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Abstract

This paper considers compressed sensing matrices and neighbor-
liness of a centrally symmetric convex polytope generated by vectors
+X1,...,£Xny € R", (N > n). We introduce a class of random
sampling matrices and show that they satisfy a restricted isometry
property with overwhelming probability. In particular, we prove that
matrices with i.i.d. centered and variance 1 entries that satisfy uni-
formly a sub-exponential tail inequality possess the restricted isometry
property with overwhelming probability. We show that such “sensing”
matrices are valid for the exact reconstruction process of m-sparse
vectors via £; minimization with m < Cn/log?(cN/n). The class of
sampling matrices we study includes the case of matrices with columns
that are independent isotropic vectors with log-concave densities. We
deduce that if K C R" is a convex body and Xi,...,Xy € K are
i.i.d. random vectors uniformly distributed on K, then, with over-
whelming probability, the symmetric convex hull of these points is an
m-centrally-neighborly polytope with m ~ n/log?(cN/n).
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1 Introduction

Let 1 <m <n < N be integers and let X;,..., Xy € R". Denote by A the
n x N matrix with Xi,..., Xy as columns and by K(A) = K(X,...,Xy)
the convex hull of +X7,..., £Xy. Recall that a centrally symmetric convex
polytope is m-centrally-neighborly if any set of less than m vertices con-
taining no-opposite pairs, is the vertex set of a face (see the books [15] and
[31]).

The connection between the neighborliness of K (A) and sparse solutions
of undetermined system of linear equations was discovered in [10], Theorem
1, where it is proved that the following two statements are equivalent:

i) K(A) has 2N vertices and is m-neighborly

ii) whenever y = Az has a solution z having at most m non-zero coordi-
nates (in other words z is m-sparse), then z is the unique solution of

the program:
(P) min ||t]|e,, At = Az.

Here the ¢;-norm is defined by |[t]|,, = 2N, |ti] for any ¢ = ()Y, € RV.

Statement i) is the so-called exact reconstruction problem by ¢; mini-
mization or basis pursuit algorithm. For a more detailed and complete anal-
ysis of the reconstruction of sparse vectors by the basis pursuit algorithm we
refer to [7] and [11].

Let us also mention in the same stream of ideas that problem i) is dual
to the problem of decoding by linear programming. In this latter problem a
linear code is given by the matrix A*, and thus a vector x € R™ generates
the vector A*z € RY defined by measurements ((Xl, x), ... (Xn, x>) Sup-
pose that A*z is corrupted by a noise vector z € RY which is assumed to
be m-sparse. The problem is to reconstruct x from the data, which is the
noisy output y = A*x + z. This problem is then tackled by a linear program-
ming approach (see [8] for complete references) that consists of the following
minimization problem

(F) minfly — A%,
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Let us denote by | - | the natural Euclidean norm in R™ and R¥. Look-
ing for a sufficient condition for a given matrix M to satisfy condition i),
the authors of [8] introduced the concept of the restricted isometry property
defined by the following parameter.

Definition 1.1. Let M be an n x N matriz and let 6 € (0,1). For any
1 <m < N the isometry constant of M 1is defined as the smallest number
Om = O (M) so that

(1= 0m)[2* < [Mz]* < (14 6m)]2[*

holds for all m-sparse vectors z € RY. The matriz M is said to satisfy the
restricted isometry property of order m with parameter §, shortly RIP,,(6),
if 0 <6, (M) < 9.

The relevance of this parameter for the reconstruction property i) is for
instance revealed in [7],[8], where it was shown that if 0,,(M) + dom (M) +
d3m(M) < 1 then M satisfies 7i) (see also [6], [9], [17]). In the present paper,
we shall use the following sufficient condition from [5]: if a matrix M satisfies

Som (M) < V2 —1

then i) and 4i) are satisfied. In other words, if M has RIPy,,(v/2 — 1) then
M has the reconstruction property ii). This approach gives the strategy of
our paper.

Recall that no constructive method to produce centrally symmetric poly-
topes is known to give polytopes with an optimal order of neighborliness. All
known results are of randomized nature, namely, they show that for a certain
probability on the space of n x N matrices, a polytope K (A) is m-centrally-
neighborly with overwhelming probability, for (large) m depending on n and
N. Consequently, from now on, A will be a random matrix in some Ensemble
in the sense of the Random Matrix Theory. Due to the normalization, we
shall consider the isometry constant of A/y/n. The plan is to specialize to

some model of random matrices the condition 9, (\%) <V2-1.

Let Xy,..., Xy € R” be independent random vectors normalized so that
E|X;|? =nforalli=1,..., N. The model we will develop here is structured
by two conditions: an inequality of the tails of linear forms and an inequality
of concentration of the Fuclidean norm.



e Linear forms obey a uniform sub-exponential decay, that is, for all
1<i<N,allye S ! and t >0,

P (| (Xioy) | > 1) < Cexp(—ct),

where C, c > 0.

e The Euclidean norms of X, ..., Xy are concentrated around their av-
erage:
X;|? 2—1
]P’(max| | —1‘2\/_—)<)\.
i<N | n 2

Note that such a concentration inequality is clearly necessary in order to have
RIP; (V2 —1)/2).

One of the main results of this paper, Theorem 4.3, claims that under
these conditions, whenever

m < cn/log?(CN/n),

the random polytope K (A) is m-centrally-neighborly with probability larger
than 1—2\—C exp(—cy/n), where C, ¢ > 0 are universal numerical constants.
We will make it more precise in Section 4. This model includes the cases when

e X,’s are independent isotropic random vectors with a log-concave den-
sity;

e the entries of the matrix are independent, centered with variance one
and satisfy a sub-exponential tail inequality;

e X,’s are on the sphere of radius /n and linear forms exhibit a uniform
sub-exponential tail inequality.

These examples give rise to new classes of compressed sensing matrices. The
class of i.i.d. entries with sub-exponential tail behavior (that is, entries being
Y, random variables), contains a subclass of matrices with i.i.d. ¢, entries
for 1 < r < 2 (see Definition 2.1 below of 1), random variables). Since in this
case the obtained bounds are better by a power of logarithm that may be
essential in applications, we prove our results in full generality, for 1 < r < 2.

Regarding the restricted isometry property, our result is optimal in the
following sense. Let M be a n x N matrix with entries X;;/v/n,i=1,...n,

4



j=1,...N, where X;; are i.i.d. symmetric exponential variables with vari-
ance one. There exist constants C' > 0 and 0 < ¢ < 1 such that if the
probability that the random matrix M satisfies the restricted isometry prop-
erty of order m with some parameter 6 € (0,1) is larger than ¢, then

2N
mlog2 <W) < Chn.

