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ABSTRACT. We study the volume ratio between projections of two convex bodies. Given
a high-dimensional convex body K we show that there is another convex body L such
that the volume ratio between any two projections of fixed rank of the bodies K and L is
large. Namely, we prove that for every 1 < k < n and for each convex body K C R"™ there
is a centrally symmetric body L C R" such that for any two projections P, @ : R™ — R"
of rank k one has

) k 1 Vk
Vr(PK, QL) > ¢ min % nlog(n)y’ 1 ’
logloglog(=="=) | /1og(mlealn))

where ¢ > 0 is an absolute constant. This general lower bound is sharp (up to logarithmic
factors) in the regime k > n?/3.

1. INTRODUCTION.

The problem of estimating Banach-Mazur distances between projections or sections
of convex bodies had aroused considerable interest (see for example [4, 22, 20, 29] and
references therein). Recall that this distance, for two centrally symmetric convex bodies
K and L in R", is defined as

1

where the infimum is taken over all invertible linear operators 7" : R” — R” and all
a,b> 0.

Note that two convex bodies can be far apart but they may have their projections or
sections quite close. This happens, for example, if the bodies are Gluskin’s polytopes
(absolute convex hulls of, say, 3n random points on the standard Euclidean sphere in
R™). Indeed, Gluskin [9] proved that with high probability the Banach-Mazur distance
between two such polytopes is at least ¢n, where ¢ is an absolute positive constant. On the
other hand it is known that “most” sections of a Gluskin polytope are nearly Euclidean,
thus “most” sections of two Gluskin’s polytopes are quite close to each other. This follows
from results on sections of convex bodies having bounded volume ratio [33, 32|, see below
for the precise definitions.

A more general question was studied by Mankiewicz and Tomczak-Jaegermann in [22].
They estimated average distance between random k-dimensional projections of two given
centrally symmetric convex bodies. It turns out that such an average is bounded below by
the product of averages of distances of ((3 — €)k)-dimensional projections of these bodies
to the Euclidean ball. Note here that a Gluskin’s polytope can be viewed as a random
projection of, say, (3n)-dimensional octahedron to R™.
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FIGURE 1. A projection of the octahedron and the Euclidean ball.

Rudelson [29] studied the problem of estimating extremal distances between projec-
tions of centrally symmetric convex bodies. For k < n define the distance 6, (K, L) as the
minimal Banach—Mazur distance between k-dimensional projections of K and L. Rudel-
son was interested in estimating the diameter of the Banach-Mazur compactum for this
distance; that is, in finding the asymptotic behaviour of

A(kv n) = sup 5k<Ka L)a

where the supremum is taken over all n-dimensional convex symmetric bodies K and L.
He proved that

VE if k< n?
(2) A(k,n) ~iogn {ﬁ if k> n’*,

where A ~yo.,, B means that

1
— A< B< log®
C’log“nA_B_(C og”n)A

for some absolute constants C,a > 0. In particular, Rudelson showed that there are two
centrally symmetric convex bodies K, L C R", such that for any k£ < n,

]{32
Op(K, L) 2 ——
nloglogn

where A 2 B means that A > ¢B for some absolute constant ¢ > 0. Note also the
well-known fact (proved in [3, 6, 10, 11])

/ k
o(By,BY) 2 | ———.

Another possible measure of how far two convex bodies K, L C R™ are from each other,
is given by their volume ratio:

1
K| \ 7=
vr(K, L) := inf { (|7L(Z',|)|) | T:R" — R" is an affine transformation, T'(L) C K} ,
where | - | denotes n-dimensional volume. Note that the standard volume ratio vr(K)
introduced in [33] is just vr(K, BY).

In other words, vr(K, L) measures how well K can be approximated from inside by an
affine image of L in terms of volume. This invariant goes back to the works of McBeath [21]
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and Levi [18]. It was further investigated by many authors. In particular, Giannopoulos
and Hartzoulaki [8] proved that for every two convex bodies K, L C R",

(3) vir(K, L) < Cy/n logn,

where C' > 0 is an absolute constant. On the other hand, it was proved in [7] that given
a convex body K C R” there is centrally symmetric body L C R™ such that the volume
ratio vr(K, L) is large. Precisely, we have

(4) vi(K,L) > Cv/n,

where C' > 0 is an absolute constant. This general lower estimate is sharp: by John’s
theorem and a reduction to the symmetric case we have, for example, that given any
convex body L C R™, vr(By, L) < y/n. The lower bound in (4) is a refinement of a

previous estimate obtained by Khrabrov in [15] of order , /——"—.

loglgg(n)
We would also like to note that
dy(K, L) = vr(K,L)vr(L, K)

is a weaker version of the Banach—Mazur distance, called modified Banach—Mazur distance
(this name comes from [16]). Clearly, d,,,(K, L) < dpn (K, L). It was introduced in [21]
(in fact, the logarithm of it, see also [18]) and then implicitly used in [14, 9] in order to
estimate the Banach—-Mazur distance from below. Then it was investigated in a series of
works by Khrabrov, see also Corollary 5.3 and Remark 5.4 in [13]. Moreover, Khrabrov
[15] proved that for every centrally symmetric convex body K C R"™ and every 1 < p < o0,

(5) dm(K, By) = vr(K, B}) vr(By, K) < \/en.

