js=o0([ns])\ (J1UJ2), and Jy=[n]\ (J1Uoc([ng])).

Then |Js|, |J4| < ng, [n] = J1 U Jy U J3U Jy, and
Vjeds |z < 33;3 and VjeJs |z < x:‘m < tx;‘lg (13)
Now, given a matrix M € M,, 4, consider
Iy ={i <n :suppRy(M)NJy # 0} and I, = {i <n : [suppRi(M) N Jo| > 16n3d/n},
for ¢ = 3,4. Since M € M,, 4, we have |I5| < dng and (16n3d/n)|1;| < d|Jy|, hence
|Ix] <n/16 and |I;| <n/16 for ¢=3,4.
Set I :=[n]\ (J2U I3 UI4Uo([ns]) UK®). Then for small enough as,
[I| >n—3n/16 —n3 —n/4>n/2 and Viel |z <z, <|Xol/(1-0).

Moreover, for every i € I, denote Jy = Jy(i) = J; NsuppR;(M) for 1 < £ < 4, and note that Jo = ()
since ¢ &€ I5. Using the triangle inequality, we observe for every ¢ € I,

(R = 21d), )] = | S ] = 3 Jagl = 3 Jagl = |l

JE J€J3 j€da
We estimate each of the terms on the right hand side separately. By the definition of Ji, we have

S ] = ol 1751 = 3 [ = do| = 5] (1Rol = 65,) = (d = 32nd/m) (1 — 26)
JE€JL JEJL

where for the last inequality we used and that for ¢ & Io U I3 U I4 one has

\Ji| = d — | Jo| = |J3| — [Ja] > d — 32n3d/n.
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Using ,
S gl + > lwyl < sl ah, + [al 2, < 16(1 + t)nadas,, /n.
= je€Ja

Putting together the above estimates, we obtain for large enough d

[(R;(M — zId),wT)] ((d —32n3d/n)(1 — 20) — 16(1 + t)nzd/n — |2|)

>
> (1 - 20 — 16a3(3 +t) — |2|/d) d}y, > dx},, /2,

n3

where we used 6 < 1/20, t + 3 < 5t/4, ast < 1/100, and n3/n < az, and |z| < d/5. This implies

dz},. dx}.
| = 2ld)efy > == (1] > == /2,
2 2 2
and completes the proof. O

5 Gradual vectors

In this section we introduce the notion of k-vectors, which provide a discretization of the set of gradual
vectors, and discuss their properties. We will use notations of Section [d] in particular, g, p, 7, n,
ng, and ns.

We first define the set of gradual vectors as the set of all vectors which are not almost constant and
not steep. Note that any gradual vector x satisfies z;,, # 0. We will use the following normalization
of gradual vectors,

S:={zeC"\(TUB) : z;, =1},
where B = B(fp) with g = 10/d?® (the set B(f) was introduced at the beginning of Section |4.5)). Note
that, by the definition of the almost constant vectors, we have for any x € S that
VAeC [{i<n:|z;— )\ <6} <n-—ns,

and by the definition of the steep vectors,

VO<i<ry: T
Vro<i<r: =x

* 4
.r[nl/p“ S 4d s X

5.1 Gradual k-vectors

For every positive integer k we define k-vectors as vectors in C™ with coordinates taking values in the
set Z2/k = {w/k : w € Z*}. Let x = (v1,%2,...,2,) € C" and k € N. The k-approzimation of x is
defined as the k-vector y € C™ such that Rey; = |kRex;]/k and Imy; = |kIma;|/k for all i < n.
Clearly, ||z — Yoo < V2/k.

Below we split gradual vectors into classes of vectors, such that every pair of vectors from a given
class has the same coordinates up to some permutation. We formalize it as follows. Let z = {z;}; € C™.
By 2f = {:z:f}Z denote the vector (T,(1), Tg(2), - - > To(n)), Where the permutation o is chosen so that
To(1) = Te(2) = -+ = To(n) IN the sense of lexicographical order introduced in Section 2, Recall that
x* = {x}}; denotes the non-increasing rearrangement of {|z;|};. Consider the following subset of
“normalized” k-vectors,

Ay = {y € C": y is a k-approximation of a vector in 8}.
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Observe that for every y € Ay,
1=V2/k <yh, <1+ V2/k. (14)

Next consider the equivalence relation on Ay defined by x L y iff 2% = y* for two k-vectors = and y.
This relation partitions the set A into the equivalence classes. We first estimate how many classes
we have.

Lemma 5.1. Let d < n'/3 be large enough and 1 < k < \/ﬁ/d3/2. Then the number of the equivalence

classes (with respect to the relation i) in Ay does not exceed e™.

Proof. From every equivalence class choose exactly one representative x, satisfying |zi| > |zo| > ... >
|y, |, multiply it by k and consider the set Aj of such elements. Note that by definitions every element
of A}, has integer coordinates and, moreover, Aj C k.Ay.

Define a partition of [n] into following r + 4 sets. Let Ip = [n] \ [n3]. Set I; = [p]. Then for every
1<i<r, set I; = [p']\ [p"!]. Finally, set

Lyv =[]\ [p"], L2 =[no]\ [ni], and Iy = [n3] \ [na].

The cardinalities of I;’s, 0 < ¢ < r + 3, we denote by N;’s. Clearly, Ng < n, N,1; <n;j for j =1,2,3,
andNigpiforlgigr.

By the normalization of vectors in S and by , for every x € kA, we have z;,, < k++v/2 < 2.5k.
Therefore, by the definition of gradual vectors we have that for every x € Aj and every ro <i <,

xhy <25k, ah, <25kd*?, 2l <af < 25kd°,  a < 2.5kd® (4d)" T (15)

n n p
and, using that n < nyd*?2 < p"t1d3/2 and p? < d, for 0 < i < ry,
vk < 2.5k(n/p' )Py, < 2.5kp* D @M (4d) T < 2.5kd* (4d)>PUHY), (16)

For 0 < i <r+ 3 let v; be the number of possible distinct coordinates of the projection of y € A;c
on C’i. Recall that every element of A has integer coordinates. Note that if a complex number
z = a + ib with integer a and b satisfy |z| < A for some A > 2.5 then —A < a,b < A, so there are at
most (24 + 1)? < 642 such numbers z. Therefore, by and , we have for 1 <i<r+1,

v <A0K?,  vpys < 40K, vppo <40K%dS,  and  y; < 40K%dY (4d)PC 20,

The number of sequences {z; i]\il in CV taking values in a set of cardinality v, where we don’t
distinguish between sequences which can be obtained one from another by a permutation, equals
(N +]{,’_1) (indeed, after introducing an order, this corresponds to the number of non-increasing se-
quences {y;}}¥, C [v] and we can pass to the strictly decreasing sequences {z}~Y, C [v+ N — 1],
where z; = y; + N — ¢, hence this number is the same as the number of N elements subsets of

[v+ N —1]). This leads to
r+3
Ni+v;—1
A/ S < 2 1 >
=11 ("y

Using bounds for v; and NV;, the standard estimate (?) < (em/0)’, and that d®k? < n, p" < n/d%/?,
we get

_ 2 3 f
B - <No+1/0 1> - <N0—|—l/0) < (n+40k ) < <n+ |40n/d J> < (ed3/20)40n/d3;

Ny B 12 40k2 L4On/d3J
By = (Nr+2 + Vpt2 — 1) - <n2 + 40k2d6> < <4lend3>n2 < qin/d?,
Nyio na2 n2
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B Nyjs+vrgp3—1 < ns + 40k2d3
5 Niys—1 - n3

) < tite/ag)

and, for 1 <i<r-+1,

<NZ~ +v— 1) - <pi + 40k>d° (4d)5(7"+2i)>
[ pZ .
If p' > 40k%d? (4d)°"+2=9) then By, < 47" otherwise, using
k2d3p7i S npf’i S n1d3/2p*i S pT+1*id3/2’

we have

2 79 5(r+2—1) P i
B47i S (80€k d (4Zd) ) S <d8 (4d)6(7‘+271))p .
p

Denoting By = H:;rll By, using that d is large enough, and passing to sums of logarithms, we
have

r+1 r+1
mB; < p'ln <d8 (4d)6<r+2—i>> < Y P (60 In(4d) + 81ud)
i=1

£=1
(L=r+2—1)

< 20p" M Ind < 20png Ind < n(lnd)/d.

Combining all bounds we obtain
|A}| < BiB2B3By < €",

provided that as is small enough and d is large enough. O

5.2 The /-decomposition with respect to k-vectors

In this subsection, we introduce one of the most important technical ingredients of the paper — the /-
decomposition with respect to k-vectors, which is a special way to structure a k-vector y as a collection
of two-dimensional “stairs” or “ladders” which ultimately determine the anti-concentration properties
of the product My (with a random matrix M uniformly distributed in M, 4).

Let y = (y;)i~; € C™ be a k-vector. We will construct a partition of [n] into two sequences
of subsets of [n], (£S;(y))72y and (LR;(y))72y, which we call spread {-parts and regular £-parts,
respectively. Note that all but a finite number of the subsets are empty. When the vector y is clear
from the context, we will simply write £S; and LR, for the corresponding ¢-parts.

Our construction consists of a series of steps (indexed by j), and each step comprises a sequence
of substeps. At j-th step (except j = 0), we already have sets (ESU)JU;B and (ERU)Z;%) constructed.
If j =0set Ip:=[n] and Ag := {y; : © € [n]}, otherwise set

I :=[n]\ ( U LS, U U LR,) and Aj:={y;: i€}

u<j—1 u<j—1
Now, for each A € A; such that |{i € I; : y; = A} < 27H! we let
L(j,A) ={ielj: yi= A},

and for every A\ € A; with |{i € I; : y; = A}| > 2771 we let L(j,\) be the subset of {i € I; : y; = A}
of cardinality 2/ such that
L(5;A) = I; N [1, sup L(3, A)]
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(that is, we choose L(j,)\) as the “leftmost” subset of cardinality 27). Note that by construction for
7 > 0 we have ' '
2171 <|L(5,\)| < 27T (17)

We refer to sets (L(j, A))xen, as level sets of order j (with respect to y). The union of the level sets
of order j will form the spread and regular parts, £LS; and LR, i.e., we define LS; and LR; so that

LS;ULR; = | L3, N).
)\GA]'

To separate the spread part from the regular one of the same order, we apply an embedded procedure
consisting of substeps. Our construction of spread vectors is based on extracting a maximal (d/k)-
separated set subset from A;, consisting of at least 2 elements, provided that such a set exists. Note,
that we need to have at least 2 elements to be able to apply anti-concentration later. We construct a
subset Af C A, as follows.

Substep 1. If the diameter of A; is strictly less than d/k then we set Af := () and terminate. Otherwise,
note that there is at least one pair of numbers A\, X" € A; such that |\ — X'| > d/k. Define \; as the
largest (with respect to the lexicographical order, see Section number in A; such that [\; —\'| > d/k
for some X' € A; and pass to the next substep.

Substep m (m > 1). We have already chosen numbers A1, X, ..., \pp—1 in Aj. Ifall X € A; are within a
distance strictly less than d/k to {A1, A2,..., Apm—1} then set Af = {A1, A2, ..., \m—1} and terminate
(note, by the construction, this cannot happen if m = 2). Otherwise, let A, be the largest number in
A; with the distance to {1, X2,..., A—1} greater or equal to d/k and go to the next substep.