Sub-gaussian matrices with independent 1), entries, which correspond to
r = 2, are by now well understood. They include for instance the Gaussian
case when the matrix A is built with i.i.d. Gaussian N (0, 1) random variables
(see [11],[8],]27]); the case when the entries of A are i.i.d. (£1) Bernoulli
random variables ([8], [23], [3]); a general case of i.i.d. sub-gaussian entries
is treated in ([23],[24], also see [25] for simpler proofs).

Results of this paper are based on concentration type inequalities for
random matrices under consideration. The proof of the main technical result,
Theorem 3.1, will employ methods from [1]. A crucial new ingredient consists
of an analysis of the quantity

1/2

2
_Zzg‘XiP )

i<N

Z ZiXi

<N

B, == sup
ZGUm

where U,, denotes the set of norm one m-sparse vectors in RY. In Section 2
we present some definitions and preliminary tools. In Section 3 we apply
Theorem 3.1 to estimate the isometry constant (Theorem 3.2). Then we
study the m-neighborly property of random polytopes in Section 4 and give
application to polytopes generated by random points from a convex body,
polytopes generated by independent vectors with independent ¢, random
coordinates, and polytopes generated by independent ), random vectors on
a sphere. Section 5 is devoted to the proof of Theorem 3.1 and discussion of
optimality of the result.

2 Notation and preliminaries

We equip R™ and RY with the natural scalar product (-, -) and the natural
Euclidean norm |- |. We use the same notation | - | to denote the cardinality
of a set. Unless otherwise stated, (X;);>1 will denote independent random



vectors in R™. By ||M|| we shall denote the operator norm of a matrix M,
that is, || M| = sup,—; [Myl.

Definition 2.1. For a random wvariable Y € R and r > 0 we define the

Ur-norm by
[Y |y, = inf {C > 0; Eexp (|Y]|/C)" <2},

It is well known that the 1,-norm of a random variable may be estimated
from the growth of the moments. More precisely if a random variable Y is
such that for any p > 1, ||Y||, < p*/"K, for some K > 0, then ||Y||y, < ¢, K
where ¢, is a positive constant depending only on 7.

Definition 2.2. Let X € R" be a centered random vector and r > 0. We
say that X is v, or a 1, vector, if sup,cgn-1 || (X, ¥) ||y, s bounded and we
set

yesn—1

Remark: The above notation of || X||,, for the weak 1, norm of a random
vector X should not be confused with the standard convention in the proba-
bility theory that this notation stands for the 1, norm of the random variable
| X, i.e., || | X]| ||, —this latter meaning will never be used in this paper.

We recall the well known Bernstein’s inequality which we shall use in the
form of a v estimate ([30], p. 103).

Lemma 2.3. Let Yi,...,Y, be independent real random variables with zero
mean such that for some ¢ > 0 and every i, ||Y;|ly, < . Then, for any
t >0,

P > 1) < 200 <_4Zi<nllmli +2w> |

Given a set £ C {1,..., N} by Pg we denote the orthogonal projection
from RY onto the coordinate subspace of vectors whose supports are in E.
We denote this subspace by R”. The support of z € R” is denoted by supp z.
A vector z € R¥ is called m-sparse if |supp z| < m. The subset of m-sparse
unit vectors in RY is denoted by

Un=Un(RY):={z€RY : |z| = 1,|suppz| < m}.



As usual we denote the N-dimensional cube and the unit /N-dimensional
Euclidean ball by

BY = {r= (@), €RY - [lalloe = max|si| < 1}

and

N
Bév ={r= (xl)z]\il eRY : |z = Z |lzi|? < 13,
i=1

For every E C {1,...,N}, ,a € (0,1] we select an e-net (in the Euclidean
metric) in BY N aBY NREF and denote it by N(E,e,a). Thus for every
r € BY NnaBY supported by E, there exist T € N(F, ¢, a) supported by E
such that |z — | < e. A standard volume comparison argument shows that
we may assume that the cardinality of N(E, e, «) does not exceed (3/¢)™,
where m is the cardinality of E.

Definition 2.4. A random vector X € R"™ is called isotropic if
E(X,y) =0, E[(X,y)|*=|y|* forally e R",
in other words, if X is centered and its covariance matriz is the identity.

A subset K C R™ is said to be isotropic when a random point X uniformly
distributed in K is an isotropic random vector.

Recall that a function f : R™ — R is called log-concave if for any 6 € [0, 1]
and any xq, x5 € R”,

F(Oxr+ (1= 0)az) > fa1)’ fag)' "

It is well known [4] that if a measure has a log-concave density, then linear
functionals exhibit a sub-exponential decay. More precisely, we have:

Lemma 2.5. [}]: Let X € R" be a centered random vector with a log-concave
density. Then for everyy € S™71,

1/2

X 9) o < e (BIX,9)7) 7

where ¢ > 0 is a universal constant. As a consequence, if X is an isotropic
random vector with a log-concave density then || Xy, < c.



The Euclidean norm of an isotropic random vector with a log-concave
density highly concentrates around its expectation, this translates geometri-
cally to the concentration of mass of an isotropic convex body within a thin
Euclidean shell ([19], see also [14]). We will use here the following result
immediately derived from [18], Theorem 4.4.

Lemma 2.6. Let 1 < n < N be integers and let Xq,..., Xy € R" be
1sotropic random vectors with log-concave densities. There exist numeri-
cal positive constants C,co and ¢ € (0,3) such that for all 6 € (0,1) and
N < exp(cfon),

P | max
i<N

Moreover, one can take co = 3.33 and ¢; = 0.33.

X

n

- 1‘ > 0) < Cexp(—cfon).

Remark: It is conjectured that in the above theorem one can replace
0333033 by c(0)n/2.

We shall also use the following result from [26] as formulated in [1].

Lemma 2.7. Let N,n > 1 be integers and let X4,..., Xy € R" be isotropic
random vectors with log-concave densities. Then there exists an absolute
positive constant Cy such that for any N < exp(y/n) and for every K > 1
one has

max | X;| < CoKv/n

with probability at least 1 — exp(—K+/n).

In this paper, different universal positive constants may be denoted by
the same letters C, Cy, C’, ¢, co, ¢, ete.

