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Abstract

We establish new tail estimates for order statistics and for the
FEuclidean norms of projections of an isotropic log-concave random
vector. More generally, we prove tail estimates for the norms of pro-
jections of sums of independent log-concave random vectors, and uni-
form versions of these in the form of tail estimates for operator norms
of matrices and their sub-matrices in the setting of a log-concave en-
semble. This is used to study a quantity Ay, that controls uniformly
the operator norm of the sub-matrices with k& rows and m columns of
a matrix A with independent isotropic log-concave random rows. We
apply our tail estimates of Ay, to the study of Restricted Isometry
Property that plays a major role in the Compressive Sensing theory.
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1 Introduction

In the recent years a lot of work has been done on the study of the empiri-
cal covariance matrix, and on understanding related random matrices with
independent rows or columns. In particular, such matrices appear naturally
in two important (and distinct) directions as follows.

(1) Approximation of covariance matrices of high-dimensional distributions
by empirical covariance matrices.
(2) The Restricted Isometry Property (RIP) of sensing matrices defined in
the Compressive Sensing theory.

To illustrate, let n, N be integers. For 1 < m < N by U, = U,,(RY) we
denote the set of m-sparse unit vectors, that is, vectors € SN~! with at
most m non-zero coordinates. For any n x N random matrix A, treating A as

a linear operator A : RY — R™ we define 6,,,(A) by 6,,,(A) = sup,ey,. ||Az]*—

E|Az|?|. (Here | -| denotes the Euclidean norm on R™.)

Now let X € RY be a centered random vector with the covariance matrix
equal to the identity, that is, EX ® X = Id; such vectors are called isotropic.
Consider n independent random vectors Xy, ..., X,, distributed as X and let
A be the n x N matrix whose rows are Xi,...,X,,. Then

Om <i> = 1861%]13”% (JAz|* — E|Az]?)|
= sup |23 (X2 ~ B 0)P) | (L.1)

x€U, ' T i—1

In the particular case of m = N it is also easy to check that

5N(%) - H%Zz:l:()(i®)(i—]EX®X)H. (1.2)

We first discuss the case n > N. In this case we will work only with the
parameter dy(A/v/n). By the law of large numbers, under some moment
hypothesis, the empirical covariance matrix %Z?:l X; ® X; converges to
E X ® X = Id in the operator norm, as n — oo. A natural goal important

for many classes of distributions is to get quantitative estimates of the rate



of this convergence, in other words, to estimate the error term dy(A/y/n)
with high probability, as n — oc.

This question was raised and investigated in [17] motivated by a problem
of complexity in computing volume in high dimensions. In this setting it was
natural to consider uniform measures on convex bodies, or more generally,
log-concave measures (see below for all the definitions). Partial solutions
were given in [10] and [26] soon after the question was raised, and in the
intervening years further partial solutions were produced. A full and optimal
answer to the Kannan-Lovész-Simonovits (K-L-S) question was given in [5]
and [7]. For recent results on similar questions for other distributions, see
e.g., [29] and [27].

The answer from [5] and [7] to the K-L-S question on the rate of conver-
gence stated that:

1 n
P| sup —Z(|<X2,x ‘ < C’\/ >1—e VN, (1.3)
zeSN-1 17 =1 n

where C' and c¢ are absolute positive constants. The proofs are based on an
approach initiated by J. Bourgain [10] where the following norm of a matrix
played a central role. Let 1 < k < n, then

Apny = sup  sup (Z\ ) = sup  sup |PyAx|, (1.4)

JcA{1,..., n} reSN-1
J|=k

where for J C {1,...,n}, P; denotes the orthogonal projection on the coor-
dinate subspace R” of R"™.

To understand the role of Ay x for estimating oy (A/y/n), let us explain
the standard approach. For each individual x on the sphere, the rate of con-
vergence may be estimated via some probabilistic concentration inequality.
The method consists of a discretisation of the sphere and then the use of an
approximation argument to complete the proof. This approach works per-
fectly as long as the trade-off between complexity and concentration allows
it.

Thus when the random variables = >~ | [(X;, x)|? satisfy a good concen-
tration inequality sufficient to handle uniformly exponentially many points,
the method works. This is the case, for instance, when the random variables
(X, x) are sub-gaussian or bounded, due to Bernstein inequalities. In the
general case, we decompose the function [(X;, x)|? as the sum of two terms,
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the first being its truncation at the level B2, for some B > 0. Now, let us
discuss the second term in the decomposition of Y7 | [(X;, z)[%. Let

Ep = Eg(z)={i <n : [(X;,z)| > B}.

For simplicity, let us assume that the maximum cardinality of the sets of the
family {Ep(z) : = € S¥7'} is a fixed non-random number k, then clearly
the second term is controlled by

DX o) < ARy

i€Ep
In order to estimate k, let = be such that k = |Eg(x)| = |Ep|, then

B’k = B’|Ep| < ) [(X;,z)”

i€Ep

Thus, we get the implicit relation A} y > B?k. From this relation and an
estimate of the parameter Aj x we eventually deduce an upper bound for
k. To conclude the argument of Bourgain the bounded part is uniformly
estimated by a classical concentration inequality and the rest is controlled
by the parameter Ay y.

Note that we only need tail inequalities to estimate Ay n, that is, to
control uniformly the norms of sub-matrices of A. This is still a difficult
task, however, because of a high complexity of the problem and the lack of
matching probability estimates; and a more sophisticated argument has been
developed in [5] to handle it.

We now pass to the complementary case n < N, which is one of central
points of the present paper, and was announced in [4].

Let A be an n x N random matrix with rows Xy,..., X, which are in-
dependent random centered vectors and with covariance matrices equal to
the identity, but not necessarily identically distributed. Clearly, A is then
not invertible. The uniform concentration on the sphere Uy = SV~ (which
appeared in the definition of d,,(A/+/n) for m = N) does not hold and the
expressions in (1.1) are not uniformly small on Uy = SV¥~!. The best one
can hope for is that A may be “almost norm-preserving” on some subsets
of SN=1. This is true for subsets U,,, for some 1 < m < N and is indeed
measured by d,,(A/\/n).



The parameter 9,, plays a major role in the Compressive Sensing theory
and an important question is to bound it from above with high probability, for
some (fixed) m. For example, it can be directly used to express the so-called
RIP (introduced by E. Candes and T. Tao in [12]), which in turn ensures
that every m-sparse vector x can be reconstructed from its compression Ax
with n < N by the so-called ¢;-minimization method.

For matrices with independent rows Xi,...,X,, questions on the RIP
were understood and solved in the case of Gaussian and sub-gaussian mea-
surements (see [12], [23] and [8]). When Xi,..., X, are independent log-
concave isotropic random vectors, these questions remained open and this is
one of our motivation for this article.

For an n x N matrix A and m < N, the definition of §,,(A//n) implies
a uniform control of the norms of all sub-matrices of A/\/n with n rows and
m columns. Passing to transposed matrices, it implies a uniform control of
|PX;| over all I C {1,2,---, N} of cardinality m and 1 <+ < n. In order to
verify a necessary condition that for some m, d,,(A/y/n) is small with high
probability, one needs to get an upper estimate for sup{|P;X| : |I| = m}
valid with high probability.

The probabilistic inequality from [24]

P (|PX| > Cty/m) <e V™ (1.5)

valid for ¢t > 1, is optimal for each individual I, but it does not allow one
to get directly (by a union bound argument) a uniform estimate because the
probability estimate does not match the cardinality of the family of the I’s.
Thus, the first natural goal we address in this paper is to get uniform tail
estimates for some norms of log-concave random vectors.

This heuristic analysis points out to the main objective and novelty of the
present paper; namely the study of high-dimensional log-concave measures
and a deeper understanding of such measures and their convolutions via new
tail estimates for norms of sums of projections of log-concave random vectors.

To emphasize a uniform character of our tail estimates, for an integer
N > 1, an N-dimensional random vector Z, an integer 1 < m < N, and
t > 1, we consider the event

O(Z,t,m,N) = { sup |PiZ] > Ci/im log (%) } (1.6)

Ic{1,..., N



where C' is a sufficiently large absolute constant. Note that the cut-off level
in this definition is of the order of the median of the supremum for the
exponential random vector (see e.g. Lemma 4.1 in [3]).

Recall that X, X1, ..., X, denote N-dimensional independent log-concave
isotropic random vectors, and A is the nx N matrix whose rows are X, ..., X,,.
A chain of main results of this paper provides estimates for P(Q2(Z, ¢, m, N))
in the cases when

(i) Z = X; and, more generally,

(ii) Z =Y is a weighted sum Y = > | x;X;, where z = (2;)7 € R", with
control of the Euclidean and supremum norms of z,

(iii) a uniform version of (ii) in the form of tail estimates for operator norms
of sub-matrices of A.

Our first main theorem answers the question of uniform tail estimates for
projections of a log-concave random vector discussed above.

Theorem 1.1. Let X be an N-dimensional log-concave isotropic random
vector. For any1 <m < N andt > 1,

P(Q(X,t,m, N)> < exp(—t\/ﬁlog (%)/M)

The proof of the theorem is based on tail estimates for order statistics
of isotropic log-concave vectors. By (X*(i));, we denote the non-increasing
rearrangement of (]X(7)]);. Combining (1.5) with methods of [18] and the

formula sup 1) \PrX| =020, X*(1)2)"? will complete the argument.

Let us also mention that further applications (in Section 4) of inequality
of this type require a stronger probability bound that involves a natural
parameter ox(p), defined in (3.3), determined by a “weak L,” behavior of
the random vector X.

More generally, the next step provides tail estimates for Euclidean norms
of weighted sums of independent isotropic log-concave random vectors. Let
r = (z;)7 € R" and set Y = > 2;X; = A*zx. The key estimate used later,
Theorem 4.3, provides uniform estimates for the Euclidean norm of projec-
tions of Y. Namely, for every x € R”, IF’(Q(Y, t,m, N)) is exponentially
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small with specific estimates depending on whether the ratio ||z|/|z]| is
larger or smaller than 1/y/m. Since precise formulations of probability es-
timates are rather convoluted we do not state them here and we refer the
reader to Section 4.