Note that by construction we have that the sequence (Ap,)m>1 is decreasing (with respect to the
lexicographical order) and, moreover, |\, — A,| > d/k for every admissible u # v. Now, by the spread
{-part of order j with respect to y, we call the union

LS;=LS;i(y) = J LGN
AeAf

and by the reqular £-part of order j with respect to y, we call the union

LR =LR;(y):= |J LGN
)\EA]'\AJS

The height h(-) of a regular (resp, spread) ¢-part is the number of level sets it comprises (if the
(-part is empty then h = 0). In particular, by , if £; is either LS; or LR;, then

Ph(L;) < |£;] < 2HR(Ly). (18)

Note also that by the construction the height of a non-empty spread part is at least 2. We will often
write £ to denote an f-part (of some order) with respect to y. Note also that the maximal number
of steps (starting with the step j = 0) that we can have is the smallest j + 1 such that n < 27! i.e.
j+1=[logyn] < 1.5Inn for large enough n. Therefore, the number of non-empty ¢-parts, denoted
below by m(y) is at most 31nn.

Finally we introduce the ¢-decomposition. Let y be a k-vector with the corresponding ¢-parts
{LS;,LR;}j>0. We will re-enumerate the non-empty spread and regular {-parts and will write

(C(Q))g‘zl (i.e., suppressing the order and spreadness/regularity), where m = m(y) < 3lnn. To

make this representation unique, we assume that within the sequence (E(q))g";l, any spread f-part

precedes (by the index) any regular ¢-part, and that for any two spread (resp. regular) parts, the one
of smaller order precedes the other. In what follows, such a sequence will be called the £-decomposition
with respect to y.
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Below, given a level set L C [n], i.e., a set of coordinates where y; preserves its value, we denote
this value by y(L).

To clarify our construction we would like to provide the following example.
Ezample. Let n =7, d =2, k = 6. Consider y = (1/2,1/3,1/2,1/6,1/2,1/3,—1/3). Note that y
is a k-vector. According to the above procedure, at step j = 0 we have Ag = {1/2,1/3,1/6,—1/3}
and construct level sets L(0,1/2) = {1}, L(0,1/3) = {2}, L(0,1/6) = {4}, L(0,—1/3) = {7}. Since
d/k = 1/3, we get that A5 = {1/2,1/6,—1/3}. Thus {1,4,7} is the spread f-part of order 0, and
{2} is the regular ¢-part of order 0. At step 1, we have Ay = {1/2,1/3} and construct level sets
L(1,1/2) = {3,5} and L(1,1/3) = {6}. Then Ay = {), therefore () is the spread ¢-part of order 1, and
{3,5,6} is the regular ¢-part of order 1. Altogether, we have m(y) = 3 non-empty ¢-parts — one spread
{-part of order 0 with the height 3, one regular /-part of order 0 with the height 1, and one regular
¢-part of order 1 with the height 2. The ¢-decomposition with respect to y is ({1,4, 7}, {2}, {3,5,6}).

A quick analysis of the construction procedure for the ¢-parts gives the following properties, which
we summarize into three lemmas. We leave the (rather straightforward) proofs to the reader.

Lemma 5.2. Let y be a k-vector, X\ € Z/k and set I = {i < n : y; = A\}. Assume that I # () and

denote u := | logy((|I| +1)/3)|. Then
u+1

I={J L3N
=0
2 < |L(u4+1,\)|=|I| =21 +1<22 — 1, and VO<j<u: |[L(N)| =2

Lemma 5.3. Let y be a k-vector, let j > 1 and assume that LS; ULR; # 0. Then for all0 < m < j
we have LS, U LR, # 0,

h(LSy) + h(LRy,) > W(LS;) + h(LR;),
and

{yz’ 11 € [:Sj UﬁRj} C {yz 1 e LS, UﬁRm}

Lemma 5.4. Let y be a k-vector and let LS;, LRj, j > 0, be its £-parts. Then
e The height of every non-empty spread £-part is at least 2.
e For every non-empty spread {-part LS and any iy,i2 € LS with y;, # yi, we have |yi, —yi,| > d/k.

o If y is a permutation of the vector y then necessarily the f-parts of y and y agree up to a
permutation of [n]; in particular, the heights and cardinalities of spread or regular (-parts of a
given order with respect to y and iy are the same.

The last property implies that with every equivalence class C C A and every j > 0, we may
associate four integers by fixing (an arbitrary) y € C and setting

cs;(C) = [£Sj(y)l, erj(C) := [LR;(y)], hsj(C) := h(LS;(y)), hr;(C) := h(LR;(y))-

The following lemma allows to estimate cardinalities of equivalence classes in terms of these quan-
tities.

Lemma 5.5. Let k > 1, C be an equivalence class in Ay with respect to the relation i Then the
cardinality of the class C can be estimated as

ol < 'H o
cs;!crj!

where we adopt the notation 00 = 1.
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Proof. There are clearly n!/ H;io cs;ler;! ways to “assign” (-parts to specific locations within [n]. Fix
for a moment j > 0 with cs; # 0 and let LS be a fixed subset of [n] of cardinality cs;. Recall that
Prs(y) € C5S denotes the coordinate projection of y onto C*S := span {e; : i € LS}. Consider the
set

Wes == {Prs(y) : y €C is such that L£S;(y) = LS}

Since all vectors within a given equivalence class share the same levels, the cardinality of W, s can be
estimated from above by hs;*. Similarly, we can estimate the number of realizations of regular /-
parts. Combining this with the estimate for “location assignments,” we obtain the desired bound. [

5.3 Decomposition of the set of gradual vectors

In this subsection, we define a way to partition the set of gradual vectors S in terms of structure of
their k-approximations. Roughly speaking, we will observe the following dichotomy for a vector x in
S: either x possesses a k-approximation y (for a relatively small k) whose ¢-decomposition contains
many spread {-parts (that is, the distance between the “stairs” in a graphical representation of y is
often large), or, for an appropriately chosen k, the k-approximation of x contains ¢-parts with large
heights.

Given integer u > 0 we introduce two subsets of S,

Ky = {Jc € S : in the /-decomposition with respect to the d“-approximation of x,

the total cardinality of the spread /-parts is at least c;cng}
and

Pu = {x € S : in the ¢-decomposition with respect to the d“-approximation of x,

the total cardinality of spread and regular ¢-parts with heights not smaller

than 079207’(“_4)“%3 is at least ang}.

Here, by “total cardinality” we mean the cardinality of the union of the respective ¢-parts, and ci,
cp € (0,1) are two universal constants whose values can be derived from the proofs. Note that for
small u > 1, we have cp2¢P (4334, < 1 50 the set P, coincides with S.

The next theorem is the main statement of the subsection, and one of the main technical ingredients
of the paper.

Theorem 5.6 (Decomposition of S). Let v > 5 be an integer. Then

SzLUJICuU?%.

u=4

Theorem says that for any vector x in S, either x belongs to IC, for some u < v or z € P,. To
prove this theorem, we first consider more technical (yet more simple) ways to partition S, and then
gradually “replace” them with the conditions we are interested in.

The following lemma is a straightforward implication of Lemma 2.2 in [38].

Lemma 5.7. Let 6y = 10/d3, x € S, k > 5/6y, and let y be the k-approximation of x. Then there
exist disjoint subsets I,J C [n] such that |I|,|J| > n3/4 and for any i € I and j € J we have

lyi —y;1 > 6o/2.
We now prove a dichotomy lemma dealing with cardinalities of ¢-parts.

Lemma 5.8. Let 6y = 10/d3, x € S, k > 2d/0q, and let y be the k-approximation of x. Then at least
one of the following assertions holds.
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e The cardinality of |J; LS;ULR;, where the union is taken over all j > 0 with h(LS;)+h(LR;) >
10, is at least ng/8.

e The total cardinality of the spread (-parts in the £-decomposition with respect to y is at least
n3/120.

Proof. By Lemma we can find disjoint sets I, J C [n] of cardinality at least n3/4 such that for
any ¢ € I and any j € J one has |y; — y;| > 09/2 > d/k. Let (ESj,ERj)JO-’;O be the f-parts of y, and
let jo be the largest integer j such that

(LS;ULR;)N(LTUJ) #0.

For concreteness, assume that (£S;, U LR;,) NI # 0 (the other case is treated similarly). By
Lemma [5.3] {y; : i € LS; ULR;} N{y;: i € I} # 0 for all j < jo.
Consider two disjoint sets of indices,

Ui = {j <Jjo: (,CS] @] ,CR]) NnJ # ¢ and h(,CS]) + h(,CR]) > 10}
and
Us={j <jo: (ESjUﬁRj)ﬁJ%@ and h([,SJ)—i-h(L‘R]) <9}.

Clearly,
Jc | («LS;ucLry),

jeU1uU2

hence either
‘ U (,CSJ U ﬁR])‘ > n3/8 or ‘ U (ES] U ER]) > n3/8.
jela JeU2

If the first bound holds we get that the total cardinality of spread or regular f-parts of cumulative
height at least 10 is at least n3/8, i.e. the first alternative of the lemma holds. We now assume that
the second bound holds. Note that for every j € Uy we have

{yi: 1€ LS;ULR;} N{y;: i €I} #0 and {y;: i € LS;ULR;}N{y; = i € J} #0.
Using that |y, — ys| > d/k for all a € I, b € J, by the definition of the spread ¢-part, we necessarily
have h(LS;) > 2, hence h(LR;) < 7. By this implies |£S;| > |LR;|/14 for every j € Us. Thus,

1

) U sz] > = j U (£8; U LRy)| = ny/120,

JjeU2 JjeUz

which implies the desired result. O
Lemma [5.8| allows us to prove a more elaborate dichotomy statement.

Lemma 5.9. Let x € S, u > 4, and let y* and y*t' be the d*- and d“T'-approzimations of .,
respectively. For each 1 < n, set

JUi):={j<n:yf =y} and  JUTNE) = {j <ncyf T =gt

Then we have the following dichotomy.
o Fither x € K, UKy41,
o or [{i <n: 20T < [JU(0)|}] > ns/192.
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Proof. Let x,y" y**! be as above and note that d* > 2d/fy for any u > 4, in particular we may

apply Lemma [5.8 witk & = d“ to the vector y*. Denote
Ii={i<mn:2lJ" 1 (5)| < [JU()[}.

Assume that z ¢ K, and that I < n3/192. We show that x € Ky1.
For m = u,u + 1 denote
um.={J"():ie€I° and
V= {j > 0: [{J €U™: (LSj(y™) ULR;(y™) NJ # 0} > 10}.