We extend the notion of volume ratio for two given bodies lying in different subspaces
of R™ in the following natural way. Let 1 < k < n and let E, F be two k-dimensional
subspaces of R". Then for two convex bodies K C E and L C F', we define

1
K| \*
vr(K, L) := inf { (ﬁ) | T: E— F is an affine transformation, 7'(L) C K} ,

where | - | denotes k-dimensional volume.

Note that for a convex body K we have a collection of k-dimensional convex bodies
given by QK C RF for any given projection @) : R® — R" of rank k. Here we provide a
lower bound for volume ratio in the spirit of Rudelson’s approach. Namely, we show that
for every high-dimensional convex body K C R" there exists a centrally symmetric convex
body L C R" such that, for every pair of k-dimensional projections P, @ : R* — R", the
volume ratio vr(PK, QL) is large. The following theorem is the main result of this work.

Theorem 1.1. Let n be large enough and k < n. Then for every convex body K C R"
there is a centrally symmetric body L C R™ such that for any two k-dimensional projections
P Q:R" — R" one has

1 VE

log log log(™%&t))’ log (™ lolf(n) )

vn

(6) vi(PK,QL) > ¢ min { ——. \/

where ¢ > 0 is an absolute constant.
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Moreover, in Corollary 5.2 below, we show that Theorem 1.1 is sharp (up to logarithmic
factors) in the regime & > n%*3. Remarkably, the phase transition in (2) is exactly
k ~n?3.

Although it is not directly related, we would like to mention the following result from
[12]. Interestingly, the proof of this uses Gluskin’s polytopes (as our theorem) and leads
to the essentially same lower bound. For all 1 < k < n there exist a universal convex
body K C R” such that for every centrally symmetric convex body L C R™ and any
k-dimensional projections P and () one has

ck
Vilogn
where ¢ > 0 is an absolute constant. Note that we cannot expect to have a universal
convex body L in Theorem 1.1. That is, the existence of a body L such that for every
body K C R" inequality (6) holds. Indeed, vr(PL, PL) = 1 for every P € P*(n).
Finally, we mention that using duality we can reformulate our theorem in terms of
sections. For a convex body K with the origin in its interior and a subspace £ C R”
one has Pg(K°) = (E N K)°, where Py denotes the orthogonal projection onto E. Note
that for centrally symmetric bodies it is enough to consider only linear operators in the
definition of volume ratio. Therefore, every result concerning volume ratios of projections
of a centrally symmetric bodies K and L has a dual version concerning volume ratios of
sections of K° and L°. Thus, we can also state a dual version of our previous result.

dpu(PK, QL) >

Corollary 1.2. Let 1 < k < n. For each centrally symmetric conver body K C R" there
is a centrally symmetric body L C R™ such that for any two k-dimensional subspaces
E,F C R" one has

1 VEk

log log log( "lolf(”) )

k
vi(FNL,ENK) > ¢ min %\/

nlog(n)

log(—)

where ¢ > 0 is an absolute constant.

FIGURE 2. A projection of B and a section of B = (BX)°.

2. PRELIMINARIES.

~Y ~Y

if there exists an absolute constant C' > 0 (independent of n) such that a, < Cb, (resp.,
Ca, > b,) for every n. We write a,, ~ b, if a, < b, and b, < a,,. We denote by ey, ..., e,
the canonical vector basis in R" and by By and S™~!, the unit ball and unit sphere in R™.

Given two sequences of real numbers (a,), and (b,), we write a, < b, (resp., a, 2 by)
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Similarly, the unit ball of £ is denoted by B}, where the norm in £ is defined by

n 1/p
|z, = (Z |xi|p> forl1<p<oo and |z|s = %xw.

i=1
Given Xi,...,X,, € R" we denote by absconv{Xj,..., X,,} their absolute convex hull,

that is,
absconv{Xy,..., X} = {Zain' \ Z|ai\ < 1} C R™.
i=1 i=1

A convex body K C R" is a compact convex set with non-empty interior. For K with
the origin as an interior point its Minkowski functional is defined on R™ by
|z||x =inf{\ >0 |2z € \K}.

If K is centrally symmetric (i.e., K = —K), then || - || x defines a norm and we denote by
Xk the normed space (R", || - ||x) that has K as its unit ball. By |K| we denote the n-
dimensional volume of K. Moreover, with slight abuse of notations, given a k-dimensional
projection P on R™, by |PK| we denote the k-dimensional volume of PK.

The polar set of a body K with 0 in its interior, denoted by K°, is defined as

Ke={zxeR"|(z,y) <1 foral ye K}.

The following result relates the volume of a body with the volume of its polar and is
due to Blaschke-Santalé and Bourgain-Milman [1, Theorem 1.5.10 and Theorem 8.2.2]:

There exists an absolute constant ¢ > 0 such that for every centrally symmetric convex
body K C R",

(7) el By < K| < By
In other words, | K| |K°|# ~ L. We also use the support function of K defined on R™ by

hi(z) = sup(z,y) = ||z k-.
yeK

Given two normed spaces X and Y and an operator 7' : X — Y, the operator norm
is denoted by ||7": X — Y. Similarly, given an operator 7' : R* — R", we denote
[T o= [T 63 — £3]].