The last step of this chain of results estimating probabilities of (1.6) is
connected with the family of parameters Ay ,,, with 1 <k <nand1<m <
N, defined by

1/2
Agm = sup SUP(Z\(Xj,xHQ) = sup sup |P;Az|. (1.7)
e

JC{l,...,n} z€Um,
|J|=k J

That is, Ay, is the maximal operator norm over all sub-matrices of A with
k rows and m columns (and for m = N it obviously coincides with (1.4)).

Finding bounds on deviation of Ay ., is one of our main goals. To develop
an intuition of this result we state it below in a slightly less technical form.
Full details are contained in Theorem 5.1.

Theorem 1.2. For anyt > 1 and n < N we have
P(Ajm > CtA) < exp(—tA/+/log(3m)),
where A = /loglog(3m)y/mlog(eN/m)+klog(en/k) and C is a universal

constant.

The threshold value A is optimal, up to the factor of \/loglog(3m). As-
suming additionally unconditionality of the distributions of rows (or columns),
this factor can be removed to get a sharp estimate (see [3]).

We make several comments about the proof. Set I' = A*. Then
( Z xi P, IXi>

To bound Ay ,,, one has then to prove uniformity with respect to two families
of different character: one coming from the cardinality of the family {I C
{1,...,N}: [|I| = m}; and the other, from the complexity of Uy(R™). This
leads us to distinguishing two cases, depending on the relation between £
and the quantity

Agm = sup sup |Pl'z| = sup sup
Ic‘{11 ,,,,, N} zeU(R™) IC‘{Il ..... N} zeU(R™)

|[=m =m

k'=inf{¢ > 1: mlog(eN/m) < Llog(en/()}.
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First, if & > k', we adjust the chaining argument similar to the one from [5]
to reduce the problem to the case k < k’. In this step we use the uniform tail
estimate from Theorem 3.4 for the Euclidean norm of the family of vectors
{P;X : |I| = m}. Next, we use a different chain decomposition of x and
apply Theorem 4.3.

As already alluded to, an independent interest of this paper lies in upper
bounds for d,,(A/y/n) where A is our n x N random matrix. We presently
return to this subject to explain the connections.

The family Ay, plays a very essential role in studies of the restricted
isometry constant, which in fact applies even in a more general setting.
Namely, for an arbitrary subset 7 C RY and 1 < k < n define the parameter
Ai(T) by

Ap(T) = sup sup<Z|Xl,y )1/2. (1.8)

IC{ll ,,,,, n} yeT
I|=k

Thus, Aym = Ag(Uy,). The parameter Ay (7)) was studied in [22] by means
of Talagrand’s v-functionals.

The following lemma reduces a concentration inequality to a deviation
inequality and hence is useful in studies of the RIP. It is based on an argument
of truncation similar to Bourgain’s approach presented earlier. Its proof will
be presented in Section 6.

Lemma 1.3. Let X1, ..., X,, be independent isotropic random vectors in RY .
Let T C SN=1 be a finite set. Let0 < 0 < 1 and B > 1. Then with probability
at least 1 — |T| exp (—360°n/8B?) one has

n

sup | =S (X )P~ BN )P)| < 0+ - (A(T)? + EA(TY?),

n
vel |70

where k < n is the largest integer satisfying k < (Ay(T)/B)?.

In this paper, we focus on the compressive sensing setting where 7T is the
set of sparse vectors. The lemma above shows that after a suitable discretisa-
tion, estimating d,, or checking the RIP, can be reduced to estimating Ay ,,.
This generalizes naturally Bourgain’s approach explained above for m = N.



Using the lemma, we can show that if 0 < # < 1, B > 1, and m <
N satisfy mlog(CN/m) < 36?n/16B2, then with probability at least 1 —
exp (—30*n/16 B%) one has

S(A/\/R) <0+~ (A2, +EAZ ),
~ (4 ,

where k < n is the largest integer satisfying k& < (Ag,,/B)? (note that k is a
random variable).

Combining this with tail inequalities from Theorem 1.2 allows us to prove
the following result on the RIP of matrices with independent isotropic log-
concave rows.

Theorem 1.4. Let 0 < 0 < 1,1 <n < N. Let A be an n x N random
matriz with independent isotropic log-concave rows. There exists c(f) > 0
such that 0,,(A/\/n) < 0 with an overwhelming probability, whenever

mlog®(2N/m) loglog 3m < c(f)n.

The result is optimal, up to the factor loglog 3m, as shown in [6]. As for
Theorem 5.1, assuming unconditionality of the distributions of the rows, this
factor can be removed (see [3]).

The paper is organized as follows. In the next section we collect the no-
tation and necessary preliminary tools concerning log-concave random vari-
ables. In Section 3, given an isotropic log-concave random vector X, we
present several uniform tail estimates for Euclidean norms of the whole fam-
ily of projections of X on coordinate subspaces of dimension m. As already
mentioned, these estimates are based on tail estimates for order statistics of
X. The main result, Theorem 3.4, provides a strong probability bound in
terms of the “weak L,” parameter ox(p) defined in (3.3). The proofs of the
main technical results, Theorems 3.2 and 3.4, are given in Section 7. Section 4
provides tail estimates for Euclidean norms of projections of weighted sums
of independent isotropic log-concave random vectors. The proof of the main
Theorem 4.3 is a combination of Theorem 3.4 and one-dimensional Propo-
sition 4.3. In Section 5, we prove the result announced above on deviation
of Ay . Section 6 treats the Restricted Isometry Property and estimates of
dm(A/v/n). The last Section 7 is devoted to the proofs of technical results of
Section 3.
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2 Notation and preliminaries

Let L be an origin symmetric convex compact body in R?. It is the unit ball
of a norm that we denote by || - ||. Let K C R%. We say that a set A C K
is an e-net of K with respect to the metric corresponding to L if

K C U(z+5L).

z€EA

In other words, for every z € K there exists z € A such that ||z — z||; < e.
We will mostly use e-nets in the case K = L. It is well known (and follows
by the standard volume argument) that for every symmetric convex compact
body K in R? and every ¢ > 0 there exists an e-net A of K with respect to
the metric corresponding to K, of cardinality not exceeding (1 + 2/¢)d. It is
also easy to see that A C K C (1—¢)~! convA. In particular, for any convex
positively 1-homogenous function f one has

sup f(x) < (1 —¢) 'sup f(z).
zeK xEA

A random vector X in R" is called isotropic if
E(X,y) =0, E|(X,y)]? =y]* forallyeR",

in other words, if X is centered and its covariance matrix EX ® X is the
identity.

A random vector X in R" is called log-concave if for all compact nonempty
sets A, B CR"and § € [0,1], (X € A+ (1 —0)B) > P(X € A)P(X €
B)'~%. By the result of Borell [9] a random vector X with full dimensional
support is log-concave if and only if it admits a log-concave density f, i.e.
such density for which

F(6x+ (1= 6)y) = f(2)f(y) " forall o,y € R”, 0 € [0,1].
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It is known that any affine image, in particular any projection, of a log-
concave random vector is log-concave. Moreover, if X and Y are independent
log-concave random vectors then so is X + Y (see [9, 14, 25]).

One important and simple model of a centered log-concave random vari-
able with variance 1 is the symmetric exponential random variable £ which
has density f(t) = 272 exp(—+/2|t|). In particular for every s > 0 we have
B(|E] > ) = exp(—v/3s).

Every centered log-concave random variable Z with variance 1 satisfies a
sub-exponential inequality:

for every s >0, P(|Z] >s) < Cexp(—s/C), (2.1)
where C' > 1 is an absolute constant (see [9]).

Definition 2.1. For a random variable Z we define the 1y-norm by
1Z]ls, = nf{C >0 : Eexp(|2]/C) < 2}
and we say that Z is ¢ with constant 1, if | Z]|y, < 9.

A consequence of (2.1) is that there exists an absolute constant C' > 0
such that any centered log-concave random variable with variance 1 is ¥y
with constant C.

It is well known that the 1;-norm of a random variable may be estimated
from growth of its moments. More precisely, if a random variable Z is such
that for any p > 1, || Z]|, < pK, for some K > 0, then ||Z]|,, < cK where ¢
is an absolute constant.

By | - | we denote the standard FEuclidean norm on R™ as well as the
cardinality of a set. By (-,) we denote the standard inner product on R".
We denote by By and S"~! the standard Euclidean unit ball and the standard
unit sphere in R".

A vector x € R" is called sparse or k-sparse for some 1 < k < n if the
cardinality of its support satisfies |[supp z| < k.

We let

U = Up(R") := {x € S"': z is k-sparse}. (2.2)

For any subset I C {1,...,N} let P; denote the orthogonal projection
on the coordinate subspace R! := {y € RV : suppy C I}.

We will use the letters C, Cy, C1, ..., ¢, co,c1, ... to denote positive abso-
lute constants whose values may differ at each occurrence.
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3 New bounds for log-concave vectors

In this section we state several new estimates for Euclidean norms of log-
concave random vectors. Proofs of Theorems 3.2 and 3.4 are given in Sec-
tion 7.

We start with the following theorem, which was essentially proved by
Paouris in [24]. Indeed, it is a consequence of Theorem 8.2 combined with
Lemma 3.9 in that paper, after checking that Lemma 3.9 holds not only for
convex bodies but for log-concave measures as well.

Theorem 3.1. For any N-dimensional log-concave random vector X and
any p > 1 we have

EIXP)7 < C((BIXP)2+ sup (Bl X))7),  (3.1)

teSN-1
where C is an absolute constant.

Remarks. 1. It is well known (cf. [9]) that if Z is a log-concave random
variable then

|z < cL®|z1mY0 forp>q> 2.
q

If Z is symmetric one may in fact take C' = 1 (cf. Proposition 3.8 in [20])
and if Z is centered then denoting by Z’ an independent copy of Z we get
forp > q > 2,

(B|Z])'/r < (B|1Z — Z'P)'? < L(®| 7z — 27|70 < 2B (m| 7)) V/0.
q q

Therefore, if X € R¥ is isotropic log-concave, then

sup (]E|<t7X>|p>1/P < p sup (E|<t,X>‘2)1/2 = p.

teSN-1 tcSN-1

Also note that (E|X|?)Y/? = /N. Combining these estimates together with
inequality (3.1), we get that (E|X[?)"/? < C(v/N + p). Using Chebyshev’s,
inequality we conclude that there exists C' > 0 such that for every isotropic
log-concave random vector X € RY and every s > 1,

P (|X| > CS\/N) < VN (3.2)
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which is Theorem 1.1 from [24].