We first prove that

U s ™ uLr;nn Y J(zn3/144. (19)

jGV“+1 JeUu+l

Note that by the definition of k-approximation, given j, Re yj = ¢ /d* for some integer ¢ if and
only if Re y“'H =(/d* +m/d**! for some 0 < m < d, and the same holds for the imaginary parts of
vy, yj Ul This implies that JutL(i) c Ju(i) for every i. Thus, there exists a bijection p : U% — Uu*!

such that each set J € U% corresponds to p(J) € U* with p(J) C J and 2|p(J)| > |J|. Since every
J in U" is a level set, Lemma implies that the set V" is an interval in Z, that is, either V% = () or
V¢ =1{0,..., sup V¥}. Similarly, V¥*! is an interval. Moreover, if V* # () then Lemma together
with the inequality 2|p(J)| > |J| implies

sup V™ > max(sup V* — 1,0)
Consider the set
Jo={j20:7¢V" and h(LS;(y")) +h(LR;(y")) = 10}.
Observe that for every j € Jy, the union £S;(y*) U LR ;(y") has at least
WLS;(y*) + LR (y*) = 9 = (M(LS;(y")) + M(LR;(y")))/10

of its level sets contained entirely in I. Hence, by (see also Lemma ,
Vj e Jo ‘(ﬁSj(y“)UERj( ﬁf‘ >—‘[,S “YULR,(y )‘

Since x & K, the total cardinality of the spread ¢-parts in the ¢-decomposition with respect to y* is
at most cxns < n3/120 provided that cx < 1/120. Therefore, by Lemma the total cardinality of
spread and regular parts of cumulative height 10 or more, is at least ng/8. Then the last relation and
the upper bound on the cardinality of I yield that

) U £8;(5™) U LRy (y")| = ns/8 — 12]1] = ns/16

Jjevu

(in particular, V* # (). Using that |J;.yu J D I¢, we obtain

] U (£8; v LRy n | J‘ > n3/16 — |I| > ns/18. (20)

jEVH Jeun

Next, consider a set J € U" satisfying

L:= | J (LS;(y") ULR;(y")) N T #0.

jeve
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Then L is the union of level sets of y* of all orders 0, ..., jo for some 0 < jo < sup V*. Since the
set p(J) € U*! has cardinality greater than |.J|/2, Lemma implies that p(J) must contain level
sets of y“*! of all orders 0, ..., max(jo — 1,0) (note that necessarily max(jo — 1,0) € V¥*1). Applying
Lemma again, we obtain

U €856 LR ) ()| 2 <] U (€85 U LR, () 11|

jevutl jeve

This together with implies .
Finally we show that implies that z € Ky11.

Fix j € V%! and let JY, J2,...,J% (b > 10) be (distinct) elements of U%*!, which have a non-
empty intersection with £8;(y*™!) U LR;(y*™!). Denote z, = y“™(J%) and w, = y*(p~1(J),
a < b. Since p is a bijection, wy, ..., wy are also distinct. It will be convenient, to see elements of
those two sequences as elements of lattices A, := (Z/d*)? and A,41 = (Z/d**1)%. We also denote
D =[0,(d—1)/d**] x [0, (d—1)/d"“"!]. As we noticed above, by construction, we have z, € w, + D
for every a < b. Now we split A, into nine equivalence classes using the relation (vq,vg) ~ (v3,vy4) if
and only if d"“(v; — v3) and d“(ve — v4) are divisible by 3. Let A be an equivalence class such that
|AU {wa}a<p| > b/9. Note, if wq,wy € A then ||zq — 2¢/|oc > 2/dY, in particular, £S;(y"“*) # 0. Let
Ay woos Am, m < b/9 — 1, be as in the construction of £S;(y“™!). Then for each i < m, A\; € Ayt1
and \; € p; + D for some p; € Ayy1. Let fi; be the closest (in foo-metric) to p; point of A. Since
m < b/9 — 1, there exists wg € A\ {g;}i<m. Then for each i < m we have

lwa = tilloo = llwa — filloo — |2 — pilloo = 2/d".
Since z, € wg + D, A; € u; + D, we observe
|2a — Ai| > ||2za — Ail|oo = 1/d™.

This shows that the sequence {\; }i<, can be continued. Thus, ESj(y“H), the spread ¢-part of order j
with respect to y*!, must comprise at least b/9 levels (i.e., its height is at least b/9). Then, applying
estimates for cardinalities of individual level sets , we obtain
£ > ;g[S v er e | .
Jeuutl

-

Taking the union over all j € V¥*! and choosing small enough cx, we obtain the desired result. [
We are now ready to prove Theorem

Proof of Theorem[5.6 Fix a vector z € S, and assume that z ¢ | J; _, K. We show that 2 € P,. For
every u > 4, let y* be the d“-approximation of x. For ¢ <n and u > 4 let

JU@) :={j <n:yf =y} and I":={j<n:20JT(Q) <TG}

The assumption that z ¢ (J; _, Ky, together with Lemma implies that |[I*| > n3/192 for 4 < u < v.
Define an auxiliary integer vector a = (a;)}'_, by setting for i < n,

:‘{4§u<v:i€[“}|.

The lower bound on cardinalities of sets I* implies that

Zaz > 4)n3/192.
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On the other hand, clearly a; < v — 4 for all i <n. Recall n3 = |agn|. Let
J:={i<n:a > (v—4)n3/(384n)}.

Then .
(v—4)ng/192 <Y "a; < [J|(v —4) + (n— |J])(v — 4)as/384,

i=1

which implies
|J| > (n3/192 — a3n/384)/(1 — a3/384) > n3/400.
By the definitions of I* and a;’s, we have for every i € J, [JU(i)] < 2-(v=%3/384y hence, by
Lemma in the /-decomposition of 3V, any regular or spread /-part of order
J > o= |logy(27 V30 | 41

does not have a non-empty intersection with .J. Thus, we obtain

Jo
U 28, U LRy ") = | U £8,6) U LR, (07| 2 1] = my/ 400
>0 =0

Finally, since by any regular or spread f¢-part of order j and of height at most h has cardinality
at most 2/T1h, the last relation yields for every positive integer h,

U s U  rRi”)
T20: R(LS; (y*))>h 20:h(LR; (y*))=h
> n3/400 — ‘ U LS;(y") U U LR;(y")
7<jo: h(LS;(y?))<h 7<jo: h(LR;(yV))<h
> n3/400 — 2 - 290F2(h — 1) > ng /400 — h - 247 (v=Has/384p

Choosing h = 2(v=4a3/3844, /(400 - 2°), we get the result with cp = 1/(400 - 25). O

6 A small ball probability theorem

Let K C [n] and M be the random matrix uniformly distributed on M,, 4. The purpose of this section
is to study anti-concentration properties of a random vector of the form M%y 4V, where y is a fixed
k-vector and V is a fixed vector in CI¥l. The high-level idea is to replace the random vector MXy,
whose distribution is difficult to describe due to dependencies within M*%, by a “simpler” random
vector Z = (Z;);cx whose anti-concentration properties can be studied with the help of standard
tools. The construction of Z will be done in such a way that we will be able to pass from estimates
for Z back to M¥y by conditioning on a certain event of not too small probability. The actual
proof is technical, and even stating the main result of the section requires some preparatory work.
Instead of working with the probability space M,, 4, we will split it into certain equivalence classes
(the splitting will depend on the structure of the vector y, more precisely, on the partition of [n]
given by the ¢-decomposition of y), and study the conditional anti-concentration. The probability
estimate will be given as a function of the ¢-decomposition. As we mentioned in the introduction,
this argument is related to the LCD-based method of Rudelson and Vershynin [49] which in turn was
strongly influenced by earlier works on singularity of discrete random matrices [33],[54] 56]. A principal
difference of our approach is that the £-decomposition, being a “multidimensional” characteristic of a
vector, provides much more structural information than LCD. This structural information is heavily
used in this part of the paper.
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We start by introducing a structure on M, 4. For each m < n, let R, ,, 4 be the set of n x m
matrices with integers coefficients from the set {0,1,...,d} such that
1. the sum in each row is d, and
2. the sum in every column is a non-negative integer multiple of d.

m

g=1, where

Now, for every k-vector y with the /-decomposition (£(®)

m =m(y) < 3lnn,

we define the mapping ﬂ from M,, 4 into R, .4, which assigns to each matrix M € M,, g ann xm
matrix Q = (Qiq)ig € Rn,m.q defined by

Vi<n Vg<m Qi := Z M;;,
jeL(a)

that is, the matrix @ is obtained from M by summing up respective columns. This mapping defines
an equivalence relation £ on M, 4, where M A M’ whenever both M and M’ are mapped to the same

element of R, ,, 4. Further, a given matrix @ € Ry 1,4, we denote by M,, 4(Q,y) the equivalence

class of matrices in M,, 4, which are mapped to @ via the correspondence ﬂ If My a(Q,y) # 0

then the uniform probability measure on M, 4(Q,y) will be denoted by Pg ,,.

For the rest of this section we fix integers £ > 1, m > 1, and a vector y € A with the /(-
decomposition (E(q))glzl. Let Q € Rym,a be such that there exists M € M,, ;4 which is mapped to @

by @h in particular, for every ¢ < m one has
> Qig=d|LY]. (21)
i=1

In what follows, such matrices () will be called y-admissible. Denote hg := h(£9). For all i < n and
g < m, we define the weight w;q by

heQiq/d, if £ is regular,
Wiqg = wiQ(ya k’Q) = ! ZQ/ . (q) : (22)
hg\/Qiq, if L9 is spread.
Now, given i < n, the small ball probability estimator SB; is
. . -1
SB; = SB;(y, k,Q) := min (1, min w;, )
where we adopt the convention 07! = oo. The estimators SB; are designed to measure anti-

concentration of inner products (R;(M),y"), for M distributed in M,, 4(Q,y). We prove the following
theorem.

Theorem 6.1 (Small ball probability). Let d,n be large enough integers such that d®> < n. Let
K C [n] be such that |K¢| < n/(501nd) and assume

1 <k < min (vn/(8d**VInd), d~'0e"/ GIED).

Let y and Q be as above. Then for any non-random vector Ve CX| and any v > 1 one has

Poy{M € Mna(Q.y) : [M¥y+ V|2 <y/dK]|/k} < C"*KIT] SB;,
=1

where C' > 0 is a universal constant.
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The main difficulty in proving Theorem [6.1] lies in the fact that the rows of the random matrix
uniformly disctributed on M,, ;4 are dependent. To deal with this issue, we construct a special random
vector Z in CIXI with independent coordinates having a property that, conditioned on a certain event
of not too small probability, it has the same distribution as MXy.

Let y and K be as in the theorem. Recall that by the definition each ¢-part £(9 is representable
as the union of level sets of y,

hq
£ = )L, (23)
p=1
where we assume for concreteness that y(L!, ) < y(Lp) (in lexicographical order) for all p < h,. For

each ¢ < m, we define the set of pairs

Agi={(,w) : 1<i<n, 1< Qi 1<w< Qi)
Then |A,| = Y Qiy = d|L£D]. Further, let
=1

{€l :1<q<m,6e€A;}

be a collection of jointly independent random variables, where each 5:51 is distributed in the set
{1,2,...,hg} in such a way that for all p < hg,

| Ly
P{gg :p} L@

Define random variables Z;, i € K, as

m Qiq
=3 > u(zt ) (24)
qg=1 w=1 (6w)
and set Z := (Z;);ex. Note that each variable Z; is a function of

(€l 1<a<m 1 <w< Qi)

and those sets of variables are clearly disjoint for distinct i’s, hence (Z;);cx are jointly independent.
Since each Z; is a sum of discrete complex-valued random variables, we can apply Proposition to
study its anti-concentration properties. As we show below, the conditional distribution of Z given
a certain event of not too small probability, coincides with the distribution of AXy, where AX is a
“multigraph” version of M¥ in which we allow entries greater than one (i.e., multiple edges). This
correspondence will be made precise later, as the first step we define and estimate the probability of
the event to be conditioned on.