We now recall some basic properties of the volume ratio, see e.g. [15].

Fact 2.1. For every pair of centrally symmetric convex bodies (K, L) in R™ the following
holds:

(1) 1
vi(K, L) = @ " inf ||7T: X, — Xkl
’ |L| TESL(n,R) ’
where the infimum runs all over the linear transformations 7" that lie on the special
linear group of degree n (matrices of determinant one).
(2) vr(K, L) ~ vr(L°, K°).
(3) If T': X, — Xk is a linear operator we have that
1 _ IT: X, — Xkl||K|»
T : X, — Xk | det 7| |L|~
(4) vr(K, L) <vr(K,Z) -vr(Z, L) for every convex body Z in R".

T(L) C K and hence vr(K,L)< |
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Remark 2.2. We finally discuss not necessarily symmetric convex bodies. Note that for

every convex bodies K and L in R™ and for any affine transformations 7" and S one has
vr(K, L) =vr(T(K),S(L)).

In other words, the volume ratio between K and L depends exclusively on the affine classes
of the bodies involved. By the Rogers-Shephards inequality (see e.g., [1, Theorem 1.5.2]),
for every convex body W C R™ we have vi(W — W, W) < 4. Clearly the last inequality
in Fact 2.1 holds for any (not necessarily centrally symmetric) convex bodies K, L, Z.
Therefore,

(8) vi(K — K, L) <vr(K — K,K) vr(K,L) <4 vr(K, L).

3. AUXILIARY RESULTS.

We start with recalling a standard result in geometric measure theory (see e.g., [24,
Theorem 7.5)).

Theorem 3.1. Let f : R™ — R" be a Lipschitz map with Lipschitz constant Ly, 0 < s <
m, and A C R™. Then

H(f(A)) < LiH(A),

where H® is the s-Hausdorff measure.

Recall that for k£ € N the k-Hausdorff measure is a multiple of the Lebesgue measure
in R*. Namely, for every measurable set A, H*(A) = |;—I;||A| (see [24, 4.3]).
2

We denote by P¥(n) the set of all orthogonal projections of rank k in R™. Given
Q € P*(n), |QK| denotes the k-dimensional Lebesgue measure of QK. As an application
of the last theorem we prove the following lemma, that relates the k-dimensional volume
of two different projections of K with their distance in the canonical operator metric.

Lemma 3.2. Let 1 < k <n and let P,Q € P*(n) be such that |P — Q| < ﬁﬁ Then for
every centrally symmetric conver body K C R™ in the John position,

1

5|QK|* < |PKJk < 2/QK|".
Proof. Note that

P=P*=PQ+P(P-Q).

Since K is in John’s position, BY C K C y/nBY. Using that ||[P — Q|| < ﬁﬁ, we observe

1 1
(P—Q)K C /n(P—-Q)By C §BSC §K.
This implies
1
PK C PQK + §PK.

Therefore for every = € R"” we have

1
hpi(z) < hpor(x) + 3 hpk (),

so hpk(x) < 2hpgr (x). This implies that PK C 2PQ) K.
Finally we apply Theorem 3.1 with m :=n, s :=k, f := P and A := QK to obtain

|PK|% < 2|PQK|F < 2|QK]*,
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using that the Lipschitz constant of the mapping P is obviously one and simplifying the
constants to pass from the Hausdorff to the Lebesgue measure. O

Next we introduce a variant of Gluskin’s random polytopes. Instead of considering the
absolute convex hull of points taken uniformly on the unit sphere we are going to work
with Gaussian random vectors. The reason for doing this is that we want to deal with
projections of these bodies, and the Gaussian measure is more suitable for this purpose.
Let N > n and ¢y, ..., gy be standard independent Gaussian vectors in R". We consider
the symmetric polytope

Zy = Zy(w) = absconv{y/ney, ..., \/ne,, gi,..., gz}

For basic properties of Gaussian polytopes we refer to [23]. It is well known that the
Euclidean norm of a Gaussian vector in R" is well concentrated about its average, which
is essentially y/n. We will need the following lemma, the standard proof of which is
provided for the sake of completeness (for simplicity we write just || - || for || - ||2).

Lemma 3.3. Let n > 1 and let g be a standard Gaussian vector in R™. Then for every

A> 2y,
P{|lgll = A} < exp(—A?/8).

In particular,

P {Jlgll > 2v} < exp(—n/2).
Moreover, for n > 50,

P{llgll < Vn/4} < exp(—n/4).

Proof. The Gaussian concentration inequality (see [5] or inequality (2.35) in [19]) states
for every s > 0,

max { {gll — Elgl > s}, P{Elgl — lgl) > s} } < exp (~s2/2).
Since, E|lg| < (E||g|[*)/? = \/n, this yields the first and the second bounds. To obtain
the third bound, denote a = E||g|| and observe

n—a2=E(||g||—a)2=/ 2tP{[llgll — al >t} dtg/ Ate™"2dt = 4.
0 0

Thus a? > n — 4 and hence for n > 50, a > \/n(1/4+1/+/2). Applying the concentration
inequality with s = y/n/2, we obtain

P{lgll < vn/4} <P{a—|lg] = a—vn/4} <P{a—|gll > s}
<exp (—s%/2) = exp(—n/4),
which completes the proof. O
Remark 3.4. Below we denote
Qo(n, N) i= {w | Vi < Nt Vi/a < gl < 2v/m).
Lemma 3.3 yields
(9) P(Qo(n, N)) > 1 —2Ne /4,
Note that on Qy(n, V) we have
(10) By C Zy(w) C 2¢/nBy.
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In fact, Gluskin proved that there exist absolute constants C,c¢ > 0 such that for C'n <
N < €™ one has

N
log (ﬁ) By C Zy(w) C 2¢/nBY

with probability at least 1 — e™™ (see [11, Theorem 2| or the remark following the proof
of Theorem 2 in [10]).