2. It is well known and it follows from [9] that for any p > 1, (E|X|?)1/2% <
C(E|X|?)'/? where C is an absolute constant. From the comparison between
the first and second moments it is clear that inequality (3.1) is an equivalence.
Moreover, there exists C' > 0 such that

P (112 C(@IXPI2 4 swp (86 X)) ) < e

teSN-1

and

P (112 G (@XM + sup (16 30P*) ) 2 min {0},

teSN-1

The upper bound follows trivially from Chebyshev’s inequality. The lower
bound is a consequence of Paley-Zygmund’s inequality and comparison be-
tween the p-th and (2p)-th moments of | X]|.

3. Since, for any Euclidean norm || - || on RY, there exists a linear
map T such that ||z|| = |Tz| and the class of log-concave random vectors
is closed under linear transformations, Theorem 3.1 implies that for any N-
dimensional log-concave vector X, any Euclidean norm ||-|| on RY and p > 1
we have

®X 7)1 < C(EIXID)Y + sup (Bl X)),

flell+<1

where (R ||-]|,) is the dual space to (RY||-||). It is an open problem whether
such an inequality holds for arbitrary norms, see [19] for a discussion of this
question and for related results.

We now introduce our main technical notation. For a random vector
X =(X(1),...,X(N))in R¥, p > 1 and ¢ > 0 consider the functions

ox(p) = sup (E[(t, X)) (3-3)

teSN-1

and

N
Nx(t) =) Lixasi-
=1
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That is, Nx(t) is equal to the number of coordinates of X larger than or
equal to t. Note that ox() is an increasing function and denote its inverse
by oy, i.e.,

oy (s) = sup{t: ox(t) < s}.

Remark 1 following Theorem 3.1 implies that for isotropic vectors X,
Vi>1,p>2 ox(tp) <2tox(p) and ox(p) < p, (3.4)
hence
Vt>1,5>1 oy (2ts) >toy'(s) and Vp>2 oy (p) > p. (3.5)

We also denote a non-increasing rearrangement of | X (1)],...,|X(N)| by
X*(1) > X*(2)>... > X*(N).
One of the main technical tools of this paper says:

Theorem 3.2. For any N-dimensional log-concave isotropic random vector
X,p>2andt > Clog <Nt2/a§<(p)> we have

E(£*Nx (1)) < (Cox(p))™,

where C' is an absolute positive constant.

We apply Theorem 3.2 to obtain probability estimates on order statistics
X*(i)’s.
Theorem 3.3. For any N-dimensional log-concave isotropic random vector
X, any 1 <{¢ < N andt > Clog(eN/l),

1
P(X*(0) 2 1) < exp (- 03! (51V7))

where C'is an absolute positive constant.

Proof. Observe that o_x(p) = ox(p) and that X*(¢) > t implies that
Nx(t) > ¢/2 or N_x(t) > /2. So by Chebyshev’s inequality and Theo-
rem 3.2,

POC(0) 2 0 < (7) ENser + BN son) < (S

provided that ¢ > C”log(Nt?/o%(p)), where C’,C" are absolute positive
constants. To conclude the proof it is enough to take p = o' (tv/£/(C"e)) and
to note that the restriction on ¢ follows by the condition ¢t > C'log(eN/¢). O
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We can now state one of the main results of this paper.

Theorem 3.4. Let X be an isotropic log-concave random vector in RY and
m< N. Foranyt>1,

t 1 eN
IF’( sup |PrX| > Cty/mlog (ﬂ>> < exp (_0)_(1 ( Vvmlog () >> 7
Ic{1 } m

et Log(ern,/mo)

where C' is an absolute positive constant and

mo = mo(X,t) = sup {k <m: klog (%) <oy (t\/ﬁlog (%))}

Remark. We believe that the probability estimate should not contain any
logarithmic term in the denominator, but it seems that our methods fail to
show it. However, it is not crucial in the sequel.

We prove Theorems 3.2 and 3.4 in Section 7.

Since by (3.4) ox(p) < p, Theorem 1.1 is an immediate consequence of
Theorem 3.4.

4 Tail estimates for projections of sums of
log-concave random vectors

We shall now study consequences that the results of Section 3 have for
tail estimates for Euclidean norms of projections of sums of log-concave
random vectors. Namely, we investigate the behavior of a random vector
Y =Y, = > %X, where Xy,..., X, are independent isotropic log-
concave random vectors in RY and x = (z;)7 € R" is a fixed vector. We
provide uniform bounds on projections of such a vector. We start with the
following proposition.

Proposition 4.1. Let X1, ..., X, be independent isotropic log-concave ran-
dom vectors in RN, x = (z;)} € R", and Y = >, 2;X;. Then for every
p > 1 one has

oy(p) = sup (E|(t,Y)[")"” < C(y/plz| + pllzs),

teSN-1

where C'is an absolute positive constant.
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Proof. For every t € SV~ we have
(t,Y) = Z%‘@Z Xi).
i=1

Let E; be independent symmetric exponential random variables with variance
1. Let t € S¥' and = (z;)7 € R™. The variables Z; = (¢, X;) are one-
dimensional centered log-concave with variance 1, therefore by (2.1) for every
s > 0 one has

P(|Z;| > s) < Cy P(|Ei| > s/Ch) .
Let (&) be independent Bernoulli £1 random variables, independent also

from (Z;). A classical symmetrization argument and Lemma 4.6 of [21] imply

that there exists C such that
1/ n 1/
p) 8 S C(]E) leEl p) p.
i=1

The well-known estimate (which follows e.g. from Theorem 1 in [16])

i=1

concludes the proof. O

ELE Y)Y < 2(B| S @i,
i=1

» 1/p
) < C(y/plz| + pllz|)

Corollary 4.2. Let X1,...,X,, x and Y be as in Proposition 4.1 and 1 <
¢ < N. Then for any t > C|x|log (%) one has

P(Y*(¢) > t) <exp <—émin {‘Z;—f?, %}) )

where C' is an absolute positive constant.

Proof. The vector Z = Y/|x| is isotropic and log-concave. Moreover by
Proposition 4.1 we have

] oo
UZ(p) = _O'Y<p) < 01 <\/]_?+pw)

16



Therefore for every t > (',

1 |z
1 2
> — {t t}
o, (1) 3 min Tl

and by Theorem 3.3 we get for every t > Cs|x|log (%),

()2 1) = B(20) = 1) < oo (7' (557))

] Calz]

SeXp(-imin{tQE Ve })

C 227 (|l
0

The next theorem provides uniform estimates for the Euclidean norm of
projections of sums Y, considered above, in terms of the Euclidean and /.,
norms of the vector z € R™.

Theorem 4.3. Let Xq,..., X, be independent isotropic log-concave random
vectors in RN, x = (z;)7 € R", and Y = > | x;X;. Assume that |z| < 1,
|Z|loo <b<1andlet1 <m<N.

i) [fb> — then for anyt > 1,

eN

eN ty/mlog (7)
P PY|>Ctymlog | — ) | < — :
(Ic{sup IFiY] = mog(m>> _eXp( by/log(e2b?m) )’

i) if b < — then for any t > 1,
N
IP( sup |PrY| > Cty/mlog (6—>>
Ic{1,..., N} m

o < exp (= min {##m1og? (5). fvmlog () 1),

where C' is an absolute positive constant.
Remark. Basically the same proof as the one given below shows that in i)

the term log( 21)2 ) may be replaced by y/log(e2b>m /t?) and the condition
b> — by b > . We omit the details.
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The proof of Theorem 4.3 is based on Theorem 3.4. Let us first note
that we may assume that vector Y is isotropic, i.e. |z| = 1. Indeed, we
may find vector y = (y1,...,y) such that ||y|/e < b and |2]* + |y|*> = 1 and
take Y/ = Zle y;G;, where G; are i.i.d. canonical N-dimensional Gaussian
vectors, independent of vectors X;’s. Then the vector Y + Y’ is isotropic,
satisfies the assumptions of the theorem and for any u > 0,

IP’( sup |PY|> u) < QIP’( sup |P(Y +Y")| > u)

ICc{1,..,N} Ic{1,...,N}
[T|=m [IT|=m

Similarly as in the proof of Corollary 4.2, for ¢ > C' we have

ayl(t)Zémin{tQ ¢ } (4.1)

fllloo

This allows us to estimate the quantity mg in Theorem 3.4. For 1/y/m <
b < 1 define my; = m4(b) > 0 by the equation

ma(b) log (nfl]é)) \/b—l og (eg) (4.2)

One may show that my(b) ~ @ log(<X)/ log(i/]\%’), we will however need

only the following simple estimate.
Lemma 4.4. If 1/\/m < b <1 then log(m/m;(b)) < 2log(eby/m).
Proof. Let f(z) = zlog(eN/z). Using 1/y/m < b we observe

f( ! >=:—%r<lg( N)-+kg0n¥65>__Vr_bg<eN>-+gl_vﬁkb

o212 2} 2p2
vm, vm, reN
< X _— = .
L () (4 1) < L ()
Since f increases on (0, N], we obtain m;(b) > (eb)™?, which implies the
result. 0

Proof of Theorem 4.3. As we noticed after remark following Theorem 4.3,
without loss of generality, we may assume that |z| = 1, that is, Y is isotropic.

i) Assume b > 1/y/m. By (4.1) for every t > C/(y/mlog(eN/m)) we have
oyt (t\/ﬁlog (%)) > é\/ﬁlog (%) (4.3)
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By (4.2), it follows that for every t > |z| = 1,

eN

my(b) log (ml(b)) <oyt (Ctﬁlog (%))

By the definition of my, given in Theorem 3.4, this implies that mq(Y, Ct) >
|m1 ()], and since mo(Y, Ct) > 1 we get mo(Y, Ct) > my(b)/2. By Lemma 4.4
this yields log(em/mg (Y, Ct)) < 2 4 2log(eby/m) < 4log(eby/m).