Claim 6.2. Let h, N, Ny, ..., Ny be positive integers satisfying ZZZI N, =N. Let &1, &,..., EN be
i.i.d. random variables taking values in the set {1,2,..., h} with probabilities P{¢; = p} = N, /N for
all p < h. Then

P{Vp<h: [{i <N :&=p}l=N}>(h/(Ne}))?

Proof. Denote the event {Vp < h: |[{i < N :& =p}| = N,} by €. Note that the random variables
={i<N:&G=p}, p<h,

have a multinomial distribution. Since (n/e)™ < n! < ey/n(n/e)", we have

N (NN (/N T NN
p(g):Nl!mNh!le(N) >NNH§::1eW1 B Jos _1/Her

The arithmetic-geometric mean inequality HZ:I N, < (N/h)" implies the bound. O
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Lemma 6.3. Let d < n be large enough positive integers, k < /n/(8d%*VInd), y € Ax, and {2} be
as above. Define the event

Ga= [ {Wp<hg: {6 €Ay & =p}|=dlLi|}.

qg<m

Then P(&gzm) > e ™.

Proof. Let H = Z;":l hq be the total number of level sets of y. Since y is the k-approximation of a

gradual vector, we have y;, < 2d%, with ng defined in Section [4| Therefore, using the assumption on
k,
H < ny+ ((2k+1)2d2)? < n/(2Ind).

By the independence of &, ¢ < m, and by Claim applied for every ¢ < m with N = d\ﬁ(q)]
and N, = d|L}|, p < hq, we get
< h hq/2 " Ry \hal2
> q _ (2 \—H/2 q
Pléga) = ql;[l <d|g(q)ye2) (cd) ql;[l <|g(q)y>
> () D [T e 1812 = exp (—n/(2Ind) —n/4 —n/(2¢)),

m
q=1

where in the last inequality we used the bound on H and that x* > e~ 1/e for all z > 0. This completes
the proof for large enough d. O

As the next step, we study anti-concentration properties of a single variable Z;.

Lemma 6.4. Given k > 1, let y € Ay and let vector Z be defined as above. Then for everyi € K
and every T > 1 one has

Q(Zi,Vdr/k) < C7*SB,,
where C' > 1 is a universal constant.

Proof. A simple estimate Q(n1 +12,7) < min(Q(m1,7), Q(n2,7)), which is valid for any pair 71,72 of
independent random variables and all v > 0, together with the definitions of Z;’s and SB;’s, implies
that it is sufficient to prove the relations

Qig 2
o> uzt, )Yy <7

(iw) k Wig

w=1

for all : € K and ¢ < m.
Fix 7 € K and ¢ < m such that w;; # 0, and denote the variables y(qu ) by 1w, 1 <w < Q.
(4,w)

Note that each v, is a discrete random variable taking values in the set
B:={y(Lf) : p < hy}.

By and by one has
hq
1£@] = pzl LS| and %%L):\Lgy < 4]?%1}2 |L3).

Hence, for any b € B

P{3py, = b} < Lyl 4
w = > max S .
pihy [L@] = hy+3
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If the part £(@ is regular then the set B is a (1/k)-separated subset of the complex plane. Applying
Proposition and using that 7 > 1 and Q;, < d, we obtain

Qiq
Vdr dr? 1 Codr? Co 12
Q(wzlww,k> < Cy max(thiq,hq> = 7O = wig

where Cy > 0 is a universal constant.

If the part £(@) is spread then the set B is a (d/k)-separated subset of the complex plane. Note
that w;, = hq\/@ < hq\/g. Without loss of generality, we can also assume that 1 < 2 < Wig
(otherwise the probability estimate is trivial). Using that the number of (d/k)-separated points in a
ball of radius A is smaller than (1 + 2)\k/d)2, we obtain for all A > 0 and w < Qq,

4
¢ t3

Q(Yw, A) < (1+ 22k/d)>.

>

Assume first that h, < 32. Using that the heights of non-empty spread parts h, are at least 2, we
have

4
Q¢hw, Vd/k) < i3

provided d is large enough. Therefore, applying Proposition with t = V/dr/k and ty = V/d/k, we
get

(1+2/Vd)* < g,

Qi

N WVdry _ Git? 320172 320 72
Q ¢w7 < < = )
(UJZ:I k ) VQig — hqy/Qig Wiq

where 'y > 0 is an absolute constant. Let now h, > 32. Then, using < hq\/g and that d is large
enough,

Qs VAT /) < Qs VETT/H) < 1 (14 2VBr V) < SEST M <1

Therefore, applying Proposition with t =ty = Vdr /k, we obtain
Qiq 2 2 2
d 474 /d
Q(wa,\ﬂ—> §C28+6 ™/ < 720 — — = 720, —
w=1 k

hq vV Qiq hq vV Qiq Wiq 7

where Cy > 0 is an absolute constant. This completes the proof. ]

To complete the proof of Theorem [6.1] we tensorize the last lemma, i.e., we pass from the anti-
concentration estimates for individual Z;’s to the vector Z, and then we tie the obtained estimates
for Z with anti-concentration properties of M®y. At this point, it will be convenient to introduce a
new random object — a multigraph on [n] which, in a certain sense, will correspond to the vector Z.
This way, a direct relation between Z and My can be defined by conditioning on the event that the
multigraph is simple, i.e., does not contain multiple edges.

Let y, (£(Q))Z”:1, and @) be as above. We construct the multigraph @Q on [n] as the union of
certain independent bipartite multigraphs éq on ([n], £(9)), that is

Gy,

s

Go =
1

q

where to form CA?q we adapt the configuration model in the following way. For every ¢ < m, define

A= L9 x [d] = {(j,w'): j€ L1 <w <d}.
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Clearly, |A}| = d|L@D| = |A,|. Let g, be a (fixed) bijection from A, to Aj, and let o, be a random
uniform permutation on AZI (04 does not respect the two-dimensional structure of Afl and can be
viewed as a uniform random element of the permutation group II, AL also we suppose that o1, ..., oy,

are jointly independent). We define @q as a bipartite multigraph on ([n], £(9)) with the edge multiset
E, = {(i,j) en]x L9 :31 <w<Qiy,1 <w <dsuch that
(i, w) € Ag, (j,w") € Ay and gq(i,w) = 7¢(7, w')},
where the multiplicity r,(7, j) of each edge (4, j) in Ey is equal to the cardinality of the set
9a({i} x [Qig]) N og({7} x [d]).

Note that by construction, G has degree sequence (qu)l<n for vertices in [n] and a constant degree
d for vertices in £(?. We define GQ as the union of G s, ¢ < m, in particular, the edge multisets F
of GQ is

E =

s

E,.
1

q
Denote
pa=pa(i.5):= D Plggli,w) = og(j,w)} < Qig/ILY).
(w,w")€[Qiq] x[d]
Then E {ry(i,7) | (i,j) € Eq} = pq, and by the union bound P{(4,j) € E,;} < p;. Therefore, using
that each @i, is at most d, we observe

Erg(i, ) = E{ry(i,§) | (i.5) € Bq} P{(i,)) € Eg} < pj < Qi/IL VP < dQig/ILWP.

Let N, be the total number of multiple edges produced in the random bipartite multigraph Gq. Using
Markov’s inequality and , we obtain

P{N, >2d2}< ENq_QdQZ ZErng_2dZ|QW< (25)

i<n <|L0a)]

—_

Thus for every ¢ < m at least half of realizations of the random bipartite multigraph CA}q have the
number of multiple edges at most 2d?. In the sequel we will see that for every ¢ < m a non-negligible
part of realizations of @q have no multiple edges, so that a non-negligible proportion of realizations
of @Q are simple.

One can check that any realization of @Q occurs with probability

m d' |£<q)|1—[ qu
1] @

Moreover, the realizations of CA}'Q which are simple precisely correspond to the graphs whose adjacency
matrices belong to M, 4(Q,y). Therefore,

(d,)\g(m H qu

]P{GQ is simple} = |M,, 4(Q,y ’H (d|L@])!

(26)

Below we denote the adjacency matrix of @Q by A (with the entries of A respecting multiplicities).
Then for any M € M, 4(Q,y) one has

(@) E T Qig!
(d|£@))! (Mna(Q,y)|

P{A=M | @Q is simple} = <1P’{6Q is simple}>_ (27)
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which means that conditioned on the event that GQ is simple, the matrix A is uniformly distributed

on Mn,d(Q) y)

In the next proposition, we provide a lower bound on the probability that GQ is simple. Note
that by our construction, this probability is equal to the product of the probabilities that each of the
bipartite graphs G| is simple.

Proposition 6.5. Let d < n be large enough and denote by g7 the event that @Q s simple. Then
P(&m) > exp(—33d° In®n).

Proof. For every g < m such that |£(q)| < 5d, we bound from below the probability that CAT’q is simple
by one over the number of realizations of such multigraphs, that is, by

(d|£D) =) > exp(—5d? In(5d)?) > exp(—11d>Inn).

Now we treat ¢ < m such that |£(Q)] > dlnn. For such ¢ we could use precise asymptotics
obtained in [44] (see also [28, Theorem 1.1]), however, for the readers’ convenience, we prefer to
provide a simple self-contained argument (which leads also to a better bound). For every ¢ < m,
denote by M, 4(Q,y, L’(q)) the set of n x \E(q)] matrices corresponding to blocks of columns indexed
by £(@ of matrices from the equivalence class M,,.4(Q,y). With this notation, we have

|Mn,d(Q7 y)| = H |Mn,d(Q7 Y, E(q))|
qg=1

Similarly to (26, the probability that the random multigraph @q on ([n], £(9)) is simple is given by

(@)E T, Q!
@c@pr

M, a(Q,y, £9)]

Therefore it is sufficient to estimate the cardinality of Mn,d(Q,y,E(q)) for each ¢ < m. Let M\q
be the set of all adjacency matrices corresponding to realizations of G, (with the entries respecting

multiplicities). Moreover, let M be the subset of M\q given by matrices such that the sum over
entries exceeding 1 is bounded above by 2d?. The latter corresponds to multigraphs having at most
2d? multiple edges. By , we have

— 1 —~
M| 2 || (28)

To estimate the cardinality of ./\/ln,d(Q,y,ﬁ(q)), we define a relation R € M x /\/ln,d(Q,y,ﬁ(q)) as
follows. We let a pair (M, M') belong to R if M’ can be obtained from M by a sequence (of maximal
length 2d2) of simple switching operations in the following way: for every (i,) such that M;; > 1,
choose first (i’,j") such that M, = M;; = 0 and My > 1, then operate the simple switching on
1,7,1,j'. By regularity of our matrices and by the definition of M, the number of pairs (i, j') with
My > 1 is at least

> Moy— D (M —1) > d|£9] - 24,

s,t s,t: Mg ¢>1
Moreover, the number of s and ¢ such that either M;s # 0 or M;; # 0 is at most 2d(d —1). Therefore,
using that |£(?] > 5d, we observe that there are at least d|£9)| —4d? > d|£@|/5 choices for a “good”
pair (¢, j'), hence

[R(M)| = d|L@]/5.