The following theorem establishes a bound for the volume of projections of Gluskin’s
polytopes.

Theorem 3.5. There exists an absolute constant C' > 0 such that the following holds.
Let k <n and 2n < N < ne*. Then there exists a set Qy(n, N) C Qo(n, N) such that for
every w € Qi(n, N) and every Q € P*(n) one has

n log(ﬂ)
(11) ’QZN(W)\l/k < C'max %\/log log log (%) Tk

and such that
P(Q4(n,N)) > 1 —4Ne /4

To prove the theorem we will need two lemmas. The first one on the cardinality of
e-nets in P¥(n) is due to Szarek [31]. The second lemma bounds the volume of a polytope
in terms of the lengths of the vertices.

Lemma 3.6. There exists an absolute positive constant Cy such that for every 0 < e < 1
the set P*(n) admits an e-net 11 of cardinality at most

C
< (%)
£
Lemma 3.7. Let (w;)¥, C R" be a collection of vectors. For every a > /2 rri%({HwZHQ}

we have

2 2
absconv{wy, ..., wy " < Tea exp exp :
- 2will3
ill2

Remark 3.8. Assuming that [Jw;|2 < 1 for every i < N and letting o = /210g(2N/n)
we observe the well known bound (see [2, 6, 10])
C'/log(2N/n)
- :
Our proof of Lemma 3.7 follows the proof of this bound with corresponding adjustments.

Note also, that using the standard estimate (12) instead of Lemma 3.7, would lead to the
bound

13 @z < ¥ fog ()

in Theorem 3.5, and thus, to the bound

(12) | absconv{ws, ..., wy}Y" <

vi(PK,QL) > ck

- /nlognlogn
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in Theorem 1.1.
Proof of Lemma 3.7. For simplicity we write || - || for || - [|o. Fix a > /2 rri%({szH} and
set P, :={z e R" : |(z,w;)| < a}. Consider B

1
K:=-(P
il
Note that K° = absconv{wys, ..., wy} and that
N
o)< (A7) = Twir
i=1

where 7, denotes the Gaussian measure on R" and where the inequality follows from
Sidék’s lemma ([30], [10]) or from the Gaussian correlation inequality ([27], see also [17]).
Clearly,

Considering intervals of increasing and decreasmg on [0,00)) of the function

fiom e+ [t

it is not difficult to see that

Therefore,

Ya(aK) > lN_[ (1 _ ez|w22> .

=1

Note that, for 2 € (0,2), 1 —x > e™2*. Using that o® > 2|w;||* for all ¢ < N, we obtain

N 2 N a2
(@K > HeXp (_Qe‘zm?) — exp <—22(e_2|wi2> ,
i—1 i—1
Since |aK| = o K| > (27)27,(aK),
N
1 21 2 __a?
Klw > _z 2Nuil® |
Kt > Y2 p(z )

Finally, the Blashke-Santalé inequality (7) implies

N
1 |B |n 2req 2 -
exp | — e 2wl .
‘ ’ |K| n n Z

2m™n —

This completes the proof. Il

We are now ready to prove Theorem 3.5.
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Proof of Theorem 3.5. Note that if k is proportional to n (i.e., k = cn where ¢ > 0 is
an absolute constant) the theorem follows directly from (12) and (9), so we can assume

that k& < n/16. For this case, fix ¢ € [24/k/n,1/2] to be defined later. Let Cj denote
the constant from Lemma 3.6. Denote C' = 40C, (without loss of generality we assume
Co > 5, hence C' > 200) and set

Cklog(1 Cklog(1 10CoHk log(1
o Cklog(ife) 0 Cklog(l/s) _ 10Cyklog(1/)
4 4e? g2
Without loss of generality, we just assume for simplicity that my and m; are integers.
Consider the sequence (\,,)Y_, defined by \,, = 2\/n for i < mg, \,, = 2ey/n for i > my,

and
/ log(1
m

Let g denote a standard Gaussian vector in R™. Note that for any fixed projection
Qo € P*(n), Qo(g) is a standard k-dimensional Gaussian vector. Thus, by Lemma 3.3,
for every t > 2vk we have

(14) P{we | 1Q(gw)l =t} <e ™75

Let g1, ..., gn be standard Gaussian independent vectors in R™. For a fixed projection
Qo in P*(n) and for m < N consider the events

A(m, Qo) 1= {w € Qo(n, N) | #{i+ [Qolgi(@))| > An} = m}.