Writing ¢ = #'1/2log(e?b?>m) and applying (4.3) we obtain

o n/mlog (5)) > o <t’\/Elog (%)) > —\/_log (6N>

Y
\/ log (Y D)

Theorem 3.4 applied to Ct instead of ¢ implies the result (one needs to adjust
absolute constants).

ii) Assume b < 1/y/m. By (4.1) for every ¢t > C|x| we have

o g (2) = Lo g (2. s ()

which by the definition of mq implies that mg(Y,Ct) = m. As in part i),
Theorem 3.4 implies the result. Il

5 Uniform bounds for norms of submatrices

In this section, we establish uniform estimates for norms of submatrices of a
random matrix, namely for the quantity Ay, defined below.

Fix integers n and N. Let X;,..., X, € RY be independent log-concave
isotropic random vectors. Let A be the n x N random matrix with rows
X1, X,

For any subsets J C {1,...,n}and I C {1,..., N}, by A(J,I) we denote
the submatrix of A consisting of the rows indexed by elements from J and
the columns indexed by elements from I.

Let £ <n and m < N. We define the parameter Ay, by

Apm = sup [| A, D)l g (5.1)
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where the supremum is taken over all subsets J C {1,...,n} and I C
{1,..., N} with cardinalities |J| = k,|I| = m. That is, Aj,, is the max-
imal operator norm of a submatrix of A with k rows and m columns.

It is often more convenient to work with matrices with log-concave columns
rather than rows, therefore, in this section, we fix the notation

r=A"

Thus, I' is an N X n matrix with columns Xy,..., X,. In particular, given
z € R" the sum Y = Z?:l x;X; considered in Section 4 satisfies Y = I'z.
Clearly,

HLJ%:CMLD)
so that, recalling that Uy was defined in (2.2), we have
App =i = sup{|PLx|: I C{1,....N}, [I|=m, x € Uy}. (5.2

Define Ay, and A\, by

N = ViogToglam) yitog (M) o (), (53

and

m

_ /loglog(3m) vm log (emax{N, n}) (5.4)
log(3m) m
The following theorem is our main result providing estimates for the op-

erator norms of submatrices of A (and of I'). Its first part in the case n < N
was stated as Theorem 1.2.

Theorem 5.1. There exists a positive absolute constant C' such that for any
positive integers n, N, k < n, m < N, for any n x N random matriz A,
whose rows Xy, ..., X, are independent log-concave isotropic random vectors
in RN, and for any t > 1 one has

MMMZ&MMSmp——QML—.
log(3m)

In particular, there exists an absolute positive constant Cy such that for every
t > 1 and for every m < N one has

P(3k Ak > Cithpm) < exp (—tA,). (5.5)
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First we show the “in particular” part, which is easy.

Proof of inequality (5.5). The main part of the theorem implies that for every
t>1

Pm =P (3k A > Cthgm) < Zexp (—t)\km/\/log(?)m)) .

k=1
Note that

N
e/ V/1og(3m) m!'/* log <M) > Z_i log(en),
m

where ¢ is an absolute positive constant. Therefore for ¢ > 8/c one has

Pm < nexp (—tAy) <exp (—(t/2) An).

The result follows by writing ¢t = (8/¢)t’ and by adjusting absolute constants.
]

Now we prove the main part of the theorem. Its proof consists of two
steps that depend on the relation between m and k. Step I is applicable if

mlog ( ) < klog ( ) and it reduces this case to the second complemen-

tary case mlog <6N> > klog (%) The latter case will then be treated in

Step II. To make this reduction we define &' as follows

K ::inf{lglz;gn : k;log(k> >mlog<enjj>} (5.6)

(of course if the set in (5.6) is empty, we immediately pass to Step II).

5.1 Step I: klog <%> > mlog( ), in particular k& > k’.

Proposition 5.2. Letn, N, k < n, m < N be positive integers. Let A be an
n X N random matrix, whose rows Xi,..., X, are independent log-concave
isotropic random vectors in RY. Assume that k > k'. Then for any t > 1
we have

sup sup |Plz| < C( sup sup | Pz

C Ic{1,..., N} xeUy
[I|l=m [I]=

+t\/_log< >+t\/_log< )) (5.7)
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with probability at least

1—nexp (_t\/mlog(eN/\;nk))T—l—er\n/Elog(en/k»_eXp (—tk;' log (%)), (5.8)

where C' s a positive absolute constant.

The proof of Proposition 5.2 is based on the ideas from [5]. We start it
with the following fact.

Proposition 5.3. Let (X;);<, be independent centered random vectors in
RY and ¢ > 0 be such that

X,
E exp (K;b—’mb <2 forali<n,He SN

Then for 1 < p <n andt > 1 with probability at least 1 —exp(—tplog(en/p))
the following holds:
for ally,z € U, and oll E,F C {1,....,n} with ENF =10,

1/2
K > uiXi > Zij> < 20tplog (ﬁﬁ} max [y;| ( > 2?) Ty,
icE jEF p ey =

je
where Ty, = max,ep, |Tz| = maxyey, | i Xl

Proof. In this proof we use for simplicity the notation [n] = {1,...,n}. First
let us fix sets £, F' C [n] with ENF = (. Since we consider y, z € U, without
loss of generality we may assume that |E|, |F'| < p. For z € U, denote

_ Yr(2)
Ve (2)]

Yp(z):szXj and  Zp(2)

jJEF

(if Yp(2) = 0 we set Zp(z) =0). For any y, z € U, we have

‘<i€ZEin¢,EZFZij> < ZEZE |yl <Xi7YF(Z)>’
< max |yl ¥ (2)| Y [(Xi: Ze(2)).

el
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The random vector Zg(z) is independent from the vectors X;’s, i € E, more-
over |Zp(2)| < 1 and |Yr(2)| < (3. cp22)Y/?T,. Therefore, for any z € U,
and u > 0,

( yeUp

jeF <j

<Zy, “Z >‘ > maX|yZ|<Zz?> 1/2Fp>

icE jEF jEF

<P( (X0 Ze(2))| 2 uv)

X, Z
e "E exp (Z |< i 77Z)F(Z)>|> < 2|E\e—u < el
i€l

Let Ng denote a 1/2-net in the Euclidean metric in By NRY of cardinality
at most 571 < 57, We have

pe,r(u)
o\ /2
::P( yeUp zeUp <Zyz Z’ZZJ >’ >2u¢r¥1€£}3x‘yl|<z/gj> I"p)
jeF
5\ /2
S]P)( yGUp 2ENR <Zyz Z;Z >‘ >u¢max]yz\<zzj> Fp)
' jeF
o\ /2
= Z ( yeUp ’<Zini,ZZij>‘ >U¢I§£~X|yi|<zzj> Fp)
2ENFR (S jJEF jeF
< 10Pe™".
Hence,

P<3yEUPHZEUPHErFC[nL'E‘v'F'SpyEmF:@

(S X)) )

i€l JjeF

n\ [n
< Z per(u) < (p) (p) 107 < e/

E,FC[n],|E|,|F|<p,ENF=0
provided that u > 10plog(ne/p). This implies the desired result. ]

Before formulating the next proposition we recall the following elementary
lemma (see e.g. Lemma 3.2 in [5]).
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Lemma 5.4. Let zy,...,x, € RY, then

Z<xi’ zj) < 4Ec%axn}z Z i, Tj).

R iEE jEEC

Proposition 5.5. Let (X;);<, be independent centered random vectors in
RY and ¢ > 0 be such that

E exp <|<X;/}—’Q>|> <2 foralli<n,0¢€ SN-1,

Let p <n andt > 1. Then with probability at least 1 —exp(—tpln(en/p)) for
all v € Up,

< C’<|m| maX|X | + tplog ( >¢||5U||oo>

where C is an absolute constant.

Proof. As in the previous proof, we set [n] = {1,...,n}. Fix o > 0 and

define .
a) = sup {) Z x;
i=1

For E C [n] with |E| < p let Ng(a) denote a 1/2-net in RE N B} N aBy
with respect to the metric defined by BY N aBs. We may choose Ng(«a) of
cardinality 571 < 57, Let N(a) = U= NVEe(a), then

Xi|: 2 €U, ||z]lw < a}.

IN(a)| < <5en) and I'p(a) <2 sup szXZ (5.9)

p zeN(o) ' 5

Fix E C [n] with |E| = p and © € Ng(a). We have

‘Zn::cl ZmQ\XP—i—Z 2, X;, ;X
i=1

G
Therefore, Lemma 5.4 gives

’zn::vl <max\X| + 4 sup ‘<inXi, Z :vaj>‘.
i=1 i€l

Fck JEE\F
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Note that for any F' C E, maxier [z;| < o and |} p\p2;X;| < Tp(a),
hence as in the proof of Proposition 5.3 we can show that

B([( 35 i) > waly(e) < 2e

i€EF

Thus,

(>

This together with (5.9) and the union bound implies

> max | X: 2 + dupal, (o ) Z oFle=w < 3lElg—u,
- FCE

15
]P><F( 2 > 4max| Xi[ + 16upal,(a ) 3 e —U<< 6”) e,

€N ()

Hence

P(Fp(a) > 2\/§mzax | X:| + 32uz/zoz) < (15;n)pe_“. (5.10)

Using that I',(a) > I',(8) for a > 3 > 0 we obtain for every ¢ > 1,

P(3ue

il > 2v2 max | X;| + wy) max{|| ]|, 24})

i=1

= P(EIQ_zgagl I,(e) > 2v2max | X;| + u¢a>

< P<E|0§j§€—l FP(Z_J) > 2\/511’1&)( |Xz‘ + §U1p2_])

~
—_

j 1 ; 15en\r
< S P(Tp(27) > 2v2max |Xi| + Sup2 ) < o =) e,
. 7 p

<
I
o

where the last inequality follows by (5.10). Taking ¢ ~ log p (so that |||/, >
27 z]) and u = Ctplog(en/p), we obtain the result. O

Proof of Proposition 5.2. For any I C {1,..., N} and any i < n the vector
P; X; is isotropic and log-concave in R!, hence it satisfies the 1); bound with
a universal constant.
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We fix t > 10. Let s > 1 be the smallest integer such that k27° < k’. Set
k, = |k2'7#| — [k27#] for p=1,...,s and k11 = [k27°]. Then

s+1

max{1, [k27"|} <k, < k2", ko <K, and Y k,=k (511

Consider an arbitrary vector x = (2(7)); € Uy and let nq,...,ng be pair-
wise distinct integers such that |x(ny)| < |z(ng)| < ... < |x(ng)| and z(i) =0
for i ¢ {ni,...,ne}. For p = 1,...,s+1let F, = {n;},<i<j,,,, Where
Ju =2 pep ke (1 = 0). Let 2, be the coordinate projection of z onto R
Note that for each p < s we have

wp <1 and  Japlle < 1/VE — i +1 < V/20/k. (5.12)

+

The equality z = 1 T, yields that for every I C {1,..., N} of cardi-

nality m,

|Pilx| < |Plzp,, |+ ’ ZP]FxF ) < sup sup |Plz|+ ’ ZP]FxFM ,
IC‘{II‘ ,,,,, N} ;(;EU/ p,Zl

where in the second inequality we used that kg < k.
Taking the suprema over I of cardinality m and x € U, we obtain

ZP[FZL‘FM .