3 Isometry constant

We begin this section by formulating, in Theorem 3.2, a general estimate
for the isometry constant of random matrices with independent 1, columns.
Then, in order to apply such an estimate, we introduce two sufficient con-
ditions that determine large classes of random matrices. Finally, we give
examples of important classes that satisfy the estimates from Theorem 3.2
and thus provide us with models: the Log-Concave Ensemble, matrices with
i.i.d. 1, entries, and matrices defined by independent ), vectors on a sphere.
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3.1 Estimating the isometry constant

Techniques of “compressed sensing” rely on properties of the sampling ma-
trix, which should act nearly isometrically on sparse vectors. This motivated
the concept of restricted isometry property defined in [8]. To quantify this
property of the “sensing” matrix, the authors introduced the isometry con-
stant d,,,(M) defined in the Introduction (Definition 1.1) for any n x N matrix
M and any 1 < m < N. Of course if m > n then ¢,, > 1.

Let Xi,..., Xy € R" and let A = A"™N) be the “sampling” matrix with
the X;’s as columns. We begin by a simple observation. For every m < N
define the following quantity

) 1/2
B, = sup ZziXi - Z 21X . (3.1)
2€Um | |icn i<N
Then, clearly
A Az|? B? X;|?
om | —= | = sup ﬁ—1 §—m+max| | —1]. (3.2)
NZD seU, | N n i<N | n

Thus the isometry constant is controlled by quantity B,, and the second term,
max;< )@ — 1). We begin by estimating B,, in the following technical

theorem.

Theorem 3.1. Letn > 1 and 1 < m < N be integers. Let 1 < r < 2 and
Xi,..., Xy € R" be independent 1, random vectors with 1) = max;<y || X;||4, -
Let 6 € (0,1/4), K, K’ > 1 and assume that m salisfies

2N
mlogQ/T — < #*n.

Om

Then setting & = YK + K', the inequality
Bﬁl < 052971
holds with probability at least
T 2N !/
l—exp(—K'vVmlog | — | | =P max|X;| > K'vn |,
Om i<N

where ¢ is an absolute positive constant.
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We postpone the proof of Theorem 3.1 to the last section. Combining
this theorem with inequality (3.2), we immediately deduce an estimate for
the isometry constant of a random matrix with independent 1, columns.

Theorem 3.2. Letn > 1 and m, N be integers such that 1 < m < min(N,n).
Let 1 <r <2. Let Xy,..., Xy € R" be independent 1), random vectors and
let v = max;<n || Xilly,. Let 0" € (0,1), K, K' > 1 and set { = YK + K'.

Then
A Im eN
o < 2 _1 1/T 9/
o (\/ﬁ) = not (m\/?>+

holds with probability larger than

N
1 — exp (—CKT\/mlog ( ¢ m))
my/T
— P (Hg}\?;dle > K’\/ﬁ) —P (max

i<N

12
’XZ| _1' 20/>’
n

Remark. In fact to obtain Theorem 3.2 from Theorem 3.1 we have to
choose 8 = +/m/nlog""(en/(m+/m/n), hence formally Theorem 3.2 is a
corollary of Theorem 3.1 only for m such that § above is smaller than 1/4.
However, if § > 1/4, then, adjusting C' (say C' = 4), the upper bound for 9,,
becomes larger than 1, so Theorem 3.2 follows easily from Theorem 3.13 in
[1].

Note that bounds provided by Theorem 3.2 are interesting only if, firstly
the bound on d,, is smaller than 1 (which immediately implies the restriction
m < min(N,n)), and secondly, if it holds with positive probability. In fact,
the former condition is equivalent to the restricted isometry property of order
m. This leads to considerations of models of random n x N matrices that
satisfy the following two conditions. Let 1 < r < 2 ¢ > 0 and X\ € (0,1).
Let Xq,..., Xy € R” be independent 1, random vectors and let A be the
matrix with X7, ..., Xy as columns.

where C,c > 0 are universal constants.

e Condition H;(r,1): Linear forms obey a uniform 1, estimate:

|1 Xillw, = sup |{Xi, )|y, <t forall 1<i<N\. (3.3)

yesn—1
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e Condition Hs(\): | X;|’s are concentrated around their average:
2—-1
P <max V2
i<N

1‘ > 5 ) <A (3.4)

As already mentioned in the Introduction, a condition such as Hy(\) is

necessary to have the restricted isometry property. Indeed, if the matrix
A/v/n has RIP;((v/2 — 1)/2) with probability A then Hy()) is satisfied.

| X [?

n

3.2 Examples

We now specialize Theorem 3.2 to some specific classes of matrices, verifying
conditions (3.3) and (3.4).

3.2.1 The Log-Concave Ensemble

We start by considering the “log-concave setting”, where Xi,..., Xy € R"
are independent isotropic vectors with log-concave densities.

Lemma 3.3. Assume the above “log-concave setting”. There exist universal
constants 1, C,c > 0 such that conditions Hy(1,v) and Hy(C exp(—cn))
are satisfied whenever N < exp (cn®), where ¢y is given in Lemma 2.6.

The proof is immediate from Lemmas 2.5 and 2.6.

Applying Theorem 3.2 (with r = 1) together with Lemmas 3.3 and 2.7 to
the Log-Concave Ensemble, we get that for every N < exp(cn®),

O (%) < C\/glog (;%) + ‘/52_ ! (3.5)

holds with probability larger than

1 —exp (—c\/ﬁlog ( eV )) — e~V —exp(—cn®),
my/
where C', ¢ > 0 are universal constants and ¢; is given in Lemma 2.6.

It might be worthwhile to note that using directly Lemma 2.6 one can
replace the second term in estimate (3.5) by a term tending to 0 when
n — oo, but this would require an adjustment in probability. For example
1/nc/2% works with the probability estimate in which exp(—cn®) is replaced
by exp(—cn/?). (Here cy is given in Lemma 2.6.)
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3.2.2 Matrices with independent v, entries

In this section we consider the “i, setting”, where the entries a;; of the
matrix A are independent centered, with variance one, random 1, variables
(with » € [1,2]). Although the argument is rather standard, we did not
find it in literature, so we provide full proofs for completeness. We set ¢ =
maxg; |||y, -

Lemma 3.4. Assume the above “p, setting” with r € [1,2]. Then con-
ditions Hy(r,C) and Hy(2exp(—cn'/?/?)) are satisfied whenever N <
exp(cn’™? /9?), where C,c are absolute positive constants.

Proof. To prove that the columns of the matrix A are 1, vectors we will
estimate the p-th moments of random variables > " | y;a;;, for any y = (y;) €
R™ and any p > 1. This will be done by using Talagrand’s concentration
inequality for linear combinations of symmetric Weibull variables together
with some symmetrization and truncation arguments.

The following Lemma is a combination of Corollaries 2.9 and 2.10 of [29].