Note that after such a switching, the sum over entries exceeding 1 must decrease. Then we reiterate
this procedure until the all entries becomes less than or equal to 1. Note that we do not need more
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than 2d? steps (since the sum over entries exceeding 1 is bounded above by 2d?). Now we revert the
procedure and start with M’ € R(/\//l\” ). Since at each step the number of non-zero elements is at most
d|£(@], the number of possible switching operations is smaller than d?|£(@|?/2. Since the number of
steps is at most 2d?, we have

R (M| < (@1£92/2)*".
Claim [2.1{ and the bound d|£?| < n? imply that

M| < (5/dI£D) (@1£9 /2" |Moa(@y, £9)] < (1/2) exp (82 Inn) |Moa(Q,y.£D)].

By this yields

4d?

Moa(Q,y, LD)] > (d|£9D]/4) (V2/(dILD)* > exp (—8d%Inn) |M,],

hence, the probability that the @q is simple is at least exp(—8d?Inn).
Finally, as we mentioned above, the probability that G is simple is equal to the product of the

probabilities that each CAT’q, q < m, is simple. Thus, the probability that éQ is simple is at least
exp ( — 11d?m1In n) Since by the construction of the f-decomposition, m < 31lnn, we obtain the
desired estimate. O

We now verify that the adjacency matrix A of @Q satisfies a condition similar to that of Theo-
rem

Lemma 6.6. Let d < n be large enough, m > 1, and k < /n/(8d%?vInd). Let y € Ay, (ﬁ(Q));”:l be

its £-decomposition, @ be a y-admissible matriz, and @Q be the random multigraph constructed above
with the adjacency matriz A. Then for any K C [n], any non-random vector V & CI¥l, and any v > 1
one has

d| K
B{J14%y + Vil < v YO < % T s,
€K
Proof. As before, for every ¢ < m we represent the f-set £(9) as the union Upé hy L}. For every j € £

let f9(j) denote the index of the level set in £(@ containing j, i.e., f9(j) = p whenever j € L. Ttis
convenient to have a representation for the multiset F, in the form

Eq:{eg: (5€Aq},

where for every 6 = (4,7) € Aq we have e5 = (4, j§) with ji € £ being equal to the first component
of the pair

aq_l(gq(é)) € Ay

Recall that random variables {¢{]}, ¢ < m, 6 € A4, were introduced in the first part of this section.
Observe that for any fixed ¢ < m, the joint distribution of the variables {7}, § € Ay, conditioned on
the event &g, coincides with the joint distribution of

{F9055) : 0 € Ag}.

Indeed, by the construction of the multigraph GQ, the variables ( fU jg)) seA take values in the set
q
of sequences

{(as)sea, € N2 : Vp<hg  {6:a;=p} =dLi}. (29)

Note that the set of permutations of A, acts transitively on the set in . Hence, taking into account
that the distribution of ( FU jg)) sea, 18 invariant under permutations of A,, we get that all realizations
q

of the sequence are equi-probable. On the other hand, conditioned on &gz, the sequence (5;)66 A, 18
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distributed over , and it is not difficult to see that the conditional distribution is uniform. Thus,
the distribution of (fq(jg))aeAq and (&])sea, given g must coincide.

We now relate the coordinates of the vector A%y to the variables Z;. Denoting the entries of A
by a;;, note that for every pair (4, j) the entry a;; is the multiplicity of the edge (7,7) in E, (which
can be zero if the edge does not belong to E;). Therefore for all i € K, we have

n m m m Qg
(Ay)i = Zaijyj = Z Z aijY; = Z Z y(chq(j)) Qi5 = Z Z y(L(JI“’(J'Eﬂ,w)))'
J=1 q=1 jeL@ q=1 jerla) =1 w=1

Hence,
ALy 2 Z conditioned on &3

Applying Lemma we get

E

dK
k

%

P{14%y + Vllp <7 Y = B{12 4 Vo <4 YR |

VAE
<eP{|IZ+ V]2 <7 k' |

By Lemma there is an absolute constant C' > 1 such that for all v > 1,

)
|

Q(Zi,1Vd[k) < C*SB;.
Therefore, the random vector Z + v satisfies the assumptions of Lemma with g9 = \/&/ k and
p; = Ck?SB;/d. Applying this lemma and taking & = ve(, we obtain
d| K
B{I|Z+ V]2 <~ k’ '} < Oy T sBs,
€K
where C7 > 1 is an absolute constant. This completes the proof. ]

Before we complete the proof of Theorem we show that [, SB; and [ [, s SB; are comparable
whenever K is not too small.

Lemma 6.7. Let d,n be large enough integers with d3<n. Let k>1and K C [n] be such that
|IK¢| <n/(50lnd) and k< d— 100/ (5IK°))
and let y € Ag. Then
I sB:* <e
ieK¢

Proof. Since Q;q < d, we have w;q < hy Vd for all i < n and q < m. For each b > 1, denote

Li={g<m:hge27, 2} and  Ho= LY.

Let by be such that
obo—=1./4 < e CIKC])  9boy /.

Note that the assumption on the cardinality of K implies that 2% > d?*. Since for every

g€ ly:= U I,
b<bg
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we have w;q < hq\/& < e”/(Q‘KCD, then
S = H SB; ! < H e"/(leq)max(l,mz}xww) < en? H H max(l,mz}xwiq). (30)
icke icKe a¢lo b>bo icK© 9<%

Fix b > by. By the construction of the matrix @ (from a d-regular matrix M), there are at most d|Hp|
indices ¢ for which @Q;, # 0 for some g € I;. Therefore,

H max(l,gleaiiwiq) < (2°Vd)dl. (31)
ieKe¢

Let j be the maximal order of /-parts in the definition of H; and £ be a corresponding ¢-part (if there
are two of them, spread and regular, we choose and fix one). Denote h := h(L). By the definition of
‘Hp, the construction of the /-decomposition, , and , we have

J
2ot <"l <h <2’ and My < 2maxh, » 27T <27t
qely —

Moreover, the size of each level set in £ is in the interval [2/71, 2971 in particular, |£| € [2/7th, 27H1A)].
Since y is a k-vector, its levels are 1/k-separated. Thus, using that for any p > 0 there are at most
(2p + 1)? integer complex numbers of absolute value less or equal p, we obtain for s = [2/73h]:
h/8 _ 2b/2  gbo/2  n/(4IKC)

> > > > 2,
k — 4k — 4k — 4kdV/* —
provided that k < ™ (KD /(8kd/*). Now we use that y is the k-approximation of a vector x € S.
Since xy,, = 1, we observe s < nz. On the other hand, applying Lemma to z,

ys >

ys <227 < d(n/s)°,
which implies
2+ < 9+ p < 165 < 16nVd (4k)Y/0 27812,

Therefore,
|Hb‘ S 2j+b+3 S C/n\/g kl/G 2—b/12
for a universal constant C’ > 0. This, together with , , and 20 > 200 > 6"/(2”{6')/\/& > d,
implies for an appropriate absolute positive constant C,
S < /2 exp ( Z C'nd3/?k1/69-b/12 ln(2b\/g)) < /2 exp (C’nd3/2k1/6bo 2_b0/12>
b>bo

< e™? exp ((n/2)d3/2k:1/6(\/ge_”/@ch‘))1/13) <e",
provided that k < d=10e"/51K°l and that d is large enough. O

Proof of Theorem[6.1]. Following our configuration-type model construction, the law of the adjacency
matrix A of the multigraph G, conditioned on the event that G is simple, coincides with the uniform

distribution on M,, 4(Q,y) (see ) Using this and applying Proposition and Lemma we

obtain
Poy{M € My a(Qy): M y+ V2 <v/dK|/k}
= P{| A%y + V|2 <y VAIK] /| &)
< P{||A%y + Vllz < v VAIK]/k } /P(6m)
< exp(33d* In® n) Gggn”™ T SB:.

€K

Lemma [6.7| implies the desired result. ]
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7 Proof of Theorem [1.1]

This section is devoted to the proof of the main result of the paper, obtained by a combination of
the estimates for steep and almost constant vectors from Section |4} the structural information on the
set of gradual vectors from Section [§ and the small ball probability theorem of Section [6] Setting
aside technical details, the principal idea of the proof is to define a discrete structure on the set
of gradual vectors with “not small” subsets of almost equal coordinates and, by a combination of
small ball probability estimates for individual vectors (Lemmas and , the union bound and
an approximation argument (Proposition , to eliminate those vectors from the set of “potential”
null vectors of our matrix. Construction of the discrete subset (which can be viewed as a collection
of nets with respect to £-metric in C") is quite involved — it uses rather complex information about
the structure of a gradual vector (the ¢-decompositions of its k-approximations) which affects both
cardinalities of the nets and the probability estimates. As for the latter, to simplify analysis of the
product []7_; SB;, we introduce another set of estimators {TE;}" ;, which we call trivial estimators
(see Subsection for definitions). The product [, SB; is then estimated in terms of [[;~; TE; and
an auxiliary functional 7 (also defined in Subsection . Note that, by the definition, the probability
estimators SB; depend both on the structure of the underlying k-vector and on statistics of the
corresponding matrix (). By introducing the estimators TE; and the functional 7, we “separate”
these dependencies: the trivial estimators are entirely determined by the ¢-decomposition of the
related k-vector while 7 carries information about the matrix () and the ¢-decomposition in a much
more convenient form compared to SB;’s.

The next informal argument, following the universality paradigm of the random matrix theory,
may be useful as an illustration of our approach. Given the random matrix M, we may think that
null vectors of (M — z1d)¥X behave essentially like Gaussian vectors (up to rescaling). In particular,
this would imply that the ¢-decompositions of k-approximations of the null vectors are comprised of
{-parts which are “mostly” regular and, moreover, there are very few (-sets of comparable (up to a
constant multiple) cardinalities. Accordingly, vectors whose /-decompositions contain “many” spread
{-parts or many ¢-parts of approximately equal cardinalities, should be typically in the complement of
the matrix kernel. This imprecise observation can in fact be rigorously verified, in particular, we show
that vectors with large spread ¢-parts (from the sets K,) are not in the kernel with high probability.

Before we pass to the probability estimators and computing the union bound over a discrete subset
of S, we reformulate the main statement of Section |6f We first construct the following subset Rg?n d

(“ST” stands for “standard”) of Ry ;4. First consider the subset of matrices Q = (Qiq) € Rum.d
such that

1. For every ¢ < m with ||Cq(Q)|l1 = Y i Qig > Vdn one has
[{i <n: Qi < amlCo(@)li/n}| < n/Vd;

2. For every non-empty subset J C [m] and & := ) ||Cq(Q)]]1 one has
qeJ

. K dn —
Hzgn: ZQiqZHand ZQiqZ

RH > min(/ﬁ, (dn — k), n)
qeJ qeJe n

We denote this subset by Ri{g 4 Note that in Corollary and Proposition we showed that the
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event

E= {M € My, q: VJ C [n] one has

dlJ dl.Je
1 and Jsupp Rs(M) A J¢] > gt |H

Hiﬁn: lsuppRi(M)ﬂJ\ET n

> qgmin(d|J],d(|J°]),n) AND

if |.J| > n/Vd one has Hz <mn: |supp Ri(M)NJ| < MZ‘J’}IS n/\/g}

has probability very close to one. Now, if M € £ and y is a k-vector with m non-empty ¢-parts in its

STy

f-decomposition then the correspondence ﬂ necessarily maps M into R"° ..