Agm = sup sup |Pl'z| < sup sup |PI'z|+ sup sup

1g|{I1| ..... N} z€eUy 1c|{11| ,,,,, N} zeUy, 1c|{11‘ ,,,,, N} z€eUy,
(5.13)
Note that

s—1

‘ZP[F:EFM‘Z — Z PTag,|* +2 (P, Z Plar).  (5.14)
pn=1

p=1 p=1 v=p+1

We are going to use Proposition 5.5 to estimate the first summand and
Proposition 5.3 to estimate the second one. First note that by the definition
of k" and s we have

N eN\"™ en k . 2k _2n
()= () sew(vmef) ma fer<fet
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Hence, using the definition of k,’s, we observe that for ¢ > 10 we have

(Z) ;exp ( — th, log (%)) < s exp (k' log Z—Tf) exp < tkslog (:rj))

<o (- % ue(2))

Since xp, € Uy, for every x € U, and = 1,...,s, the union bound and
Proposition 5.5 imply that with probability at least

1 _XS: <g) exp(—tk log (Zj)) >1- % eXP(_ %k/ log (i:))
p=1

for every x € Uy, every I of cardinality m, and every p € {1,...,s} one has
o
\PTap,| < (]<|xFu|max|P1X|+tk: log(k ),/ k) (5.15)
o

where C' is an absolute constant.
Similarly, by Proposition 5.3, with probability at least

1—lexp<—t—k, log <en>>

2 K
for every x € Uy, every I of cardinality m and every p € {1,...,s} one has
[ QH
<P[FZ‘F s Z P[FZEF > < Ctk‘ IOg (en) _Ak,m’ (516)
v=p+1 k” k

where we have used that Y77z, € Uy,, 3, [7,[> <1, and (5.12).
Using (5.13) — (5.16), we conclude that there exists an absolute constant
Cy > 0 such that with probability at least 1 — exp(—(tk'/2)log(en/k')),

Ai,m§0< sup  sup |P1Fx|2+2|xpu| max r{nax | P X |2

Ic{1,...N} zeU,, 4~ M i oIc{,.,
St =€l p=1 1=

+ t? ; 2% log2 (67;%) +t il \/glog <622M>Ak7m>

§C’1( sup  sup |P1Fx|2+max Jnax | PrX)?

1c|{1| AAAAA N} zeUy |I|7—”{1’L
v =

+t2krlog< >+t\/_log< )Akm>.
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Thus, with the same probability

Agm < C’Q( sup sup |P/I'z| 4+ max Jnax | Pr X + t\/Elog <@>),

1g|{1 ..... N} aeUy & ISl k
1

|=m |I|=m

where C3 > 0 is an absolute constant.
But by Theorem 1.1 and the union bound we have for every t > 1,

,,,,,
[T|=m

with probability larger than or equal to

o vmlog(eN/m) + VElog(en/k)
po.—l—nexp<—t Jlog e )

(we added the term depending on k to get better probability, we may do
it by adjusting t). This proves the result for ¢ > 10 with probability
po — exp(—(tk'/2) log(en/k')). Passing to to = /20 and adjusting absolute
constants, we complete the proof. O

5.2 Step II: klog <%> < mlog <%>, in particular k£ < &'

In this case, we have to be a little bit more careful than we were in the
previous case with the choice of nets. We will need the following lemma, in
which U}, denotes the set of k-sparse vectors of the Euclidean norm at most
one.

Lemma 5.6. Suppose that k < n, ki, ks, ..., ks are positive integers such
that k1 + ... + ks > k and k, .1 = 1. We may then find a finite subset N of
%Uk satisfying the following.

i) For any x € Uy, there exists y € N such that v —y € %Uk

ii) Any x € N may be represented in the form v = m(x) + ... + 7s(x),
where vectors m (x), ..., ms(x) have disjoint supports, |supp (m;(x))| < k; for
1=1,...,s,

> kw2, < 4
i=1
and

en\ 3ki
(N = [{mi(x): 2 € NY| < (k—) fori=1,... s

(3
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Proof. First note that we can assume that k; + ko + ... + k; = k. Indeed,
otherwise denote by j the largest integer such that k; + kj1 + ... + ks > k.
Ifj:sthensetl;j:k,ifj<sthenset/;i:kiforj<i§s, /%j:
k—kjs1 —kjo—...— ks, m(x) =0 for i < j and repeat the proof below for
the sequence l%j, l%jﬂ, e l%s, l%sﬂ, where lzrsﬂ =1 as before.

Recall that for ' C {1,...,n}, RY denotes the set of all vectors in R"
with support contained in F'.

Fori=1,...,s and F C {1,...,n} of cardinality at most k; let N;(F)
denote the subset of Sg(i) := RF N By N k;ll/ngo such that

. kl n -1/2 pn
Si(i) C NG(F) + 5+ (32 N kY BOO>.

Standard volumetric argument shows that we may choose N;(F') of cardinal-
ity at most (6n/k;)/¥1 < (6n/k;)*¥ (additionally without loss of generality we
assume that 0 € N;(F)). We set

No= | Ni(P),

|F|<k;

i () ()= ()

Fix x € Uy, let F, denote the set of indices of k, largest coefficients of
x, Fy_1 — the set of indices of the next k,_; largest coefficients, etc. Then
r=xp +xp_, +...+xp, |[|[Tr|w < 1 and

then

for 7 < s.

1 1
o < ——|rr,| < ——
Vi T Vi
In particular, zz € Rf" N By N k;{QBgO foralli =1,...,s. Let m(x) be a
vector in N;(F;) such that

ki
lor —m()] < oo and - log = mi(@)]le <

Define also w(z) = my(z) + ... 4+ ms(z). Then

S S

@ —m(@)] <Y lon —m@)| <Y o=

i=1 i=1



and

s—1

Z’fm”?ﬁ We < 1+2)  ki(lorl + llzr — mi(@)l1%)

=1

s—1 ) ]{/‘Z 2 ) k2
§1+2Z<|xﬂ.+1| +(2)) s1+2aP+ ;<4

Thus we complete the proof by letting
N ={n(x): z € Uy}.
O

Lemma 5.7. Suppose that n < N and k < min{n,k’'}. Then for some
positive integer s < C'loglog(3m) we can find s + 1 positive integers ky = k,
ki € [gm!M* m] for 2 <i <s, keq =1 satisfying

ks log(k ) < 20g(kis1), fori=1,...,s, (5.17)

7

where C'is an absolute positive constant and

log(e2m/z m

min{\/%log (i{j) mlog? <6N>} if z > m.

Proof. Let us define

9(z) =

h(z) = zlog (%) and H(z) = zlog (eN)

Note that h(z) < H(z), h is increasing on (0, n] and H is increasing on (0, N].
It is also easy to see that h([z]) < 2h(z) for z € [1,n].

We first establish some relations between the functions g and H. It is not
hard to check that log®?(e?m) < e2/m, therefore for z € [1,m),

Zm zm e mlog®?(e2m
(o) ~ g (o () +1os ("222)

% fog (S5) (1 +log(em) < 29(2). (5.19)
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Write z = pm with p € (0,1), so H(2z) = 2pm (log (<) +log (%)). Then

m
2z

H(22) € 2106 (“NY /ploa(e/p)(1-+105(1/p) < 10g(2). (5.19)
log(e?/p) m

where the last inequality follows since

sup) 2/pv/1og(e?/p)(1 +log(1/p)) = 2supe “v2 + 2u(l + 2u)

pE(O,l UZO
< 2v/2sup e ?(1 + 2u) < 10.
u>0
Let us define the increasing sequence ¢y, ¢1,...,¢s_1 by the formula

go =1 and h(&) = 109(&_1), 1= 1, 2, ceey

where s is the smallest number such that ¢, ; > m (if at some moment
10g(¢;—1) > n we set {; = m and s = j+1). First we show that such an s ex-
ists and satisfies s < C'loglog(3m) for some absolute constant C' > 0. We will
use that h(z) < H(z). By (5.18) if £;_; < m then £; > \/l;_ym/ log®*(e*m),
which implies

1
6, > /m/log®?(e?m) > gml/A‘ (5.20)

and, by induction,

1-271
é@(%) fori—=0,1,2, ...
log”(e2m)

In particular, we have, for some absolute constant C; > 0,

ls, > #{ezm) for some s; < Cf loglog(3m).

By (5.19), we have h(2z) < H(2z) < 10g(z) for z < m, so, if {;_; < m then
0; > 20; 1. It implies that for some s < s; + Cyloglog(3m) < C'loglog(3m)
we indeed have £,_; > m.