Lemma 3.5. Letr € [1,2] and Y1, ..., Y, be independent symmetric random
variables satisfying P(|Y;| > t) = exp(—t"). Then for every vector a =
(ay,...,a,) € R" and every t > 0,

- 2 ¢
P(‘Z%‘Yz‘ Zt) < 26Xp<—cmin <— —>>,
i=1

lall3” [l
where 1/r* +1/r =1 and ||all, = (Ja1]? + ... + |a,|)9, for 1 < q < oo.

The behavior of general centered 1), variables can be easily reduced to
symmetric Weibull variables. The argument is quite standard, we sketch it
here for the sake of completeness.

Assume thus that Z;, ..., Z, are independent mean zero random variables
with || Z;]|4, < 1. Let 3 = (log2)/" and set U; = (| Z;|—3)... Let Y; be defined
as in Lemma 3.5.

We have for ¢ > 0,

P(U; 2 1) <P(Z] 2 t + 8) < 2exp(—(t + B))
< 2exp(—" — §7) = B(Yi| > ¢).
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We will use the above observation together with symmetrization and the
contraction principle to estimate moments of linear combinations of variables
Z;. We have for p > 1,

n n
H Z a; Z;i|| <2 Z ;€ 2 (symmetrization)
i=1 P i=1 P
n
i=1 P

(the contraction principle)

<2 Zaﬁi(ﬂ + U;)
=1

p
<2 S weis| +2 3 ety
i=1 P i=1

< ¢ ypbllals +2H S e,
i=1

p

p

< Cv/pllallz + Cp"|la

)

where to get the last two inequalities we used Khinchine’s inequality, Lemma
3.5 and integration by parts to pass from tail to moment estimates.

We are now ready to prove condition H(r,C%). Fix y € S" ! and
consider the linear combination Y " | y;a;;. Since ||a;jlly, < ¥ and |y, <
llyll2 = 1 for r € [1, 2], we obtain by homogeneity

n
H E Yiij
i=1

The growth condition on the moments ~of the random variable Z?Zl YiQij
implies that its ¢, norm is bounded by C).

The proof of condition Hy goes along similar lines. Instead of Lemma 3.5
we will now use the following lemma, which is an easy consequence of The-
orem 6.2 in [16] and the observation that the p-th moment of a Weibull
variable with parameter s is of order Cyp'/*, where C, remains bounded for
s away from 0.

) < 2CYp/".

S Cv(Vllyll + Cp''"ly

Lemma 3.6. If0 < s <1 andYy,...,Y, are independent symmetric random
variables satisfying P(|Y;| > t) = exp(—t®), then for a = (ay,...,a,) € R"
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and p > 2,
< Cypllalls + Cop'*|lall,.

n
H Z a;Y;
i=1 p

Moreover, for s > 1/2, Cs is bounded by some absolute constant.

Using similar arguments as in the proof of condition H; we can infer
from the above lemma that if 71, ..., Z, are independent mean zero random
v <b(s€l/2,1)), then for p > 2,

Hzaz ;

Therefore, for any p > 2 by the Chebyshev inequality in L,,

(]
i=1

For p > 3 we have

< Co(y/plallz + p'*llally).

i| > Cb(\/np+p1/sn1/p)) < exp(—p).

\/n—p+p1/sn1/p S Cr(\/n—p+p1/s)

with C universal for s > 1 /2, so the above inequality yields

IP’(‘ ;| > Cb(y/np —i—pl/s)) < e’ exp(—p)
i=1
for some (new) universal constant C' or equivalently

P(1222] 2 1) < 2o (—emn [, (7)) @0

For fixed j we apply this inequality with s = /2 to variables Z; = afj —1.
Note that EZ; = 0 and

1Zilo, 2 < CO+ 1l ,,.)
= C(1+ oy ) < G

(The additional constants appearing above stem from the fact that under
the standard definition for s < 1, || - ||, is not a norm but only a quasi-norm
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and additionally [[1[|y,, # 1. One can modify the function x — e — 1 so0
that it is convex. For r away from zero, this modification changes the norm
by an absolute constant). Therefore, applying (3.6) with ¢t = en yields

P(‘%éa?j — 1) > 5) < 2exp ( — cmin [iz_il, (%)T/QD

~€7“,nlr/2

§2exp<—c T )

For r = 2 the proof is similar, but uses Lemma 3.5, which in this case
reduces to Bernstein’s 1; inequality (Lemma 2.3), instead of Lemma 3.6.
The argument is simpler since in this case the involved norms of the vector
a do not depend on p and we get (3.6) directly.

The lemma follows now by the union bound. O

Applying Theorem 3.2 together with Lemma 3.4 to the “i, setting”, we
get that for every N < exp(cn'™? /%),

4 2 [my g [ _eN v2-1
() 2ooyErn(25)

n

holds with probability at least

eN
nE

where C, ¢ > 0 are universal constants.

1 —exp (—c\/ﬁ log ( )) — 36Xp(—Cn7"/2/¢2r)7

3.2.3 Vectors on a sphere

Another interesting case is when the vectors Xi,..., Xy lie on a common
sphere. To keep the same normalization as in the previous cases we assume
that the sphere has the radius y/n. Then condition (3.4) becomes empty. Let
1 <r < 2 and assume that the vectors are ¢, and let ¢ = max;<n ||-X||y, -
Let K > 1 and set ¢ =¥ K. Then Theorem 3.2 immediately gives that

S (%) < Cﬁ/% log!/" (5%) (3.7)
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with probability larger than

1 —exp <—CKT\/Elog (me\]/\[ﬁ>>

where C, ¢ > 0 are universal constants.

4 The geometry of faces of random polytopes

In this Section we discuss the geometry of random polytopes. Let A be an
n x N matrix. We denote by K+(A) (resp. K(A)) the convex hull (resp.,
the symmetric convex hull) of the N columns of A.

4.1 Neighborly polytopes

For an integer 1 < m < n, a polytope is called m-neighborly if any set of less
than m vertices is the vertex set of a face. In the symmetric setting, a cen-
trally symmetric convex polytope is m-centrally-neighborly if any set of less
than m vertices containing no-opposite pairs is the vertex set of a face. We
refer the reader to the books [15] and [31] for classical details on neighborly
polytopes. (Some new quantitative invariants related to neighborliness were
recently developed in [22].)

The relation between the problem of reconstruction and neighborly poly-
topes was discovered in [10].

Theorem 4.1. ([10], Theorem 1) Let 1 < m <n < N and A be ann x N
matriz. The following two assertions are equivalent.

i) The polytope K(A) has 2N wvertices and is m-centrally-neighborly.

ii) Whenever y = Az has a solution z having at most m non-zero coordi-
nates, z is the unique solution of the optimization problem (P):

(P) min ||t]l,, At = Az,

We will also use the following result from [5] (which could be replaced by
a similar result from [8]).
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Lemma 4.2. [5] Assume that 03, (A/\/n) < V/2—1. Then whenever y = Az
has a solution z having at most m non-zero coordinates, z s the unique
solution of the {1 minimization problem (P).