Note that on Qy(n, N) we have ||g;(w)|| < 2v/n, hence A(m, Qo) = 0 for m < mg. By Ag,
denote the union (over m) of A(m,Qy), that is

Agy={we Q. N) | 3me {1, N}: #0i: 1Qo(gi(@)ll > A} = m

- {w € Qo(n, N) | Im € {fmo+1,...,N}: #{i : |Qo(gi(@)]] > A} > m}

To estimate the probability of Ag, we first note that

(15) ﬂ 6_62”’/2 S ﬂ 6_6271“/4 S 1
my mq 2
Indeed, consider the function
fle) =21,

Since it is increasing on [2/y/n, 00), using that € > 2y/k/n > 2/1/n, we observe that

n
> —e".
fe) 2 e
Thus, using that e < 1/2, N < ne* and C' > 200,
eN 20 4eNe? —e2n)2 4ene” 16e 1
—e =————°¢€ < < <5
my Cklog(1/e) Ck(log2)f(e) = Clog2 — 2

Denote
p := exp(—Cynklog(1/e)).
Using the union bound, the independence of g;’s, equations (14), (15), and the standard

bound for 1 </ < N
S e )
¢ \m 14

M~

3
I
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we obtain
N N N
2 m
Plag)< S PAmQ)< 3 (m)e A2 /s
m=mo-+1 m=mo+1
my N N N
< Z ( )exp(—anlog(l/a)/S)—l— Z ( )esznm/Q
m=mo+1 m m=mj+1 m
eN\™ & al eN 2,0\
<{—) p+ Z —e "
my m
m=mi+1
eN\™ eN o )\ e (1\"
< . 5 -~ ,€ ’I’L/2 -
<(m) 7)) 26)
N\™ N\™
= <e_) (p° + exp(—Cnklog(1/e)/8)) < 2 (6—) P>
mq my

Using (15) again, we estimate

ﬂ my < e 2nmy < exp 10Coknlog(1/e) _ p_2'5-
mi 4 4
Hence,

(16) P(Ag,) < 2p*.

For each w € Qy(n, N) define the vector a = a(w) € RY by a; := ||Qo(g;(w))]| for i < N.
Then, by definition, on Qy(n, N) N A we have

ay, < A,

where a* stands for the decreasing rearrangement of a.
Similarly, given @ € P¥(n) for each w € Q define the vector b = b(w,Q) € RN by
b == [|Q(g;(w))]| for i < N. Let

B:={weQnN)|3IQeP(n)Im<N: b(w,Q) >2\,}.

We now use an approximation argument. Let Q € P*(n) and consider Q such that
||Q - QO” <é&. Then7

1Qgi (@)l < 1Qo(gi(W)I + 1Q — Qollllgi(w)l
< [|Qo(gi(w)) | + e max [|gi(w)]l2-

Therefore, for w € Qy(n, N) N Ag, and for every m < N we have

b (w0, Q) < a5y + 263/0 < A+ 267/10 < 2.
Let IT C P*(n) be an e-net of cardinality at most (%)nk < 117 given by Lemma 3.6. Then,

B C U AQO?
Qo€ll
and therefore, by (16),
P(B) < 2p.
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Therefore, defining Q;(n, N) :=B°N Qy(n, N), by (9), we obtain
P(Qi(n,N)) >1—2Ne™* —2p>1—4Ne ™4,

It remains to estimate volumes of corresponding polytopes for w € Q;(n, N). They can
be written as Q(Zy(w)) = absconv{wy, ..., wy} with ||w,,| < 2\, for every m < N. We
first estimate

2
a‘m 2

N o2 —a'm___
1 _ [e]
= E m < mge” 2m _|_ E 8C"k1°g E + (N — ml)e 32:2n
m=1

m=mo+1

) e\ ePempty )
1 1 @
S moe—;én + 1 —e 8anlog(g) e Sanlog(E) _|_ N6_73262n

16Cnklog (1) 22 a2
< | mg + max 2, - e/ e 32n + Ne 32:2n

a2

klog(1 1 o2 o?
:C%(/g) <1+max{1,i2n}) e 32n —|—N€73252n’
(6%

where we used that e™* < max{1 — z/2,1/2} for > 0. We choose

a—6\/_max{\/log Clog \/log? 5}

then %A < 2. Furthermore, we choose

£ = Imax

\ /log loglog & . \/’

1og .
(recall that £ <n/16 < N/32), then

N / N
a< Oy max{\/n log log log = 24/ k logz},

where C; > 0 is an absolute constant. Applying Lemma 3.7 for Q(Zy(w)) (note that
Q(Zn(w)) is k-dimensional) we obtain

N
2reda N N y\/log
4 Ik < < Y /logloglog —

where C; > 0 is an absolute constant. This completes the proof. O

4. PROOF OF THE MAIN THEOREM.

We first prove a series of lemmas. Given two k-dimensional subspaces of R”, E and F,
we denote by S(E, F') the set of all linear operators T': E — F preserving the volume (the
k-dimensional Lebesque measure). If E = QoR™ and F = Q,R" for some Qy, Q; € P*(n)
we simply write S(Qo, @1)-



ON THE VOLUME RATIO OF PROJECTIONS OF CONVEX BODIES 13

Lemma 4.1. Let K C R"™ be a centrally symmetric convex body, Qo, Q1 € P*(n) be fized
orthogonal projections of rank k, and A > 0. Let Ty € S(Qo, Q1) be a fized linear operator.
Then
Plw e Q| ITo: Xz = Xaull < A} < (A/V2R)NQuETY.
Proof. Observe that
ToQo(Zn(w)) C AQ1K <= QuZn(w) C ATy ' (Q1K)
<= Vi< N : Qogi(w) € AT, HQ1K).