Finally, we choose the sequence (k;);<s+1 in the following way. Let k1 = k
and k; := min{m, [ls11-;]}, i = 2,...,5+ 1 (note that ky = m, kg = 1).
Using h([z]) < 2h(z) and the construction of ¢;’s, we obtain (5.17) for i > 2,
while for ¢ = 1 by definition of " and since k < k' we clearly have h(k;) =
h(k) < 2g(m) = 2g(ks). Since (¢;); is increasing we also observe by (5.20)
that k; > %ml/‘l for 2 < i < s. This completes the proof. O
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Proposition 5.8. Let n, N, k <n, m < N be positive integers. Let A be an
n X N random matriz, whose rows X1, ..., X, are independent log-concave
isotropic random vectors in RY. Suppose that N > n and k < min{n, k'}.
Then fort > 1,

IP( sup sup |Pl'z| > Ct\/m\/ﬁlog (%»

_ ty/log log(Bm)\/ﬁlog(eN/m)>

log(em)

< exp (

where C is a universal constant.

Proof. Let ky, ..., ko 1 be given by Lemma 5.7 and N C %ﬁk be as in Lemma
5.6. Note that

sup  sup |Pl'z| <2 sup sup|Plz|,

Ic{1,....,N} zcUy 1c{1,..,N} zeN

so we will estimate the latter quantity.
Let us fix z € M and 1 < i < 5. Consider the vector

y = mi(@)/(VEin|[mi(2) o + |mi(2)]).

Observe that

VEkipa|mi(@)llo <2, |mi(2)] <3/2, |yl < 1, [lylle < 1/v/kisa

and on the other hand 1/4/k; 1 > \/% Applying Theorem 4.3 to the vector
y, we obtain for every u > 0,

B sw |POn(@)] 2 C/Rnlm(@)lle + (o)) vintos (S0) + u)

< exp (= 100g(kis) ) exp - ﬂ)

C'y/log(em)

where g(z) is as in Lemma 5.7.
By the properties of the net N guaranteed by Lemma 5.6 and (5.17)

7N exp (= 100g(ksir)) < 1.
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Therefore for allu >0 and i =1,...,s,
eN
]P’(sup sup | PTmi(x)] > C (v kivt||7:(2) || so+|mi(x)]) /M log (E> —i—u)

rzeN Ic{1,...,.N}
[IT|=m
\//fz'+1u >
C'/log(em)/

SeXp<—

We have for any z € N,

Zmﬂm oo + i) < ((kaum i) ﬂ*@'”@'Q)UQ)

S5

< ( + 5) < C+/loglog(3m).
Therefore for any uq,...,us > 0,
eN >
]P’(sup sup ]PIF:L’| > C/loglog(3m) \/_log< ) + uz>
xeN Ic{1,...,

i=1

[IT|=m

N
< ZP(Sup sup  |PrI'mi(x)] > C(Vkisa||lmi(2) || oo + [mi( )|)v/mlog (%) +u

zeN Ic{l,...,N}
=

< Zexp ( C%)

Hence it is enough to choose u; = 1Cty/loglog(3m)\/mlog(eN/m) for
i <s—1, u; = Cty/loglog(3m)y/mlog(eN/m) and to use that k; > im!/*

for i =2,...,s (and to adjust absolute constants). O

5.3 Conclusion of the proof of Theorem 5.1

Proof. First note that it is sufficient to consider the case n < N. Indeed, if
n > N we may find independent isotropic n-dimensional log-concave random
vectors Xl, .. X such that X; = Py N}X for 1 <i <mn. Let A be the

n X n matrix Wlth rows X1, ..., X, and

-----

Ap = sup{|Pr(A)z|: T C{1,...,n}, |I| =m, z € Up}.

33



Then obviously flkm > Ay and this allows us to immediately deduce the
case N < n from the case N = n.

If vk log(en/k) 4 /mlog(eN/m) > k' log(en/k') we may apply results of
[5]. Recall that T' = A*. Let s > vklog(en/k) + v/mlog(eN/m). Applying
“in particular” part of Theorem 3.13 of [5] and Paouris’ Theorem (inequality
(3.2) together with union bound) to the columns of the m x n matrix P’
and adjusting corresponding constants, we obtain that

P( sup |PTz| > Cs) < exp(—2s)

zeUy

for any I C {1,..., N} with [I| = m (cf. Theorem 3.6 of [5]). Therefore,

zeUy

P(Ag, > Cs) < Z P(sup |Pl'z| > Cs) < <]n\;) exp(—2s).

|[I|=m

By the definition of &’ we get

N
< ) < exp (mlog(eN/m)) < exp (k'log(en/k')),
m
hence for s as above
P(Apm > Cs) < exp (k' log(en/k')) exp(—2s) < exp(—s)

and Theorem 5.1 follows in this case.
Finally assume that n < N and that

VEklog(en/k) + v/mlog(eN/m) < k'log(en/k').
For simplicity put
ar = Vklog(en/k), by = vVmlog(eN/m), dn, = \/loglog(3m).

If £ < k' then Theorem 5.1 follows by Proposition 5.8 applied with ¢, =
t(1+ ag/(dmbm)). It k> k' then we apply Proposition 5.8 (with the same tg
and k' instead of k) and Proposition 5.2 with t; = ¢(b,,d,, + ax)/(ag + by,) to
obtain Theorem 5.1 (note that

m

N
loge— > log N > logn,
log(em) m

so the factor n in the probability in Proposition 5.2 can be eliminated). [
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6 The Restricted Isometry Property

Fix integers n and N > 1 and let A be an n x N matrix. Consider the
problem of reconstructing any vector x € RY with short support (sparse
vectors) from the data Ax € R™, with a fast algorithm.

Compressive Sensing provides a way of reconstructing the original signal
x from its compression Ax with n < N by the so-called /;-minimization
method (see [15, 11, 13]).

Let

O = 0m(A) = sup ||Az|* — E|Az|?|
€U,

be the Restricted Isometry Constant (RIC) of order m, introduced in [12].
Its important feature is that if ds,, is appropriately small then every m-sparse
vector x can be reconstructed from its compression Ax by the £;-minimization
method. The goal is to check this property for certain models of matrices.

The articles [1, 2, 5, 6, 7] considered random matrices with independent
columns, and investigated the RIP for various models of matrices, includ-
ing the log-concave ensemble built with independent isotropic log-concave
columns. In this setting, the quantity A, ,, played a central role.

In this section, we consider n x N random matrices A with independent
rows (X;). For T C RY the quantity A.(T) has been defined in (1.8) and
Ap o = Ar(U,,) was estimated in the previous section.

We start with a general Lemma 6.1 which will be used to show that
after a suitable discretisation, one can reduce a concentration inequality to a
deviation inequality; in particular, checking the RIP is reduced to estimating
Apm. It is a slight strengthening of Lemma 1.3 from the introduction.

Lemma 6.1. Let X1,. .., X,, be independent isotropic random vectors in RY .
LetT C SN=1 be a finite set. Let0 < 6 <1 and B > 1. Then with probability
at least 1 — |T| exp (—36°n/8B?) one has

n

% >_((Xi9)* = El(X,9)?)

1 n
<0+ (Ak<T)2 +swpE Y |(X;, y>|21{<Xi,y>>B}>

ver o

sup
yeT

<0+ % (Ap(T)* + EAL(T)?),
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where k < n is the largest integer satisfying k < (Ax(T)/B)*.
Remark. Note that & in Lemma 6.1 is a random variable.

To prove Lemma 6.1, we need Bernstein’s inequality (see e.g., Lemma 2.2.9
n [28]).

Proposition 6.2. Let Z; be independent centered random variables such that
|Z:| < a for all 1 <i<mn. Then for all T > 0 one has

P 1iZ > <e ~n
— >T1) <exp| = ).
n ‘< P 2(0% 4 at/3)

1n
2
= =3 Var(Z
o "2 ar(

Proof of Lemma 6.1. For y € T let

where

% > (X )P —ENXL ) )

=1

S(y) =

and observe that

SW) = 230 (X A B~ E (X 0} A BF)

n

1
L > (X0 = B?) Lyxam =)

=1
—EZ (X5, ») P — B?) Lyx,0)12 8-

We denote the three summands by S;(y), S2(y) and Ss(y), respectively, and
we estimate each of them separately.

Estimate for Si(y): We will use Bernstein’s inequality (Proposition 6.2).
Given y € T let Z;(y) = (|(X;, )| A B)> —E (|(X;,y)| A B)?, for i < n. Then
|Z;(y)| < B?%, so a = B2. By isotropicity of X, for every i < n, one has

Var(Z;(y)) < E (|(Xi,y)| A B)' <E (|(Xi,9)|*B?) = B,
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which implies 02 < B?. By Proposition 6.2,

1 & 0%n 30%n
_ ) > < — < —_ .
d <n ;ZZ(‘”) = 9) = &P ( 2(B2 + 329/3)) = &P ( 8$B? )

Then, by the union bound,

360°n
P ( sup Si(y) >0 sup— ZZ <|T|exp | — ViE

yeT yeT M i

N——

Estimates for Sy(y) and S3(y): For every y € T' consider
Ep(y) = {i <n: |[(Xi,y)| = B},

and let
k' = sup |Ep(y)|.

yeT

Then, by the definition of A (T),

B*k' = B*sup |Ep(y) |<sup Z (Xi, y)|? < AR(T).

yeT

ZGEB (v)
This yields
k:/ < Ai/ (T)
— B2 )
and therefore k' < k, where k < n is the biggest integer satisfying k& <
(Ax(T)/B)?.
Using the definition of A (T") again we observe
1 1 ,
sup Sa(y) < — SUPZ| Xi, ) P1yx,p) =By = — sup Z (X, 9)]
yeT n yeT n yer ieFny)
1 1
< — sup sup X, )| < — A%(T).
- sup s S0 < - ALT)
Similarly,

1 1
sup Sg( ) < — supEZ\ Xl,y ’ ]_{| (X; ) |>B} < — EA%(T)
yeT n yer —
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Combining estimates for S (y), S2(y) and S3(y), we obtain the desired result.
[l

By an approximation argument, Lemma 6.1 has the following immediate
consequence (cf. [7]).