The image of £ we

denote by R5T . Thus, the preimage of RST  with respect to ﬂ is almost the entire set M,, 4.
n,m,d n,m,d s

This fact combined with Theorem gives the following proposition.

Proposition 7.1. Let d,n be large enough integers such that d*> < n. Let K C [n] be such that
|K¢| <n/(50lnd) and assume

1 < k < min (vn/(8d%?Vind), d=10em/GIK D),

n
Let y € A, and A > 0 be such that [[ SB; < A for every Q € RST Then for any non-random

n,m,d"
=1

vector Ve CI5l and any v > 1 we have
P{M € Mpq: |M5y+ Vo <yVdK|/k | €} <20m92K14,
where C > 0 is an absolute constant.

Proof. As we already noted, the event £ is contained inside

& :={M : M is mapped into Rgfn,d via @)}

By Corollary and Proposition we have P(&)) > P(£) > 1/2, in particular, P(&)/P(E) < 2.
This and Theorem [6.1] imply

P{M € Mua: [|M y+ Vs </dK[/k | £}
<P{M € Myq: |M5y+ Vs <ydK[/k | &} < 20m251A,

7.1 Rough estimators for small ball probability

We now introduce a “rougher” estimator than SB;, which is easier to study. Note that conditioned on
the event £ defined above, if |£(9)| > n/v/d then for most rows, Qy, is of the same order of magnitude
as d|£9|/n. Having this in mind, we replace non-zero Q;, in the definition of weights w;, in
with d|£D|/n if |£(@| > d~/3n and with 1 otherwise and come to the following definition. Given a
vector y € Ay with the corresponding /-decomposition (ﬁ(q))m let

=D
he| LD /n, if [£@| > d~1/3n and £ is regular,
B = iy, k) hq/d, if [£@| < d=1/3n and L9 is regular,
Wy = Wwy(y, k) :=
I Y hy VA |L@D|/n, if |£@]>d /30 and £ is spread,
hyq if |£@| < d='/3n and £ is spread
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be the truncated weight (“truncated” because for small non-zero @);; we replace it with its minimal
possible value 1). The reason why we truncate at level d~—1/3n instead of n / V/d is that we want the
weights w, to be significantly weaker than w;,. Specifically, this definition of the truncated weights
will allow us to estimate the product [[;"; SB, from above in terms of trivial estimators defined with
respect to the truncated weights (see below). Note that for any ¢ < m, we have

Wq > hg/d if £ is regular and Wy > hg if £9 is spread. (32)

The principal difference between the weights w, and w;, is that w, does not depend on @4, which
makes its analysis easier. We define also the trivial estimator TE;, i < n, as a weighted geometric
mean of wgy, ¢ < m,

TE; := TEi(y, k, Q) := [[ (@,) "%/

qg<m

Note that by and ,
HTE =[] (@) ¥ < an T ng 14, (33)

q<m q<m

In what follows, we usually do not mention explicitly dependency of the weights and the estimators
on the vector y, which is assumed to be fixed throughout most of the subsection. To compare SB;
and TE;, we introduce more notations. For each b € Z, let W, be the union of all spread and regular
(-parts £(9, whose truncated weights w, lie in the interval [2b, 2b+1) that is, we set

I(b) :={q : 2 < W, < 2"*1} and W, =] LY
I(b)

(we will call Wy, the w-set of order b). For a fixed i < n, define
b(i) == max{b € Z : 3q € I(b) such that Q;, # 0}.
Put bpin := [logy 1/d], bmax := max b(i) and define for all byin < b < byax,

b
Wi= |J We= | £9, Lun() ={q : 2" <@, < 2"}
S bmln Imm(b)
blllﬂx
= U wi= U £9, I5.0)={q: 2" <@, < 2Pt
s=b+1 Ic, (D)
Note that for every by < b < byax one has
bmax
Tonin( U I(b), Igu®) = J 1), and WJuW; =[n].
$=bmin s=b+1

The following quantities will play an important role below,

bmax n
mi= Z min ( Z Qiq, Z Qiq) and n= Zm-
b=bmin € Lmin (b) gelIs (b) i—1

We start with a useful bound on cardinalities of f-parts £(@ inside I(b) for a given b, in which we
also use that for all positive integers N, N;, ¢ < £, with N = Nj 4 ...+ Ny one has

¢ ¢ ¢
NIV < T eN/N™Ne < (eN)N T 1/ (Vi)™ (34)
i=1 i=1 i=1
(this follows by the standard inequality (]Z ) < (eN/O)Y).
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Lemma 7.2. Let bypin < b < bpax. Then the multiset {][,(q)| 2 q € 1(b)}, when arranged in the non-
increasing order, can be majorized by the geometric sequence (C’|Wb| exp(—s/C’))p0 for a sufficiently
large absolute constant C > 0. In particular, a

H ’['(q)“ > (W |! exp(=C'|Wy|),
1(b)

where C' > 0 is another absolute constant.

Proof. We apply , which roughly speaking says that an /-part obtained at step j satisfies |£,] ~
27h,. Note also that at most two f-parts can be obtained on a given step j.

Split the set {£(@) : ¢ € I(b)} into four subsets Uy, Us, Us, Uy determined by whether an ¢-part
is spread or regular and whether its cardinality is greater than d—'/3n or not. For concreteness,
assume that Uy, Us contain regular ¢-parts, with larger f-parts in Uy, and Us, Uy include spread /-
parts, with larger ones in Us. Within the set Us, the heights of the respective /-parts are equivalent
up to multiple 2. Therefore their cardinalities, when arranged in non-increasing order, are majorized
by an appropriate geometric sequence. The same argument works for ¢-parts in Uy. For the ¢-parts
in Uy, the quantities hy|L,| are equivalent to each other, say to a number a. This means that for
an (-part obtained at the step j we have hg ~ a27J. This in turn implies |£,| ~ 2//2\/a. Thus |£,|
(after a rearrangement) are geometrically decreasing. Finally, for set Us, the quantities hyy/|L,| are
stable and a similar argument works. Combining the four decreasing sequences into one, we obtain a
sequence that can be also majorized by a geometric series (with worse constants).

To prove the “in particular” part, let Ni, s > 0, corresponds to cardinalities of £, ¢ € T ().
Then N =), Ny = |W,| and, by the first part, Ny, < CN exp(—s/C). Therefore, by ,

In <|W,,|!/ 11 \c<q>|!) <Y N,n(eN/N,) <N (s+1)e "¢ <C'N,

I(b) 5>0 520
where C’ > 0 is an absolute constant. This completes the proof. O

In the next lemma we relate SB; and TE; estimators using the parameter n introduced above.

ST
n,m,d"

Lemma 7.3. Lety € A, (E(q));nzl be its £-decomposition, and Q be a y-admissible matriz in R
Then

n n

[IsB: < G2 [] TE:,

i=1 i=1
where Gz > 1 is a universal constant.

Proof. For every i < n, set
§1v32- = é]v3i(y,k:,Q) = min{@q_l g <mand Qi # O}.
Since ;g > 1 in the above minimum, by the definition of the weights, we get for all i < n,
SB; > SB,/d. (35)

We first show that

n

n

H SB; > exp(—Chn) H SB;, (36)
i=1 i=1

where C' is a positive universal constant. Let £(@ be one of (-parts from the ¢-decomposition (no

matter whether spread or regular), having cardinality at least d=/3n. Then, by the definition of

Rgi';n 4 (part 1), d-regularity of matrices in M,, 4, and , there are at most n/v/d indices i < n

such that Q;, < azzd|L@|/n. For all other i’s, we have Q;; > azzd|L@|/n, implying together with
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the definitions of w;, and w, that w;y > qggw,. On the other hand, if the cardinality of L9 is less
than d='/3n and Qy, # 0 (hence greater or equal to 1) then necessarily w;, > @,. Denote

I'={i€[n]: wiy < ggw, forsome ¢<m with Q; #0}.

By definitions of SB; and §]/3i, we have STBz > qggSB; for all ¢ € I€. Since there are at most d'/3 (-parts
of cardinality at least d~'/3n each, then from the above we also have that |I| < d*/3d=1/?n = d=1/6p,
Therefore, using for i € I, we obtain

ﬁ SB; > ()" a7 f[ SBi > qimd ™" f[ SBi,
i=1 i=1 1=1

which leads to .

To complete the proof, it is sufficient to show that for every i < n
SB; < 27" TE,.
Fix ¢ < n. By the definition of SB; and b(i) we have SB, < 270 Since

b(4)

S Y Qud= Z@q/d—l (37)

b=bmin q€I(b)

the definition of TE; implies

o 0
T II @) @/4> [ [ 2 ®¢+v@a/

b=bumin q€1(b) b=bumin g€l (b)
b(7)

—Lep(-m2 Y b Y @),

b= bmm qGI(b)

Using again and applying the simple identity

J1 ji—1 j
> (L —da;=> E a,
Jj=Jjo J=3jo k=jo

valid for any integers jo < ji1 and any numbers aj,,..., a;,, we get

b(3) b(i) b(i)—1

DTS SICTRCD SETED VD oD oY

b= bmln qel( b= bmln qEI(b b= mln a= bmm qel(a)
= Z Qiq > Z min( Z Qiqa Z qu) = dni-
b=bmin qEImin(b) b=bmin qelmin(b) qe[rcmn(b)

where we used that if b > b(7) then for every g € I(b) one has @y = 0. Therefore,

SB, < 27t < 2 TE, exp(—lnz( Z by Q,q/d)) < 2 NFITE,,

b= bmm qGI
This completes the proof. ]

In the next two lemmas, we estimate n in the case when ) belongs to Rn -

o6



Lemma 7.4. Lety € A, (£ )q 1 be its £-decomposition and Wy, b € Z, be its corresponding w-sets.
Further, let Q = (Qiq) be a y-admissible matriz in Rgm - Then

bmax
n>am » min (W[, W),
b=bmin
where qrz > 0 is a universal constant.
Proof. By the definition of  we have
bmax
=LY Y Y e X o)
b bmll] 1= 1 qelmln(b) quIcnll](b)

To prove the lemma we prove the corresponding inequality for each summand in the first sum. To
this end, for every (fixed) bmin < b < bmax we apply the definition of Rgfn 4 (more precisely, part 2 of

the definition of Ri{&d), with
J=J(0) :=Iun(d) and &= r(b) := dW;|.
Note that by and d-regularity we have
k=dWi|=> IC(Q)lr and dn—k=dW|.
q€J

We distinguish two cases.

Case 1. min(|Wj}|,|[WZ|) > n/d. In this case min(k,dn — k,n) = n. Thus, the definition of Rg{nd
yields that the cardinality of the set

I::{ign: Y Quzas AVl Y Qi d|Wb|}

n n
qelmm(b) qelt‘iun(b)

is at least qgzn. Therefore,

émin( Z Qigs Z Qiq)ZZmin( Z Qigs Z Qiq)

q€Imin(b) qelglm(b) el g€ I min (b) qelfmn(b)
> qgmd min(|Wj |, WE).