Note that for every k-dimensional convex body L one has 7 (L) < (27)7%/2|L|. Using

this, the rotational invariance of the Gaussian measure, and the fact that T preserves the
Lebesgue measure in QgR", we observe that for every i < IV,

P{w € Q| Qugi(w) € ATy (QuK)} < (21)*2|AT, QI K)| = (2m) 2 AN Q1 K.
The result follows by the indepenence of g;’s. O

Lemma 4.2. There exists and absolute constant C > 0 such that the following holds. Let
E<n,Cn<N <ne and A > 0. Let K C R" be a centrally symmetric convexr body
and Qo, Q1 € P¥(n) be fired orthogonal projections of rank k. Then

P{w € Qo(n, N) | IT € S(Qo, Q1) such that ||T : Xgyzyw) — Xo.k|l < A}
< (5v/n)" (A/V2m) Q. K.

Proof. Let B := (3 N QoR" and let U := Br(p,xq ) be the unit ball of L(E, Xq k).
Denote
A
a-

Let NV be a maximal a-separated set in AUNS(Qp, Q1) in the metric || - (. xg,x)- By the
maximality of NV, the set A is an a-net for AU N S(Qo, Q1) and moreover, the following
inclusion for the disjoint union holds,

U(n+5u)c(a+l) o
neN
Identifying the space with R¥* and computing volumes we conclude that
X2
BN < (A:/Zﬂ) < (5v/n)".
Take w € Qy(n, N) such that there exists T' € S(Qo, Q1) with
1T Xqozww) = Xouxl < A.
Recall that by Remark 3.4 we have on Qy(n, N),
By C Zy(w) C 2¢/nBY,
hence T' € AU. Since N is an a-net for AU NS(Qq, Q1) there is S € N such that
|S—T:FE — Xg,k| <a.

Using that, Zy(w) C 2y/nBY,
S XQuzn(w) = XQ1K” <[[S-T: XQoZy(w) = XQ1K|| + (|7 XQuzn(w) = XQ1K||
<OVR|S =T : E = Xouxl| + A < 2/na+ A =24,
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This shows
{weQ(n,N) | 3IT € S(Qv, Q1) such that ||T: Xgzyw) — Xok| < A}
c JLSTIS: Xguzyw) = Xauxll < 24},

SeN
Using the union bound and applying Lemma 4.1, we obtain the desired bound. U
Given bases B = {vy,...,us} and B’ = {v},...,v;} of vector spaces F' and I’ and a

vector © € F' we denote by (z)p the coordinates of z in the basis B (similarly, (y)p for
y € F'). That is, (z)5 = (au,..., ) if 2 = 3¢ ayu;. Also for an operator T : F' — F
we denote by [T]p.p the matrix (a;;)i<;j<r such that T(v)) = 3%, a; ), for every
1 <<k (ie., the ¢-column of [T]p p is (Tve)l).

Lemma 4.3. Let K CR" be a centrally symmetric convex body in John’s position. Then
for every B > 0 one has

P{w - Qo(ﬂ,N) | 3@0,@1 € Pk(n) E|T - S(Qo, Ql) . HT : XQOZN(W) — XQlKH S

< C«kN(\/ﬁ)2nk+k25kN

where C > 0 is an absolute constant.

|Q1 K |*

Proof. By Lemma 3.6 there is a ﬁﬁ—met7 say I, for P*(n) of cardinality #I1 < (Cyy/n)"™*
By Lemma 4.2 and the union bound, it is enough to show that

B

{w € Qo(n, N)|3Qo, Q1 € PH(n), 3T € 8(Qo, Q1) : IT: Xguzntw) = Xaux |l < QK|+
1 k

c U {WGQO N) 138 € S0 QL) ¢ 1S Xoyzn = Koyl < O—L }

Qh,Q} el |Q/1K’E
Let w € Q(n, N) be such that there are Qo, Q1 € P*(n) and T' € S(Qo, Q1) with
B
17 T Xowzewr — Xowxl < _
(17) | QoZn(w) Q|| QK|+

Take @, Q] € Il such that ||Q; — Q}] < ﬁﬁ’ i = 1,2. Fix orthonormal bases
B ={vy,..., v} and B = {v},...,v.}
of QuR™ and QQ;R"™ respectively. It is easy to see that the collections
By = {Qqv1, - . ., Quur} and By ={Q}vy,...,Qv.}
are bases of QyR"™ and Q]R" respectively. Let S : Q{R™ — QR" be such that
1S1Bo,5: = [T]B,5/,
in particular, S € §(Qg, Q)).
It is enough to show that

c'p
S . X / — X ’ <
1S+ Xy zx () okl < QK

)