Corollary 6.3. Let 0 <0 <1 and B> 1. Let n, N be positive integers and
A be ann x N matriz, whose rows are independent isotropic random vectors
X, fori <n. Assume that m < N satisfies

11eN < 30°%n,
~ 16B?°

m log

Then with probability at least

36%n
1—exp|— 1652

Z (Xi,y)|* — ENXG 9) )

one has

[\
)
Q)
3|l\3
VRS

A2 + sup ]EZ| Xzay ‘ 1{‘ zy>>B}>
=1

y€EUm

<29+ 2 (A2, +EA,),

B n
where k < n is the largest integer satisfying k < (Ay.m/B)?.

Remarks. 1. Note that as in Lemma 6.1, k in Corollary 6.3 is a random
variable.
2. In all our applications we would like to have A7, and EA} , of order 6n.
To obtain this, we choose the parameter B appropriately.
3. Note that Ay, is increasing in £, therefore we immediately have that if
m < N satisfies

11eN _ 30°*n

mlog - < 162 and EAiman

then with probability at least




one has

o () < o8 (6.1)

Proof of Corollary 6.5. Let N be a 1/5-net in U, = U,,(R") of cardinality
(M) 11 < (11eN/m)™ (we can construct A in such a way that for every y €
U, there exists z, € N with the same support and such that |y — z,| < 1/5).
By the assumption on m,

11eN - 360°n
~ 16B?’

e _39271 < _30271
P\ TsB2 ) =P\ T 6B )

Using this and the obvious fact that Ax(N) < Ay (U,,) for all k, we get by
Lemma 6.1 that

mlog

and thus

n

1
sup HZ(|<Xi,z>|2 —E|(X;,2)[)| <0+ = (A2 +EA;,),
=€ i=1
with probability larger than or equal to 1 — exp ( lg;’;

The proof is now finished by an approximation argument. Note that there
exists a self-adjoint operator S acting on the Euclidean space RY such that

Z (X5, 2) 2 —E|(X;,2)[*) = (Sz,2)

for all z € RY. Now pick w € U,, such that

[(Sw,w)| = sup |(Sy,y)l,
yeUm

and let [ with |I| = m contain the support of w. Write w = = + z where
r € (1/5)BY and 2 € N and = and z are supported by I. Then

[(Sw,w)| = [S(z+2),(z+2))]
< [{Sz,z)| + [(Sz, 2)| + [{Sz, 2)| + [(Sz, 2)]
< (1/25) sup [{(Sx,z)| + (2/5) sup |(Sz, x)| sup|z| + Sup 1(Sz, 2)|.

$EBZI xeB

39



Thus

sup [(Sy,y)| < (25/14) sup [(Sz, z).
yEUm zeN

completing the proof. n

The following theorem is a more general version of Theorem 1.4 stated in
the introduction.

Theorem 6.4. Let n, N be integers and 0 < 6 < 1. Let A be an n x N
matrix, whose rows are independent isotropic log-concave random vectors X;,
1 < n. There exists an absolute constant ¢ > 0, such that if m < N satisfies

3max{N,n}\> ct*n
log log 3 1 <
m loglog m(og ) = 1og(3/0)

then

om(A/V/n) <0

with overwhelming probability.

Remark. In fact our proof gives that there is an absolute constant ¢ > 0
such that if

N 2
by, := mloglog(3m) (log M) < cbn (6.2)
m
and N
dy = mlog 2 log? - < c6n (6.3)
m by

then 6,,(A/y/n) < 6 with probability at least

02n ))—Zexp (_c Vloglog(3m)/m log 3max7;[lN,n}>.

1—€X —C ———————
P ( log? (/b log(3m)

In particular, denoting a,, = n/loglog(3n) and Cy = (0/log(3/6))? one can
take

O, Con
log?(max{N,n}/(fa,))” log(3N/(Cyn))

mzmin{

} if N> C@TL

and
Oa,

1og?(log 1og<3n>/e>’N}
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Indeed, if N < Cyn it is easy to see that b,, < cfn and that
3N
dyy < mlog °—log? — < ONlog? — < C"Cynlog? Cy' < c6?n.
m m N

Now assume N > Cyn. Denote m = 6o, /(log*(loglog(3n)/6)) and m =
Con/(log(3N/(Cyn))). Note that bz < cfn. Using again that b,, > m for
every m, one can check that d; < c6?n in the case 67! < log(3N/(Cyn))
and d;; < c6?n in the case ' > log(3N/(Cyn)).

Proof of Theorem 6.4.  Let b, be as in (6.2). Note that b,, > m, so
log(n/b,,) <log(n/m). Thus

mlog ﬂ log? a < by, log ay
m b, b,
Therefore (6.3) holds provided that b,, < c6?n/log(3/0). This shows that
it is enough to prove the estimate from the remark. So set b,, as in (6.2)
and assume that b, < c;6n for small enough ¢; > 0. Choose B = (] log &,
where (' is a sufficiently large absolute constant.
Let k£ be as in Corollary 6.3, i.e. k£ < n is the biggest integer satisfying
k < (Agm/B)?. As in Theorem 5.1 denote

\/mm log(emax{N,n}/m)

m

and

Aean = V/1oglog(3m)y/mlog(e max{N,n}/m) + Vklog(3n/k).

Applying (5.5), we obtain that there are absolute constants Cy > 0 and
co > 0 such that
Agm < Codkm, (6.4)

with probability at least 1 —exp (—coA,,). By Hoélder’s inequality and the log-
concavity assumption we also obtain that there exists an absolute constant
C5 > 0 such that for every y € U,, one has

EY [(Xun) P Lyames < Y sup (X o)|3 P((Xi2)| = B)'

< nCyexp(—B/Cy) < nCy(by, /n)2 < ci6n
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for large enough .
Note that A\ < by, + \/Elog(?m/k). We now prove that for our choice
of B, (6.4) implies

VElog(3n/k) < y/loglog(3m)v/mlog(3max{N,n}/m) = \/bn.  (6.5)

Assume (6.5) does not hold, i.e. assume that klog? 3?” > b,,. Then, by the
definition of & and (6.4), we observe that

Az,  C? k. 5,3n
This implies that B < 2C log 3?", which yields
an

"= oo(B/2C0)

Thus we obtain

b < Elog? o < 3n B
m S8 = exp(B/(2C0)) ACT
3n C?log*(n/by,)

~ exp(Cylog(n/bm)/(2C)) acg

which is impossible for large enough C;. This proves (6.5), which in turn
implies Ay, < 2Cov/b, by (6.4).

Finally, note that if m satisfies (6.3) then we can apply Corollary 6.3 (the
middle inequality) with our choice of B. It gives that there exists a positive

constant C such that
- <

with probability at least

0“n

3 2
1 —exp (— 1632) —2exp (—coAm),

which proves the desired result. Il

Remark. As we mentioned in the introduction, Theorem 5.1 is sharp up
to logarithmic factors. Assume that we do not have those factors. More
precisely, assume that with probability at least 1 — p,, one has

Vk Apgm <C (ﬁlog(SN/m) + \/Elog(?)n/k;))
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(for example, Theorem 4.2 in [3] implies that in the case of unconditional
isotropic log-concave vectors one can take p,, = exp(—y/mlog(3N/m))). As-
sume in addition that

_ 3N\ ° 3N
by :=m (log —) <cOn and mlog — log® I < c6n. (6.6)
m m b,

Repeating the proot of Theorem 6.4 with the same B = (1 log ;- and

Ami = Vmlog(3N/m) + Vklog(3n/k)

instead of g, we obtain that d,,(A/y/n) < 6 with probability at least

1 —ex (—c 92—n) —
P\ og(n /b))

The condition (6.6) is satisfied if

0% n

~ minq N, ———
" m”‘{ "10g%(3/9)

} and N <n

or if

m —Hn min { ! 0
~ log(3N/6n) log(3N/6n)  log?(3/6)

} and N >n,

which is easy to check considering corresponding cases in minima.

7 Proofs of results from Section 3

7.1 Proof of Theorem 3.2

Theorem 3.2 is a strengthening of the first technical result in [18]. The proof
given here is a modification of the argument from [18] and we include the
details for the sake of completeness.

First, we show the following proposition (an analog of Proposition 10
from [18]).
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Proposition 7.1. There exists an absolute positive constant Cy such that the
following holds. Let X be an isotropic log-concave N -dimensional random
vector, A = {X € K}, where K is a convex set in RY satisfying 0 < P(A) <
1/e. Then for every t > Cy,

E:P@4m{xg)ztpfgcmwA)@*%ﬁc—mgP@®»+JWfﬁ%) (7.1)
and for every 1 <u < CLO,

mgNwmnm@zmzewmmg%gﬂemwmm.am

Proof. Let Y be a random vector defined by

P(AN{X e B}) P(X e BNK)
P(Y € B) = P(A) T TP(XeK)

i.e. Y is distributed as X conditioned on A. Clearly, for every measurable
set B one has P(X € B) > P(A)P(Y € B).

It is easy to see that Y is and log-concave, but not necessarily isotropic.
Without loss of generality, we assume that EY(1)? > EY(2)? > ... >
EY (N)? (otherwise, we renumerate the coordinates).

Given o > 0 denote

m =m(a) = |{i: EY (i)’ > a}|.

Then EY(1)2 > ... > EY(m)? > «a. Using the Paley-Zygmund inequality
and log-concavity of Y, we get




Applying Theorem 3.1 (and Chebyshev’s inequality, cf. (3.2)) to the m-

dimensional vector X = (X1,..., X,,) we observe
1 1
<ZX 5 ) gexp<—aX (Fx/ma» for a > (5.
3

Thus exp(—o Xl(cisw/ma)) > P(A)/Cy for a > (3, so, using the fact that
ox(tp) < 2tox(p) for t > 1, we obtain that

m(a) = [{i: EY (i)’ > a}| < %O’X( log(P(A))) fora>C5.  (7.3)

Note that for every i the random variable Y (i) is and log-concave, hence,
by (2.1),

PAN{X() > t})
P(A)

=PV (i) > t) §C5€XP<—W>-

Thus, if P(Y (i) > t) > e™, then (EY (i)?)"/2 > t/(C5(u+1log Cs)). Applying
(7.3) with a = t2/(Cs(u+1log C5))?, we obtain that (7.2) holds with constant
Cs (in place of Cp) provided that 1 <u < t/Ch.