We are now ready to state the main result on neighborly random poly-
topes.

Theorem 4.3. Let 1 < m <n < N be integers. Let 1 < r < 2. Lety > 1
and A € (0,1/2). Let Xy,...,Xn be independent random vectors satisfying
Hi(r,v) and Hy(N). Let A be the n x N matriz with X1, ..., Xy as columns.
Then, with probability larger than

1 —2) — exp(—cy/n/v?)

the polytopes KT (A) and K(A) are m-neighborly and m-centrally-neighborly,
respectively, whenever

m < en /ot log*"(CY°N/n),
where C, ¢ > 0 are universal constants.

Observe that the probability is positive for n large enough provided that
A< 1/2.

Proof. Theorem 3.2 and the definition of property H;(r, 1) imply that for
arbitrary ¢ € (0,1), and K, K’ > 1, setting £ = K + K, the estimate

A o Mo e[ eN /
Om (ﬁ) < C¢ \/Zlog (m %> +0 (4.1)

holds with probability larger than

N

1 — exp (—cK’\/ﬁlog( ‘ m))
myy

— P(%%(‘XAEK’\/%)-P(ID&X

i<N

| X

- 1‘ > 9’> . (42)

In view of Lemma 4.2, we look for m and €’ to ensure g, (A/y/n) < V2 — 1.
For instance, we let ' = (v/2 — 1)/2 and note that (3.4) implies

V2 -1
2

n

P | max|X;| >
i<N

1/2
+1> vn | <A (4.3)
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1/2
So we take K’ = (@ + 1) and K = 1 which determines £ = ¢ K + K’ in

terms of ¢. We shall use the fact that 1 < /¢ < C, where C is a universal
constant.

Now set mg = [¢'n/1* log¥"(C"y®N/n)] (for some new constants C’, ¢’ >
0). Adjusting the constants C’, ¢ > 0 and writing m for mg, we obtain

C{Q\/%logl/r <me§@> < (V2-1)/2.

Combining this with the choice of ¢, passing from m to 2m and adjusting the

constants again if necessary, we conclude by (4.1) that ds,, <\/iﬁ> <v2-1
with probability larger than

N
1 —exp (—c’\/ﬁlog( ¢ m))—Q)\.
my/%

The last estimate follows from (4.2) by applying (3.4) and (4.3) to the last
two terms, respectively; and where ¢ > 0 is again a new positive constant.
Then, by Lemma 4.2 and Theorem 4.1, with the same probability, K(A) is
m-~centrally-neighborly and has 2N vertices.

In general, K (A) being m-centrally-neighborly does not imply Kt (A) be-
ing m-neighborly. However this is true when K (A) has 2N vertices. Indeed,
this means that no two columns of A form a pair of opposite vertices. So by
m-central-neighbourliness, every set of m column vectors is a face of K(A).
Consequently there is a supporting hyperplane so that all other vertices of
K (A) are on one side. In particular this plane is a supporting hyperplane for
K*(A), which is our witness that K (A) is m-neighbourly. O

4.2 Examples

We will now apply Theorem 4.3 in the three different settings introduced in
the previous section.

4.2.1 The Log-Concave Ensemble

Applying Theorem 4.3 and Lemma 3.3 we obtain the following theorem for
independent isotropic vectors with log-concave densities (this is for instance
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the case if X,..., Xy are i.i.d. random vectors uniformly distributed on an
isotropic convex body).

Theorem 4.4. Let 1 < m < n < N be integers. Let Xy,..., Xy be in-
dependent isotropic vectors with log-concave densities. Then, for any N <
exp(cn®/?), with probability at least 1 — C exp(—cn®/?), the polytopes K+ (A)
and K(A) are m-neighborly and m-centrally-neighborly, respectively, when-
ever

m < en/log*(CN/n),

where C,c > 0 are universal constants and ¢y is given in Lemma 2.6.

Remark 1. We believe that the estimate of the degree of neighborliness in
Theorem 4.4 is not optimal and we conjecture that the log? may be replaced
by log as it is in the Gaussian case (see Remark 1 following Theorem 4.6).

Remark 2. It is known ([2]) that there is a universal constant ¢ such
that the uniform probability measure on the ball {x € R™ : Y " | |z;]" <
1} satisfies Hy(r,¢) for 1 < r < 2 and satisfies H(2,v) for r > 2. Of
course, since it is log-concave, the concentration property Hs is also satisfied.
Applying Theorem 4.3 to these examples, we get a better estimate of the level
of neighborliness than in Theorem 4.4. We get now m ~ cn/ log®"(C'N/n)
for 1 <r <2andm~ cn/log(C’N/n) for 2 <r < .

4.2.2 Matrices with independent v, entries

In a similar way as above, Theorem 4.3 and Lemma 3.4 imply the following
theorem (note that its conclusion becomes empty if N > exp(cn’/2/1*") and
that ¢ > 1, since variances are 1).

Theorem 4.5. Let A be a matriz with entries that are independent centered
variance one random wvariables. Let 1 < r < 2 and assume that the 1,
norms of the entries are bounded by some constant ». Then, for any N <
exp(cn™? /y?), with probability at least 1 — C exp(—cy/n/vy?), the polytopes
K*(A) and K(A) are m-neighborly and m-centrally-neighborly, respectively,
whenever 1 < m < n satisfies

m < en /¢t log?" (CySN/n),

where C, ¢ > 0 are universal constants.
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4.2.3 Vectors on a sphere

Finally assume that the vectors are on a sphere of radius y/n. Using bound
(3.7) and repeating the proof of Theorem 4.3 with obvious modifications we
obtain:

Theorem 4.6. Let 1 < m < n < N be integers. Let 1 < r < 2 and
W > 1. Let Xy,..., Xy be independent vectors on a sphere of radius \/n
and satisfying Hy(r,%). Then, with probability at least 1 — exp(—cy/n/v?),
the polytopes K*(A) and K(A) are m-neighborly and m-centrally-neighborly,
respectively, whenever

m < en /¢t log®/"(Cp5N/n),
where C,c > 0 are universal constants.

Remark 1. For the matrix A with i.i.d. Gaussian N(0, 1) entries (the case
considered in Section 3.2.2 above when r = 2), it is known that with over-
whelming probability, K (A) is m-centrally-neighborly, whenever 1 < m <n
satisfies

m < cn/log(CN/n),

where C, ¢ > 0 are universal constants, (see [8], [11],[21],[24],[27]). The pre-
cise asymptotic dependence of m on n and N has been well studied in [12]
when n/N — 6 € (0,1) and in [13] when n/N — 0.