}



ON THE VOLUME RATIO OF PROJECTIONS OF CONVEX BODIES 15

which by Lemma 3.2 reduces to

c'p
S Xozvw) = Xok|| < ——.
15"+ Xpzuw) = Xepxll VAL

Take z € Zy(w) and note
SQor = 5Qu(Qor — Qo) + SRz -
) M) Ty

We check that both terms (1) and (2) are contained in a multiple of o i 7 QK.
1K|®
We start with the second term, SQ{Qox. Write Qox = > ayv;, s0 QpQox = Y a;QLv;.
We have,

(SQuQox), = [T]5,5(QxQu)
= [T]p,5(Qox)5
= (TQox)p-
Therefore SQQoxr = Q1T Qox. Since x € Zy(w), by (17) we have TQox € ‘ 16 ‘%QlK,
hence
QUT Qo € ﬁ@&@m
Since K is in John’s position, By C K C y/nBY. Using ||Q; — Q)] < ﬁa, we obtain
(18) Q@K CQUE +Qi((Q — @)K)
CQUK +Qi((Q1 ~ Q)VABY)
CQK + Q1 By
C2Q\K.
This implies 5 5
2
SQQor = Q1T Qox € MQIIQIK C m@ﬁf(,

proving the inclusion for term (2).

Next we deal with the first term, SQ(Q4x — Qox). Recall that Zy(w) C 2y/nBYy on
Qo(n, N) and [|Qo—Qp]| < 5.7 Therefore (Qf—Qo)x € By and then Qy(Qy—Qo)r € By,
Thus, it is enough to show that

1 /8
S Xorgn — Xor <C .
I Q) By okl < QKL
Take y € Q\R™ with |ly|la = 1. Write (y)g, = (51, .., 0k). Then,
(19) (V1) = (SY)By =T (B, Br)' = (T(Z Bivi)) B

Notice that

1Y Bailla <Y B:Qovi = > BiQivilla + 1D BiQhvill-

1
Sm” Zﬁﬂ%“z +1,
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which implies

1
||Zﬁﬂ)i||2§1_L§2-
2vn

Since by (10) we have By C Zy(w) on Qy(n, N), using (17), we observe

28
20 (Y B _0,K.
(20) ( BU)E|Q1K\EQ1

On the other hand, by (19),

Sy =" @i = Q)Y wvd) = QTS Bavs).
Therefore, using (20) and (18),

2%, 1
Sye ——— Kc —""+Q\K.
" laurE " ok

This completes the proof. O
We are now ready to prove our main result.

Proof of Theorem 1.1. First note that it is enough to consider orthogonal projections
only. Indeed, let P be a projection of rank k& and () be the orthogonal projection with the
same kernel as P. Then QP = @, hence Q(PK) = QK and vi(PK, W) = vr(QK,W)
for every convex body W.

Furthermore, by (8) for every Qg, Q1 € P*(n) we have

vi(Qo(K — K),Q1Zn) < vi(Qo(K — K), QoK) vi(QoK,Q1Zn) < 4vr(QoK, Q12Zy).

Thus it is enough to estimate from below vr(Qo(K — K), Q1Zy). In other words, without
loss of generality, we may assume that K is centrally symmetric. Moreover, since volume
ratio is an affine invariant, we may also assume that K is in John’s position.

Let N = nlogn and § a positive constant to be chosen later. Let ©;(n, N) be the set
given by Theorem 3.5 (note that for k& < y/n the result is trivial, so we may assume that
k > y/n and thus the assumption on N in Theorem 3.5 is satisfied). Consider the event

gﬁ = {3@0,@1 - 'Pk(n), 97 € S(QO,Ql) : ||T : XQOZN(UJ) — XQ1K|| < ’Q qul }
1K=

Since Q4 (n, N) C Qp(n, N), Lemma 4.3 yields that for some absolute constant C' > 0,
P <€BﬂQl(n> N)> < CFN (/) 2+ ghN < (O R)EN 20k
Choose 3 as C~'e™3 := ¢ Then, using Theorem 3.5 we obtain
P (&) < e M +P(Q(n, N)) <e M +4Ne ™™ < 5nlog(n)e ™ < 1.
Thus there is w € Q1(n,nlog(n)) such that for every Qy, Q1 € P¥(n) and T € S(Qq, Q1),

C

IO K|+

”T : XQOZN(W) - XQlKH >
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Using Fact 2.1 (1) and Theorem 3.5, we conclude that

K& c
QU Qo) > BT
QoZn|+ QK |F
> ] K
>c¢ min
\/ﬁ\/logloglog (&) \/log (&)
which proves the desired result. O

Finally, for the sake of completeness, we prove Corollary 1.2.

Proof of Corollary 1.2. Let E, F be k-dimensional subspaces R". Applying Theorem 1.1
and Fact 2.1 (2) for K°, there is a centrally symmetric body W such that

1
min i Toale) vk Svr(PgK°, PRW)
vn log log log (=™ )’ log("bg( ))

~vr ((PeW)?, (PpK°®)°)
=vr(FNW°,ENK),
where we used that (PgK°)° = EN K and (PpW)° = E N W°. This completes the
proof. O
5. SHARPNESS.

We will use the following Rudelson’s result proved in [29] (see the first page of the
Section 4 in that paper, p. 1077).