Now assume that ¢ > 1/C3 and define a nonnegative integer ko by 27%¢ >
VC3 > 27F~ 1 Let

={i: EY(i)> > £*}, I = {i: EY(i)* < 47"}

and . A
L ={i: 47 <EY(i)? <4792} j=1,2,... k.

Clearly, [Ix,+1| < N and, by (7.3),
11| < Cud?t20%(—logP(A)) for j =0,1,..., k.
Observe also that for j > 0 and ¢ € I; one has

Y (@)

P(Y()) 2 t) S Py 200

. 1 .
-1
722 <em(1-52)
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Therefore,

N ko+1 ko+1 oi
Z ZZ]P’ >t<][0]+62][\exp( C’>
i=1 Jj=0 i€, Jj=1 8
k .
< Cy (tzai(— logP(A)) (1 + 6204j exp ( (2; )) +eNe™ CSF))
j=1 8

< Cy (t’2J§((— logP(A)) + Ne’t/a’).

By the definition of Y, this proves (7.1) with constant Cy for ¢t > +/Cs.
Taking Cy = max{+/C3, Cgs, C7,Co} completes the proof. ]

We will use the following simple combinatorial lemma (Lemma 11 in [18]).

Lemma 7.2. Let ly > {1 > ... > U, be a fized sequence of positive integers
and

f:{fi{1,2,...,&)}—){0,1,2,...,8}1 \Vllgz‘gs |{Tf(’l")22}|§£z}

Then

F| < ]1 (efgi—l)&.

Proof of Theorem 3.2. Since Ny < N, the statement is trivial if tv/N <
Cox(p). Without loss of generality we assume that tv/N > Cox(p) for large
enough absolute constant C' > 0.

Let Cy be the constant from Proposition 7.1. Since X is isotropic and log-
concave we may assume that P(X (j) > t) <e /% fort > Chand 1 <j < N
(we increase the actual value of Cj if needed). Fix p > 1 and

=g (). (7.4

Ux(p)

Then, for large enough C, t > 4Cy and t?Ne ¥/ < 0% (p).
Define a positive integer ¢ by

p<l<2 and {=2"for some integer k.
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Then ox(p) < ox(¢) < ox(2p) < 4ox(p). Since (E(Nx(t))P)/? < (E(Nx(t)))Y*,
it is enough to show that

E(t*Nx(t))" < (Crox(0)*.

Define the sets

Biy..io ={X(i1) > t,.... X(is) >t} and By =Q
and denote

N ' N

m(f) ;= ENx(t)" = ]E< Z 1{X(i)2t}> = Z P(Bi,....i0)-

=1 B genes =1

It is enough to prove
NN 2
m(o) < (224) (75)

We divide the sum in m(¢) into several parts. Let j; > 2 be the integer
satisfying
2
it < tog () <o
ox(0)

Define sets

-----

I ={(ir,....i) € {1,...,N}Y. P(B;,_,,) € (e25e7? )}, 0<j <,

and |
Ijl - {(ih e ’Z'Z) € {1’ s 7N}€: P(BM ..... iz) S 6_2]171£}.

Note {1,..., N} = ;;0 I;, hence m(¢) = ;;0 m;(¢), where

mi() = > P(Bi,.) for0<j<j.

First, we estimate mj, (¢) and mq(¢). Since |I;,| < N,

m;, (0) = Z P(Bi,..i,) < Nte 27 < <0Xt(€)>25'

(#15-450) €154
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To estimate mg(¢), given I C {1,...,N}* and 1 < s </, define
PI ={(i1,...,is): (i1,...,3¢) € I for some isy1,...,00}.

By Proposition 7.1 for s =1,...,¢ — 1 one has

N
Z IP)(B'Ll ~~~~~ 7fs+1) — Z Z ]P)(Bll ----- 1s m {X(ZS+1) > t})
(%15e-yts+1)EPs+110 (41,e.eyis)EPsIp ts+1=1

<Co Y P(Biy.i)(t0%(~logP(B,..)) + Ne /).

..........

Note that for (iy,...,is) € Psly one has P(B;,
t?2Ne 1% < 02 (p) < 0%(f). Therefore

-----

> P(Bi,...ia) < Cat 0% (0) P(Bi,....i.)-

mo(0) = Y BBy ) < (Cat 0% (0)" ) P(By)
(i1,5---i0)EIp i1€P I

20

< (Cat 2ok (0)) I NeT 0 < (—C"’Jf (@) )

where the last inequality follows from (7.4).
Now we estimate m;(¢) for 0 < j < j;. The upper bound is based on
suitable estimates for |I;]|. Fix 0 < j < j; and define a positive integer 1 by

2 < t < gnitl,
Cy —

For all (iy,...,i) € I; define a function f;, _;,: {1,..., 0} = {j,j+1,...,m}

j i P(Bi,,..0.) > exp(=2TYP(B;,..i._,),
fini(s) =< r if exp(=2"") <P(Bi,.. i.)/P(Biy...i. ) <exp(—=2"), j <r <r,
T if IP)(B“ is) < exp(—Q”)IP’(Bz-l ..... is—l)‘

-----

Note that for every (iy,...,4,) € I; one has

1 =P(By) > P(By,) >P(Bi,s,) > ... > P(B,,.. i) > exp(—27¢)
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.F:jI: {f“ ..... ig - (Zl,,lg)EI]}

exp(—270) < P(By,..i,) = H M <exp(—2"|{s: f(s) >r}).

Hence for every r > j (the case r = j is trivial) one has
{s: f(s) >r} <270 =4, (7.6)
Clearly, Z:Ljﬂ (. <land {._1/l, =2, so, by Lemma 7.2,
= 6&«_1 Lr
A< I1 () <
r=j+1

Now for every f € F; we estimate the cardinality of the set

Li(f) =AGn,.. i) € It fiya, = [}
Fix f and for r =7,5+1,...,7r set
A={se{l,....0}: f(s)=r} and mn,:=]A4,|.
Then 1 € A, and
n;+njp1+ ...+ n, =L

Fixing r < 1y, i1,...,45-1, s € A, (then s > 2 and P(B;, ;. ,) < P(B;,) <
exp(—t/Cy) < 1/e), applying (7.2) with u = 2" < ¢/Cj, and using the
definition of I;, we observe that ¢, may take at most

4Cy2% 4Cy2%" : 160,220+ (¢)
2 O-g((_ 1Og ]P)(B“ ~~~~~ is—l)) < 2 O-g((ng) < 12 £
16Cy0% (¢ .
< OtQX( ) exp(2(r+j)) =:m,
values in order to satisty f;, . ;, = f. Thus
7‘1—1 7”1—1
16C 2 O)N\ t—nry
L)< 8 T e = v (B e (32t + )
r=j r=J



Note that (7.6) implies that n, < £, = 277"(, so

ri—1 0o
> 2r+jin, S 27y r2T = 8(j+ )0 < (50 + 271
r=j r=j

By the definition of r; we also have

2C) 2J=3¢
< 2] T1 < _2]
b 2 S v e G ()

where in the last inequality we used (7.4) with large enough C. Thus we
obtain that for every f € F;

)= (CO) ()" e 272) < (D) exp (220).

This implies that

<17 (C24D) e (206) < (D) e (24 227)0).

t2

Hence

IN
—
R
q
SIS
—~
=
~
@
"
ke
|
DN
<
w
~
N—

mi(0) = Y P(Bi,.) < [lexp(=20)

Combining estimates for m;(¢)’s we obtain

Ji—1

m(0) = mo(£) +my, (£) + Z my({

< (JX@)) <C§+1+Zofexp(—2j_3€)> < (CSU_X(E)Y[,

t ’ t
7j=1

which proves (7.5). O

7.2 Proof of Theorem 3.4
Fix ¢t > 1 and let mo = mo(X, t).
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Since op,x < ox for every J C {1,..., N}, Theorem 3.1 gives for any
J C{1,..., N} of cardinality my,

(EIP,XI")P < Ci(ymo + op,x(p) < Ci(Vim + ox(p)).

Using the Chebyshev inequality and ox(up) < 2uox(p) we observe for such
J,

IP’(|PJX| > 36C,tv/mlog (%)) < exp ( — oy <6t\/ﬁlog (%)))
< exp ( — 30y (t\/ﬁlog (%)))

Thus, using the definition of mo and that o' (1) = 2, we obtain

]P’( sup |P;X]| >36C’1t\/_log( N))

[J|=mo

<

IN
S
=)
N———
@D
>
i)
/N
w
Q
> |
—_
/~
%
S
o
/~
N——
—
—

exp ( — oy (t\/ﬁlog (%))) (7.7)

Now choose s = [logy(m/mg)] < 2log(em/my) (so that 2mg > m). Then

m . 1/2
sup [PrX| = (D 1X() )
=1

[I|=m
mo s—1 2'mg
< (L e@r)” (S weemnr)
7 1=0 =1
< sup |PJX|+(ZzlmO|X*( m0)|2>l/2 (7.8)

|J|=mo

(here we use convention X*(i) = 0 for ¢ > m). By Theorem 3.3, we get, for
u > 0,

IP’(]X*(T 0)|? > Cylog? (;i > +u ) < exp ( - a;(l<ci3u2i/2\/m_o>).

We have

‘ N N
Cy Z 2'my log® (; ) < Cymlog? (6 >
0 mo m

o1



Therefore for any uq,...,us_1 >0,

s—1 s—1
, . N
P(ZQZmO|X*(2ImO)|2 > Cymlog? <6—> + u2>
=0 m =0 '
s—1
<o (- (gw))
~ exXp Ox C U;
=0 3

Take u? = @ﬁmlog%%). Since s < 2log(em/my), we obtain

s—1
i * (0 eN
P(;QZmO\X (2imo)[2 > (Cy + 27C2%)m log? (E))

<so oy (Lnvmes ()
s (),

AW

1
§exp<—ax

<

where we also used that by (3.5) one has o (8v) > oy (v) + 3v. This
together with (7.7) and (7.8) completes the proof. O
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