Case 2. 1 < min(|W}|,[WZ|) < n/d. In this case k/n < 1 or (dn — k)/n < 1. Using that Q;, are
non-negative integers, that < 1, and the definition of ’R;?T we observe

m,d’
Hign: Z Qig > 1 and Z Qiq21}’
q€Imin (b) g€Ic, (b)
2‘{i§n: Z QiqZE and Z qu>dn—n}‘
q€Imin (b) q€lg,;, (b)

> qrgdmin (W, |, Wy l).

Therefore,
Smin( Y Qe Y. Qi) = amdmin(W, W).
1= qe[min(b) qe];;lm(b)
Since the case min(|Wb1], ]Wg!) = 0 is trivial, this completes the proof. O
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Lemma 7.5. Lety € Ay, (L), and Wy, b € Z, be as above, and Q = (Qi,) be a y-admissible

q=1
matriz from ’RST 4 Then

,m

1
| s n on/2
n.|||(q)“<02 )

qg<m

where C is a positive universal constant.

Proof. Denote ¢ := (qrgzln2)/2. By Lemma it is enough to show that

m bmax
n! 1_[1 ‘E(lq)“exp ( —c zb: min (W, |, ]Wg])) <Ccm
= =bmin

for a universal constant C' > 0. Denote

I:= {b €Z: Wy#0 and |[Wy|In(n/|Ws|) > emin (W}, |W§|)}
and for every integer p > 0,

I={beZ: W€ n2? 1 n27?} NI
Note that if b € I,, then min(|W}[,|WZ|) < n(p + 1)277/c. Hence,
|I,| < Hb EZ: Wyl € (27" n27P] and min(|W;|,|[W;|) < n(p+ 1)2_”/0}‘
< Hb €Z: Wyl e (2P, n27?] and |Wi| < n(p+ 1)2—19/0}]

+ Hb €Z: Wyl € (n27P71 n27P] and W} <n(p+ 1)2*7’/0}‘.

Denote the cardinalities of the sets in the last inequality by o = a(p) and 8 = B(p) correspondingly.

Let b1 < ... < by and b] < ... <V} be the elements of those set. Then

o
an2 Pl < UWbi < W,}a <n(p+1)27%/c
i=1

and

+ Wb2/1 <n2P4+n(p+1)277/c.

Bn27 < | CJWb; < |y

=1

This implies that
Ip| <+ B <6(p+1)/c.

Therefore using that ), [W,| = n and with N =n and N, = |[WW,|, we obtain

brmax 1 bmax
()l 5 s

b:bmin b:bmin
n \ MWl .
<e 1 <<|w ) e"p(cmm(‘wg"'w'?')))
bWy #£0D b
log, n
n ‘Wb| n IWbl
<e” (—) =e" (7)
- H ’Wb| H H |Wb|
bel p=0 bel,
logy 1 logy n
<en H 9(P+1n2 77 1] < on H 96(p+1)n277 /c < exp(én),
p=0 p=0
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where C' > 0 is a sufficiently large absolute constant. Applying Lemma and using >, [Wh| = n
again, we get

bmax
1 . ~
<n! H ’E(q)"> exp(—c Z mln(|W§|, |W§|)> <exp((C+C")n),
qg<m ’ b=bmin
which completes the proof. O

7.2 Completion of the proof

In the proof of Theorem we use the results established in the previous sections. Recall our
decomposition of C" into three types of vectors: almost constant vectors, steep vectors, and gradual
vectors. We treat each of these types separately. The former two types are treated in Section [ where
a lower bound on ||(M — 2zId)¥z||5 is given. This leaves us with the case of gradual vectors which we
approximate by k-vectors. First, one needs to check that it is sufficient to establish a lower bound for
the action of MX on the k-approximation of gradual vectors in order to deduce a similar bound for
all such vectors. The next proposition provides such an approximation argument.

Proposition 7.6. Let d > 1 be large enough, n > d3, and 1 < L < n/d>. Let K C [n] be such that
|K¢| < L and z be such that |z| < r/d for some r > 1. Let X be a subset of the set of normalized
gradual vectors X C S and Ak(X) be the set of k-approzimations of vectors from X. Then

K L3
P{M € Mya: 3o € X, |[(M = 210) ey < 2 [lall>}

Vd
< 2d? Z sup IF’{M eEMq: HMKy—i- V]2 < O{mrTn

}+ 100
yeAp(x) VEC

where Grg > 1 is a universal constant.

Proof. By definitions we have z;, < d? for x € S. Therefore, Lemma implies

L3
. K
P{M € My 3w € X, [[(M = 21d) afls < ||:17||2}

Vd
< ]P’{M € Myg: Iz € X, ||(M — 21d) 5z, < 7”}

Suppose that M € ggg. Let x € X and let y € Ai(X) be its k-approximation. Define a = (a1, a2), a =
(51,62) eC by

n

1 - ~ Jkday] - ~ [kdas]
= — i Yi = = 5 =1 = :
a= - g (xi — ;) and a1 = Rea o as =Ima

i=1
Below we use the same notation 1 for the vectors in C* for every £ > 1. Note that since M € &g we
have that || Mwl||s < Cggv/d|v|2 for every v € C™ which is orthogonal to 1. Denote
V(y,a) = —zy® +a(d - 2)1 e CEL.

Since y is the k-approximation of z, then for i = 1,2 we have 0 < ka; < 1 and thus a; € {0,...,d}/kd.
Using the triangle inequality, d-regularity, |a —a| < v/2/(kd), and that  —y — a1 is orthogonal to 1,
we observe
1My +V(y,a)|
< (M = z1d) ]2 + (M = 21d)% (z —y — a 1)z + |a — @] [|(M — z1d) " 1]l
V2|d - 2
< — 1)y + (v + 2l ) oy — a1+ Y202
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Using that
lz —y—allz < |lz —yl2+ lalvn < 2v2n/k

together with |z| < rv/d we get
1M 5y + V(y, @)z < (M = 21d) " zll2 + (2Czm + 1) (r + 1)V 2dn/k.

Theorem [2.§ and the union bound imply

{M € Mpg: Jze X, (M — 21d)Kz|, < \/%/k}
< P{M EMyg: g and Jre X, ||[(M—20d)5z|p < \/%/k} 4 n 100
< P{M € Mpg: §m and Iy e Ay(X),3a e {0,...,d}2/(kd),

IMKy 4+ V(y,@)ll2 < Crvdn/k} +n1

< 2d? Z sup ]P’{M EMyq: |MEy+ V]2 < C’r\/dn/k:} +n 100,
yeAx(x) Ve

where C > 0 is an appropriate large universal constant. ]

Applying Theorem|[5.6] we further decompose gradual vectors into two types, K, and Py, depending
on some properties satisfied by their k-approximation. Recall that the set of k-vectors is partitioned
into equivalence classes and bounds on the cardinality of each class and on their total number are
established in Lemmas and Therefore, in view of the previous proposition, we can concentrate
our effort on bounding the probability that ||[M ¥y + V||5 is small for a fixed k-vector y satisfying the
properties given in K, or P, and any vector V € C¥l. Theorem and Proposition establish
such bound in terms of the small ball estimators SB; of the vector y. Therefore, it remains to estimate
SB; for these two types of vectors using all the tools developed in Section We start with vectors
in IC,,. Recall that for x € IC,,, the total cardinality of the spread ¢-parts in the -decomposition with
respect to the d“-approximation of x is at least cxng, where ¢ € (0,1) is an absolute constant.

Lemma 7.7. Let u > 2 be an integer, y be the d“-approximation with respect to a vector in IC,,
(L'(q)) be its (-decomposition, and Q = (Qiq) be a y-admissible matriz in Rg?;n’d. Then there exists
a umversal constant qry > 0 such that

n

[I8Bi(y. k. Q) < d~ =2 (n H

=1 q<m

h|£(q)|

Proof. To prove the lemma, it is enough to show that

—"Hm “HSud@Hh‘”" (39)

qg<m

Applying Lemmas [7.3] and [7.5] we get
n n
p<cr2 M [[TE: < " [ TEs,
i=1 i=1

where C is a positive absolute constant. Let ¢ := cxaz/16 < 1/3, where ag comes from the definition
of n3 (recall n3 = |azn|), and I := {q : [£D| > d~°n}. We consider two cases.

Case 1. ‘qul E(Q)} > n — c¢xns/4. Denote by I; the set of all indices g corresponding to spread
{-parts of cardinality at least d—“n and by I3 be the set of indices corresponding to regular ¢-parts of
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cardinality at least d~“n. Let I3 be all the remaining indices, that is I3 = [m]\ (I3 U I3). Note that
‘quh E(Q)‘ < cxng/4. By we have

~_ @ ~_ () ~_ |
s<or [l [La " [ a7

qel; q€l> q€l3

By the definition of IC,,, the total cardinality of ¢-parts with indices from I is at least
ckns — cxng/4 = 3cxnsg /4.
This together with the definition of the truncated weights for
1LD| > d°n > d Y3n,

implies that

(@) /2 |£(@)]
7)1 n_ \EEVZ L ) o gsexns/s n —|c@)|
1] (@) <11 <d|£(q)y) hg T =d 11 (yg(q)|> hy

qel; qel qel

Hence, using the definition of the truncated weights for ¢ € Is and the bounds for q € I3, we get

Bgcnd—?)c,cng/S H (n/w(q)‘)\g(q)\ Hd|£(q)| H hq_|5<q)|

qge Ul q€l3 q<m
n j—3ckna/8 jen jexns/4 —|£(@)] —ckn3 /16 —1£@)]
<cmd d"d I 7" <d IT "=,
qg<m q<m

which leads to (38]).
Case 2. | Uger £(q){ < n — ckng/4. In this case | Ugere ﬁ(q)} > ¢xng/4. Using , we have

n mo—mn/2 —|c@
p<crdr2 " ] ngc™.

qg<m

Denote
JO):=I°NIb)={q: LD <d°n and 2° <@, < 2271}

Arguing as in the proof of Lemma we have

L £@
)

geJ(b

< C'd °n,

for a universal constant C’ > 0. Define two integer numbers b; and by by

c;cgg} and by ::max{beZ: Wy UWE| >

by := min {b €Z: ]Wbl\ > C’Cn?’}.

16
Clearly, by > by. Denoting J := I° N Uy, <y<p, 1(b), We observe

| @

qeJ

< (b —b1+1) C'd “n.

On the other hand, using the definition of by, bs together with the condition of this case, we have

) £@

qed

> ‘ U ﬁ(q)‘ — ‘Wl}l,l} — ‘WEQ‘ > cxns/4 — cxns /8 = ckng/8.
qgelc
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Thus by — by + 1 > cagd®/8C’'. Now applying Lemma we get

bo—1

n>aga Yy min((Wyl, W;]) > aza(bs — bi)exns/16 > ¢ d°n,
b=b;

where ¢/ > 0 is an absolute constant. Since d is large enough, we obtain that C"d"2~"/2 < d~", which
completes the proof. ]

We turn now to a particular class of vectors in P, for some v > 5. Recall that for z € P,, the total
cardinality of spread and regular /-parts in the ¢-decomposition with respect to the d“-approximation
of x with heights not smaller than c¢p2°P (u=4)as 44 is at least cpng, where cp < 1 is a universal constant.
For every integer v > 5 and every positive numbers ¢, p we define

Pups = {z € Py: 3IX € Csuch that [{i <n: |z; — A| < p}| > on}.
We start with a useful property of vectors in this set.