Theorem 5.1. Let 1 < k < n/16. Let L C R" be a centrally symmetric convex body.
Then there are a parameter t = t(L) and a linear operator T : R" — R™ of rank k such

that
c Bk+;Bk cTLcCC tB’“+\/EBk cC zs+i BF
1 \/ﬁlogn 2 1 n 2 \/ﬁ 1

where C' > ¢ > 0 are absolute constants.
As a consequence of Rudelson’s theorem we obtain the following bound.

Corollary 5.2. Let 1 < k < n. Let L C R" be a convex body. Then there is a k-
dimensional projection () such that

vi(BF, QL) < Cmax{%, \/glogn} )

where C > 0 is an absolute constant.
Before providing the proof of Corollary 5.2 we make two important remarks.

Remark 5.3. Recall that by (5) and Remark 2.2, for every convex body L C R" and
every projection () of rank k,

(21) vi(BF QL) < vr(BF, QL — QL) vr(QL — QL, QL) < 4V/ek.
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Thus Corollary 5.2 implies that for every convex body L C R™ there exists a k-dimensional
projection () such that

\/iﬁ if k > n**(logn)¥*
vi(BY, QL) < C VFlogn if \/nlogn < k < n"*(logn)**

VE if k < y/nlogn.
Remark 5.4. Clearly, BY can be realized as a (coordinate) projection of K = B}. Thus

Corollary 5.2 shows sharpness of Theorem 1.1 (up to logarithmic factors) in the regime
k > n?/3. Note that Rudelson’s bound (2) has the same phase transition k ~ n?/3.

Proof of Corollary 5.2. Clearly we may assume that & < n/16 (otherwise we may use

(21)).

Using again Remark 2.2, which implies that for every projection @) of rank k,
vi(BY QL) <vr(B¥ QL — QL)vr(QL — QL,QL) < 4vr(B¥ QL — QL),

without lost of generality we assume that L is centrally symmetric.
Let T' be a projection given by Theorem 5.1. We consider two cases. First assume that

t(L) < k/+/n. In this case
k
cBY CTLC2C %B{f.

20k
c/n’

The second case is (L) > k/y/n. In this case we have

This implies
vi(BY, TL) <

c n k

This implies

wr(B,TL) < 2/ logn ('Bﬂ>l/k < 20V logn
¢ | B3| vk
Finally, note that, similarly to the beginning of the proof of Theorem 1.1, any image of a
convex body under a linear operator of rank k is on the Banach—Mazur distance 1 to an
image of the body under a projection having the same kernel. Since volume ratio is an
affine invariant, this completes the proof. U

6. CONCLUDING REMARKS.

In fact our results can be interpreted in terms of the following parameter of convex
bodies.
Let 1 < k < n, for a given convex body K C R" define its k-projection volume ratio as

pvr,(K) = supinf vi(PK, QL).
L Pe

where the supremum is taken over all convex bodies L. C R™ and the infimum is taken
over all projections P, () of rank k. Given two bodies K and L, note that the quantity
infp o vi(PK, QL) measures how close k-dimensional projections of the bodies can be (in
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terms of the volume ratio). So, pvr,(K') provides the worst estimate of this measure that
works for any body L. In this terminology, Theorem 1.1 says that

pvr,(K) Z min Ly \/ ! vk

Vn log log log(”lng(”)) ’ /1Og(n10§(n))

\/iﬁ if k > n**(logn)¥
pvr(BY) S 4 y/Flogn if /nlogn < k < n**(logn)¥*

vk if £ < y/nlogn.
Note also that (3) implies that for every convex body K C R™,
pvry,(K) < VE logk,

while Remark 5.3 states

while (12) implies that

/ k
vr,(BY) > inf vr(B% QB?) > | ———,
p k( 2)_1‘1{ O=k ( 2 Q 1) 10g(2n/k)

which in particular shows that up to logarithmic factors B maximizes pvr,(-) and that,
in general, pvr;,(K) could be significantly larger than k//n even for k > n?/3.

Finally let us note that it would be natural to consider the following counterpart of the
previous parameter. For 1 < k < n and a convex body K C R™ we define the k-projection
outer volume ratio as

povr,(K) = supinf vr(PL, QK),
L PQ

where as before the supremum is taken over all convex bodies L C R"™ and the infimum
is taken over all projections P, () of rank k.
Note that by Dvoretzky theorem for 1 < k£ < clogn,

povr,(By) < 2.

In the next theorem we show that this quantity is also bounded when k£ is proportional
to n.

Theorem 6.1. Let 0 < A < 1 There exists a constant C(X) > 0 depending only on X such
that if k = An then

povr,(By) < C(A).

Proof. Let L € R™ be a convex body. Applying an affine transformation if needed we
can assume that L is in M-position, which means that |L| = |B}|, that L can be covered
by e“™ translates of B} and that B} can be covered by e“" translates of L. We refer
to [1, Chapter 8] and to [26, Chapter 7] for several equivalent definitions of M-position,
its existence, and for basic properties of convex bodies in M-position. Note that the
existence of M-position in the non-symmetric case was first established in [25, 28]. By [1,
Theorem 8.5.4] such a position exists for every convex body.

Now, Theorem 8.6.1 in [1] implies that there exists a projection P of rank k = An such
that the body PL has its volume ratio bounded by a constant depending only on A (in
fact, it is true for “most” projections). This implies the desired result. O
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