Remark 2. The restricted isometry property was proved in [24] for ma-
trices with independent rows (rather than columns), under a sub-gaussian
hypothesis. It is worth noting that the corresponding result for matrices
with independent isotropic sub-gaussian columns is not true in general. One
can see it by considering the matrix with columns X; = v/20;(cy, . . ., €ni),
where 0; are independent random variables, P(§; = 1) = P(§; = 0) = 1/2 and
¢j; are independent Bernoulli variables, independent of d;’s. The vectors X;
are then isotropic and sub-gaussian, but P(X; = 0) = 1/2. As a consequence,
the concentration hypothesis and thus the restricted isometry property are
not satisfied.

5 Main technical result

In this Section, Xi,..., Xy € R" are independent 1, random vectors for
some (fixed) 0 < r < 2. Let 1 <m < N. We shall consider three quantities
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A, By, and C), depending on X1, ..., Xy. Recall that B,, has been defined
in (3.1) as
5 1/2

=) X

i<N

and define the other two quantities as follows:

Z Z,L'Xi

<N

A, = sup
ZGUm

, Cp = rzri%(]Xl\

We clearly have
A — Bol < C.

Given a real number s, we will denote max(s,0) by s..

The main purpose of this Section is to prove Theorem 3.1. In fact we will
prove a stronger technical result, Theorem 5.1, from which Theorem 3.1 will
follow.

Theorem 5.1. Let 0 <r < 2. Letn>1 and 1 < m < N be integers. Let
Xi,..., Xy € R" be independent 1), vectors with 1 = max;<n || X;ly,. For
everyl <m < N, 0 € (0,1/4), and K > 1 one has

P (B2 > max{B? C,,B,240 C2})

2N
< (1+3logm)exp (—2[(’”777,(1“)/2 log 0—) : (5.1)
m

with s = (1 — 1), and

where Cy is an absolute constant and ¢ = max{1,1/r}.

Remark. In fact we shall prove a stronger statement: with the notation of
Theorem 5.1, for every 1 < m < N, 0 € (0,1/4), and K > 1, and for every
0 < /¢ <log, m, one has

P (Bfn > max{B’, C,, B, 240 (an})

12e N2¢
Om ’

.m
< (1420 exp (—2K o log (5.2)
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where

_ N2\ /" IN\ /"
B=CY"yK <%>q log +mi~ Y2 (1og =— ,
2 Om Om

C' is an absolute constant and ¢ = max{1,1/r}.

Before starting the proof of the theorem we show how it implies Theorem
3.1, stated in Section 3.

5.1 Proof of Theorem 3.1
Fix K; > 1 and let K > K; be such that

2N
K*mlog¥" e K20°n.
m

By Theorem 5.1 with » > 1, and the condition on m,
P (B2, > max{B? C,B,246C> })

2N
< (1+3logm)exp <—2er/mlog 0—)
m
2N
< exp (—K{x/mlog —) ,
Om

where o N
B = CyK /mlog'" =— = Coyy K10/,

Om

and ¢ is an absolute positive constant. Thus, if C,, < Ks/n for some Ko,
then

max{B?, C,, B, 240C2 } C1Onmax{? K7 K, Ky, K3}

<
S 010n (¢K1 + K2)2 s

where (] is an absolute constant. This concludes the proof. O
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5.2 Proof of Theorem 5.1

We will prove the theorem in a stronger form (5.2). Then (5.1) follows by
choosing 0 < ¢ <log, m to be the largest integer satisfying

1 aN20\ " ) N\ "
L 172 (1 2V
et (log o ) >m (log Gm) .

The proof will use the same construction as in [1], which however re-
quires some modifications. For completeness and the reader’s convenience
we provide details of the argument.

We require the following two lemmas proved in [1] with » = 1. Since the
proofs for general r repeat the same arguments, we leave them for the reader.
Recall that for every E C {1,..., N} of cardinality m, every e, a € (0, 1] we
selected an e-net (in the Euclidean metric) in BY NaBY NR¥ of cardinality
not exceeding (3/¢)™ and denoted it by N'(E, ¢, a).

Lemma 5.2. Let 0 <r <2 and X,..., Xy € R" be independent 1, vectors
with ¥ = max;<y || Xil|y,. Let m < N, e,a € (0,1]. Let ¢ = max{l,1/r}
and L > m1 (210g %)UT. Then

P sup  sup sup Z <ZZ'Xi, Z szj> > Y alA,

Fc{1,.,.N} ECF F, . .
Fllm 2N (Fie,a) i€l JEF\E

< exp (—% L m(r1)+> .

Lemma 5.3. Let 0 <r <2 and Xq,..., Xy € R" be independent 1, vectors
with v = max;<n | Xi||y,. Let1 <k,m < N,e,aec (0,1], >0, and L > 0.
Let B(m, 3) denote the set of vectors x € BBY with |supp x| < m and let B
be a subset of B(m, 3) of cardinality M. Then

P sup  sup sup E 2: X, E z; X; )| > YaBLA,
FC{l,..N} zeB zeN(Fe,x) ; -
|FI<k el JjéF

k
< M —6€N exp —1 L k~=D+ )
ke 2

The following formula is well known and the proof is in its statement.
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Lemma 5.4. Let xq,...,xx € R", then

Z<CL’Z‘,ZEJ'> :4'2_N Z Z Z <J]Z‘7£L’j>.

i#] Ec{1,..,N} i€E jek*

We are now ready to start the proof of Theorem 5.1.
Proof of Theorem 5.1. As in [1], the construction splits into two cases.

If ¢ =0 we set
M@O) = | N(E0/41).

Ec{1,..N}
|E|=m

Otherwise, define positive integers ag, ay, . .., ap by aj := [m 2751 — [m 27|
for 1 <k </ and ag := [m27¢]. Observe that a;, < m27%! for 1 <k </,
ap < m27¢ and Zi:o ar = m. Recall that for £ C {1,..., N} we identify
R¥ with the subspace of vectors in RY with coordinates supported by E.