Lemma 7.8. Letv>5, p<d™", and 6 € (0,1). Let x € Py, s and y be its d’-approximation. Then
in the £-decomposition of y, there exists a w-set Wy of order b < 10g2(72\/g/5) and of cardinality at
least 6n/36.

Proof. Let x € P, 5 and y be its d"-approximation. Let A = A(x) € C be such that
{i<n: |z = Al < p}| = on.
Note that if |z; — A\| < p, then since d”p < 1 we have
Re(dy;) € {|Re(d°N)] — 1, [Re(d"N) |, [Re(d"N) | + 1}

and
Im(d"y;) € {|[Im(d°N)] — 1, [Im(d”A) |, [Im(d”X)| + 1},

which means that d"y; can take at most 9 possible values. This implies the existence of a set I C [n]
of size at least 0n/9 such that y; = y; for all i,j € I. Let a = |logy(1 + 6n/9)] — 1 so that

a .
> 2 <.
=0

From the construction of the /-decomposition of y, at the step j = a the level set L(j,y(I)) is of size
at least 2¢ > dn/36. This implies the existence of an f-part of size at least dn/36 and, by , of
height at most n/2%~! < 72/§. Since for every g, wy < hq\/g, there exists a w-set of order at most
log,(72+/d/5) and of cardinality at least dn/36. O

Next we estimate the product of SB; for approximations of vectors from P, , 5.

Lemma 7.9. Let v > 5 be an integer, 0 < p < d7" and 0 < § < 36¢cpag be such that
cpas(v —4) > 2logy d + 210gy(72V/d/8) + 2 — log, (cpas).

Further, let y be the d’-approximation of a vector in P, ,s and (E(q))f]n:l be its £-decomposition.
Finally, let Q = (Qiy) be a y-admissible matriz in RST .. Then

n,m,d"
" neo—cénv(,1\—1 |[’((1)‘|
[I8Bity. k@) < (€2 )~ [T Sz
=1 qg<m h’q

where C > ¢ > 0 are universal constants.
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Proof. Applying Lemmas and together with , we get

n

[TsBitv. 5.@) < €22~ [T

i=1 q<m

|£@)]!
hlf(q)l ’

for a positive absolute constant C. Let
by :=logy(72V/d/5) and by :=log, (0pa32(”*4)c7’a3) —log, d.

By the assumptions of the lemma, by — by > cpag(v — 4)/2.

By Lemma there exists a w-set of order at most b; and of cardinality at least 0n/36. On the
other hand, using the definition of P, and , the total cardinality of w-sets of order at least b, is
at least cpasn. Therefore, for every integer b in the range [b1,b2) we have

min (|W; |, |W;|) > én/36.

Now, we apply Lemma to deduce that

n>am Y, min((W,l|,[WJ|) > aadn(by — b1)/36 > (cpazaas/T2) 6 n (v — 4),
b1 <b<bsy

which implies the desired bound. O
We are now ready to state and complete the proof of a generalization of Theorem

Theorem 7.10 (Structural theorem). There exist absolute positive constants ¢, ¢', and C' such that
the following holds. Let d,n be a large enough integers satisfying d < exp(v/c'Inn). Let z € C be such
that |2| <Vdnd. Let 1 <L <n/d® and let ro be the smallest integer such that p™ > 20L/d, where
p=[(1/5)\/d/Ind]. Let K C [n] satisfy |K°| < L and assume that

max(n ¢, e KN < p < e O gnd 5= Cﬂ.
’ <p< n(1/p)

Then with probability at least 1 — 1/n any non-zero vector x € C™ with the property that
(M = 21d)% ]|z < L*n %)z
satisfies one of the two conditions:
e (Gradual with many levels) One has

(n/i)® atpy if i <P,
vl < Q d(n/i)’ar, if P <i <,

n3
3, if m <i<mng,

and
Hz‘gn: |xi—)\]§px;3}’§5n forall XeC.
o (Very steep) x} > O.9(n/i)3:v;m for some i < p'o.

Proof. Choose v from p = d~¥. Without loss of generality we assume that v is an integer. Then
§ = Cv~'log, d and

. n
Clnd<v < cmln(logdn,m),
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where C' is a large enough absolute constant and ¢ € (0,1/2) is a small enough absolute constant
(¢ = 1/6 works). Note that the left hand side of this inequality is always smaller than the right hand
side, provided that d < exp(v/¢ Inn) with ¢/ = ¢/C. Then, using that d is large enough we have

4" < min (v (8% id), d~10n/5),

in particular, we may apply Lemma [5.1] and Proposition [7.1] with & < d¥. Note also that the assump-
tions of Lemma [7.9] are satisfied as well.

Let ' 5 be the set of non-zero vectors satisfying none of the two conditions in Theorem For
every z € I, 5, define

L3
Ev 1= {M € Mya: [[(M = 210) ]2 < 7 lo2].

Since the event &, is homogeneous in x, we may restrict I', 5 to vectors satisfying x,, =1 (if z,, =0,
we consider a slight perturbation of x).
Our goal is to show that P<Uxer5 &:) < 1/n. Recall that we decomposed C" into the set of

almost constant vectors, denoted by B := B(fy) with 8y = 10/d?, the set of steep vectors, denoted
by T (note, an almost constant vector can be also steep), and the set of gradual vectors, denoted by
S=C"\ (BUT). If  doesn’t satisfy the second condition of the theorem then, by , r ¢ T, that
is )5 N T3¢ = 0. Note also that

S\ T By := (B\ TI) U Tk.

Therefore, applying Theorem [1.12] we obtain

IP( U sx)gp( U €z>+IP’( U Sx)

z€l'y s x€BoNly 5 z€SNT, s

< exp (- (Ind) (Inn)/20) +IP’< U Sx).

wESﬂFp’g

We now show that I'y s NP, C P, 6. Indeed, a vector in I', 5 does not belong in particular to
T3. Moreover, since P, C S C T¢ by Lemma every © € P, satisfies ] < d(n/i)?’az;‘13 for all
P <i<npand z] < d3x;;3 for all n; <@ < ng. Therefore, if x € '), s NP, then it cannot satisfy the
last condition in “gradual with many levels,” which means that = € P, , 5

This together with Theorem [5.6] and the union bound gives

p( U 8x>§§P<UEx>+]P’( U &)

x€SNT, 5 x€ly 2E€Py p,5

Applying Proposition [7.6| with » = Ind and k = d“ (or k = d¥) and using d'** < d'*¥ < \/n, we get
that there exists an absolute constant C’ > 0 such that for any 5 < u < v,

}P’< U SI) < 2d? Z sup IP’{M EMya: IMEy+V]2<C Ind \/%} +n 100,

2eku yeAqu () VECK! d
and
Vd
]P’( U 51,) <2 Y sup P{M € Mya: |MEy+ V], < 1ndd—vn} + 100,
TEPy .5 y€A (Py,p,5) weClKl

64



Take any 4 < u < v and fix for a moment y € Agu(kK,), the set of k-approximations of vectors
in ICy. Assume that its /-decomposition consists of m sets (L’(q))gl:l. Proposition applied with

v = Clndy/n/|K| and Lemma |7.7| imply

-2

n L@
sup IP’{M EMpq: HMKy—i- V]2 < C'(Ind) m/du‘ﬁm} < ‘ | H | <q)’ )
vecik| nhgem b

provided that d is large enough.
Let C be the equivalence class in Agu generated by y. By Lemma [5.5] we have

SUI‘)K‘ P{M € Myq: [[MRG+ Vs <C (Ind)Vdn/d"| &z} < exp(—2n).
= VeC

Finally, Lemma [5.1| implies

sup P{M € M, q: [|[M%y+V|s<C (Ind)Vdn/d"| &gz} <e ™
yGAdu(Ku) VGC‘K‘

Repeating the above argument for vectors in Age (Pp.v,,) with Lemma instead of Lemma and
using that 6 = C'(log, d)/v with large enough C, we get

sup P{M € My, q: |[M%y+ V]2 <C(Ind)Vdn/d® | &gz} < e
yeAd”(Pv,p,é) VecClxl

Applying Proposition to remove the conditioning from the two previous estimates and combining
bounds, we obtain

_ v
IGSﬂFpﬁ

The proof is finished by the choice of v. O

Note once more that the probability bound can be made 1 —n~" for any fixed £ > 1 at the expense
of having worse constants.

Finally we prove Theorem [I.I] and Corollary [I.2]
Proof of Theorem[1.1]. Set L = max(1,|K¢|) and

p = max (n_c, exp ( - (n/(1+ |KC|))Clnlnd/lnd>>

for an appropriate positive constant ¢. Given d~'/2 < a < 1, let ¢ = max(1,a|K¢|). Then p™ < ¢
and a|K¢| < n;. Let x satisfy the dichotomy from Theorem If x is very steep in the sense of
Theorem [7.10] then, using p"® < ¢, we get that x is very steep in the sense of Theorem [[.I] Assume
now that x is not very steep in the sense of Theorem i.e., assume that =} < (n/ i)3x; for all+ < gq.
If in addition, x is gradual with many levels in the sense of Theorem then it is not difficult to
see that is gradual with many levels in the sense of Theorem provided that ¢’ = a3. This proves
the desired result. O

Proof of Corollary[1.3. Let n, d be as in Theorem [7.10] By Theorem [2.8] there is a universal constant
C > 0 such that the event

5:{M6A%MHM—%uﬂzcﬁﬂ
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has probability less than n=2. Denote by V the set of all vectors in C" having sum of coordinates

equal 0. Clearly, V is an invariant subspace of M. Let \;, ¢ < n, be eigenvalues of M arranged so
that [A\1] > |A2| > -+ > |A\,|. Since A\ (M) = d corresponds to the eigenvector 1, we observe that all
eigenvectors corresponding to A;, ¢ > 2, belong to V. This implies that, conditioned on £¢, we have
I\i(M)| < CVd,i>2. Now, let N be a fixed (1/(Cv/dn®)-net in the disk of radius C'v/d of the complex
plane (we assume the usual Euclidean metric on C). Clearly, A" can be chosen so that [N < n'3. For
any point 2/ € N, applying Theorem with K := [n], L =1, p:=n"° 6 := In?d/Inn, we get
that with probability at least 1 —n~!® every unit complex vector x satisfying ||(M — 2’ Id)xz||2 < n~5,
is “gradual with many levels” (since ¢ = 1, there are no “very steep” vectors). Now, observe that for
any matrix M € M,, 4, any eigenvalue A of M satisfying |A| < C+/d and a corresponding normalized
eigenvector x, we necessarily have ||[(M — 2'Id)z|js < n=% for some 2’ = 2/(\) € N. Combining this
with the last remark, we get that the event

&= {M € M,, 4 : any normalized eigenvector of M with eigenvalue

in the disk of radius Cv/d is “gradual with many levels”}
has probability at least 1 — n~2. Here, “gradual with many levels” means that the vector satisfies
the conditions listed in the corollary. Finally note, that conditioned on £¢ all eigenvectors except for

(1/+/n,...,1/y/n), have corresponding eigenvalues in the disk of radius Cv/d. Thus, all matrices in
E°N &' satisfy the assertion of the statement. The result follows. O
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