We consider (¢ 4 1)-tuples ((Eo, o), - .., (Ee, x¢)) where (Ey)o<k<e are
mutually disjoint subsets of {1,... N}, |Ex| < ag, ) € RE+ forall 0 < k < /.
A (¢ + 1)-tuple ((Eo, xo), ..., (Ep, x,)) is said to be admissible if

L

> e

k=0

<2

k
T EN(Ek,GQk,\/%> for 1<k <{lzgeN(E 0/4,1),

The set of all vectors z = Zi:a x, associated to admissible (£ + 1)-tuples
((Eo, o), .., (E,x¢)) will be denoted by M(6).
We shall consider the details of the case ¢ > 0, the other case can be

treated similarly.
Fix ((Fo, o), - - -, (Fy,2¢)) to be admissible and let x = ZIi:O x, € M(0).
Denote the coordinates of x by (i), ¢ < N, then

|Ax|2—<2x(i)Xi,Zx(i)X> > 2(@)?XP D ()X, 2(j)X;) .

i<N i<N i<N 1#]

So
Ax* = 2 (i)?|X5)

i<N

= |Dx|

where
D, = Y {a(i)X,, 2(j)X,)

i#]
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Now we split D, according to the structure of x. Namely we let

D, _ZZ (i) X, 2(5)X;),

k=0 i.JE€Fy
i#]

and

D;;_ZZ 0 X, 2(5)X;)

k=0 i€F)
JEFY

so that we have

|Axf® = 2())*|X:*| = | D, + Dy < |DS| + DS

i<N

We first estimate D). By Lemma 5.4 we have

- Y %))

k=0 i.JE€Fy
i#]

= 422 NS (a() X 2(5)X) -

ECFk i€l jEFk\E

Thus

|D’|<422 BESN I ()X 2(5)X;)

ECFy |i€E jeF,\E

42 sup Z Z (1) X5, 2(4)X;)

ECFk 1€E jeF\E

and using the fact that |Fy| < ay for 0 < k < ¢, we arrive at

|D’|<4Z sup supz< DX, Y >

Fc{1,.,.N} ECF
[F|<ay JEF\E

We now set ¢ = max{1,1/r} and apply Lemma 5.2 to each summand in
the sum above with the parameters

48eN2\ "
apg,e =0/4,a =1, and L = K<2£> (410g ¢ )
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for £k =0 and

ok
ap,e=02"% a=1/"—, and L = K (;n_k>q (4log

m

12eN4k\ V"
m

for 1 < k </ (note also that m from the lemma is substituted with m /2°
and m /2% respectively). By the union bound we obtain that the probability
of the event

2eM(6) Om

14 1/r
m\ 4—1/2 12e N4k
() (e 22

o\ 1/7
sup D) > ALK ((T)q(4log486N 2)

is not larger than

14

. 2m . 48eN2° L 2m . 12eN4*
exp (—K 7log - ) + Zexp (—K ?log o ) .
k=1

Therefore the probability of the event

48e N2\ "
sup |DL| > ALK (g>Q<4log ‘ )
zEM(0) 2 Om

IN 1/r
+ Oll/rmq_l/2 (10g 0_m> >

om 12€N2£>

(14 ¢)exp <—KT o log o

is not larger than

where (] is an absolute constant.

We now pass to the estimate for D which essentially follows the same
lines.

For every 1 < k < ¢ we consider My, (0) = M, (0) N 2BY, where M/ (0)

consists of all vectors of the form v = vy + Ze vs, where v;’s (i =0,k =

s=k+1
1,...,¢) have pairwise disjoint supports and
25
we |J NEO/41), ve | /\/(E,m—m/—) for s > k+ 1.
Ec{1,..N} Ec{1,..N} m
|E|<ag Bl<as
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Then M, (0) C 2BY and (similarly as in [1]) we can estimate the cardinality

ol < (7)) (Z (N)>_1f1+ ) (Z (3) )
< (W) L)

<. % 2m ., BeAN\ _ - (dm Gedk N
X X —_— .
= P 25 %% o, | = TP 9k %% Ty,

s=k+1

Recalling that o = Yr_ 2 € M(6) for some admissible (¢ + 1)-tuple
((Fo,x0), .-, (Fp,xe)) and setting G, = {0,k + 1,k + 2,...,(}, we observe
that

Dy = (2iz<x(¢)xi,zzx(j)xj>‘

k=1 i€F} reGy, jEF,

¢
< 22 sup sup sup Z <u(i)Xi,Zv(j)Xj>‘ )
k=1 [N weN (R, /2R m) vEMRO) e JgF
Now we apply Lemma 5.3 to each summand k£ = 1, ..., /¢, with parameters
2k

12e N4k \ /"
e=602"%a= ¢ ) )

6—2 B = Mj(0) and L:K(Z—WZY (1210g

Using the union bound we obtain

¢ —1/2 12e N4k \ /"
P (|D;’! > 2¢AmKZ (;Z)q (1210g ; )
m

Z 4m 1264kN 2m1 3edk N K 12m o 12e N4k
ex —
P om 28 % om 2 5 T m

IN

12e N 4F 6 12eN4¢
Zexp —-K" —log ‘ </lexp|—K" —mlog ¢ .
Om 26 Om
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Thus

. IN 1/r
P( sup |D!|>Cy A, Kmi~/? (log —)
zeM(H) om

6m 12€N4Z)

< [lexp (—Krylog o

where (5 is the an absolute constant.
Since D, = D! + D!, then

2 12eN2°
P sup |D,|>Any | <(1+20)exp|—K" mn log ¢ , (5.3)
zEM() 2¢ Om

where

1/r 1/r
_ my1 22’ q—1/2 2N
=g () (e ) e (s

for some absolute constant C5 > 0.

Passing now to the approximation argument, pick an arbitrary z € SV-1
with |supp z| < m. Define the following subsets of {1,..., N} depending on
z. Denote the coordinates of z by z(i) (i = 1,...,N). Let ny,...,ny be such
that |z(n1)| > |z(n2)| > ... > |z(ny)|, so that z(n;) = 0 for i > m (since
| supp z| < m). If £ =0, we denote the support of z by Ey and consider only
this EO. Otherwise we set

EO = {nz‘}lﬁgm/ﬂ

and
E, = {ni}m/2<i§m7 E, = {ni}m/4<i§m/27 NS {ni}m/2z<i§m/24—1'
Recall that integers ag, aq, ..., a, have been defined at the beginning of this

proof. Then, clearly,
ap = |Eo| <m/2', ap = |Ex] <m/2"+1<m/2" for every 1 < k <,

and Zf:o a; = m. Also observe that, since z € S¥~!, then for every k > 1,

9ok
I1Pg, 2l < ()] < /=
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where s = [m/2"].
For every k > 1 the vector PEkz can be approximated by a vector from

N (E’k, 627k, \/%> and the vector Py z can be approximated by a vector

from N (Ey,0/4,1). Thus there exists z € M(6), with a suitable representa-
tion = = Zi:o xy, such that

l 4
2P <) |Pgr—apP <2270+ > 27%) < 62 (0.4).
k=0 k=1

Moreover, x is chosen to have the same support as z, and thus w = z — =
has the support | supp w| < m.
It follows from the definitions of D, and A that

D. = Dy + (Aw, Az) + (Az, Aw) = > w(i) (x(i) + 2(4)) | X[,

<N

(here w(z), z(¢) and z(7) denote the coordinates of w, x and z, respectively).
Thus
|D:| < |Du| + |Aw|(|Az| + |Az]) + [w] |z + 2 max | X[

It follows that

B2, = sup |D.| < sup |Dg|+20 (A, +Cr) < sup |D,|+260 (B +2CL) .
zesN-1 zeM(0) zeM(6)

| supp z|<m

Thus, by (5.3) and using again A,, < /B2 + C2, < B,, + C,,, we obtain

2 12eN2¢
P ((1—20)B2 > 40C2 + Coy + Bpy) < (1420 exp <—K’" T og =2 > .

2¢ Om

Since 6 < 1/4, this implies

2m 12e N2¢
2¢ ’

P (B, > max{246C?,,6C,~,67°}) < (14 20)exp <—K7" ~—— log ;
m

which completes the proof. a
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5.3 Optimality of estimates

We conclude this section by an example showing optimality, in a certain
sense, of estimates in Theorem 3.1. We will limit ourselves to the v, case,
that is to 7 = 1. To this end we consider a special case when X; = (Xi;)7_,
where X;; are i.i.d. symmetric exponential variables with variance one. We
begin by showing an optimal estimate for A,,.

First, from [1] (Theorem 3.5) we have that for N < exp(cy/n) and any
K >1,

P <Am > COK (\/ﬁ +v/mlog %)) < exp (—cK+v/n) (5.4)

where C, ¢ > 0 are numerical constants. In the other direction, we have the
following

Proposition 5.5. For any 1 <m < N andt > 1,

P(Am > C(\/ﬁ%— vmlog <%> —i—t)) >chet

where ¢ > 0 is an absolute constant.

Before we prove this proposition let us explain its relevance to Theo-
rem 3.1. Firstly, observe that the proposition implies that with probabil-
ity bounded away from zero, A,, > c(y/n + /mlog(2N/m)). This shows
that — except for allowing a change of absolute constants — one cannot ob-
tain a better bound on A,, than (5.4), valid with overwhelming probability
(i.e., with probability converging to one as n — o0). Secondly, assume
that N < exp(ey/n). By taking t = cK+/n, we obtain that for large n,
P(A,, > cK+/n) > exp(—cK+/n). We compare this with estimates for prob-
abilities in (5.4). Namely, using Lemma 2.7 (noting that the density of X;’s
is log-concave), we can see that for mlog®(2N/m) < n, the theorem implies
that P(A,, > CK\/n) < exp(—¢K+/n). So in this range of m the upper
and lower bounds on probability coincide up to numerical constants in the
exponent.

Regarding Theorem 3.1, again assume that N < exp(cy/n). Using again
Lemma 2.7, we get with overwhelming probability that for all 4, | X;| < C’'v/n.
Now assume that for some m we have with overwhelming probability B2 <
Cn. Then by the obvious bound A2, < B2 + sup.cy 2 ;- n |21 Xi|?, with
probability close to one we also have A,, < C”y/n. On the other hand,
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as noted above, P(A,, > c(yv/n + v/mlog(2N/m))) is bounded away from
zero. Thus, c¢(y/n + v/mlog(2N/m)) < C”y/n, which in turn implies that
for n large enough we have mlog*(2N/m) < Cn. This shows that the factor
log?(2N/6m) in Theorem 3.1 is of the right order.

Proof of Proposition 5.5 Since

A, = sup sup E a;3; X,
acsN-1 BESW’71 .
| supp a| <m Y

by general tail estimates for linear combinations of exponential variables with
vector valued coefficients (see e.g. Corollary 1 in [20]), we get

P(Am > c(EAm +Vio + tb)) >cAel,

where
o?= sup sup g a?ﬁf =1
acsN-1 6657171 -
| supp a|<m v
and
b= sup sup max|wf;| = 1.
acsSN-1 ﬂesnfl 1]
| supp oo| <m

Therefore, it is enough to show that EA,, > c(v/n + /mlog(2N/m)).
Obviously, EA,, > ¢y/n, since a single column of the matrix A has expected
Euclidean norm of the order y/n. As for the other term, it is enough to
consider the first row of our matrix. We have

N
VmA,, > sup Z%Yi,

ae{0,—1,+1}NV i—1
I'supp al=m

where to simplify the notation we set ¥; = X;;. On the right hand side
we actually have Y~ |Y;*|, where Y;* is such a rearrangement of Y; that
Y| > |Y5| > ... > |Y,F|, which can be used to derive lower bounds on the
expectation. We will however not rely on this representation, instead we will
use a Sudakov type minoration principle for exponential variables proved in
(28], Theorem 5.2.9, which we state here in a simplified version, adapted to
our purposes.
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Lemma 5.6. Let Yy, ..., Yy be independent symmetric exponential variables
with variance one. Consider T C (Y of cardinality k and w > 1. If for any
s,t €T, t+#s,

Vault = s| +ullt — sl > u,

then Emaxier S0 | #;Y; > cmin(u, logk), where ¢ > 0 is an absolute con-
stant.

In our case, T = {a € {0,—1,1}": |suppal < m}, so k > (an) Also,
since ||t — s|joo > 1 for t,s € T, t # s, the condition of the lemma is trivially
satisfied for any w > 1, in particular for v = logk. Thus, for m < N/2
we obtain /mEA,, > logk > cmlog(2N/m). On the other hand we have
EA,, > cy/m, so for m > N/2 it is enough to adjust the constants. O

Let M be an n x N matrix with entries X;;/v/n,i=1,...n,j=1,... N,
where X;; are i.i.d. symmetric exponential variables with variance one. It

follows from the definition 1.1 of the isometry constant of M that for any

1 <m < min(n, N)
2

A
— <14 .
n

Consequently, if M satisfies the restricted isometry property of order m with
some parameter J € (0,1), then A2, < 2n. From Proposition 5.5 we deduce
the optimality of our result regarding the restricted isometry property.

Proposition 5.7. Let 1 < m < n < N. Let M be a n x N matriz with
entries X;j/v/n, i = 1,...n, j = 1,...N, where X;; are i.i.d. symmetric
exponential variables with variance one. There exist constants C > 0 and
0 < ¢ < 1 such that if the probability that the random matriz M satisfies
the restricted isometry property of order m with some parameter § € (0, 1) is
larger than c, then

2N
mlog® <—) < Chn.
m
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