Around the simplex mean width conjecture

Alexander E. Litvak

Abstract

In this note we discuss an old conjecture in Convex Geometry asserting that the regular simplex has the largest mean width among all simplices inscribed into the Euclidean ball and its relation to Information Theory. Equivalently, in the language of Gaussian processes, the conjecture states that the expectation of the maximum of n + 1 standard Gaussian variables is maximal when the expectations of all pairwise products are −1/n, that is, when the Gaussian variables form a regular simplex in L_2. We mention other conjectures as well, in particular on the expectation of the smallest (in absolute value) order statistic of a sequence of standard Gaussian variables (not necessarily independent), where we expect the same answer.

AMS 2010 Classification: primary 52A23, 60G35, 94A12, 46B06; secondary 52A40, 60G15, 94A05, 46B09.

Keywords: regular simplex, mean width, intrinsic volumes, Steiner formula, Gaussian process, Gaussian vector, minimal order statistic, signal-to-noise ratio, decoding, signal design, weak simplex conjecture, communication theory.

1 Introduction

By B^n_2 and S^{n−1} we denote the standard unit Euclidean ball and the unit Euclidean sphere in R^n. Then | · | and ⟨·, ·⟩ denote the corresponding Euclidean norm and inner product. By {e_i}^n_{i=1} we denote the canonical basis of R^n and by Δ_n we denote the regular simplex inscribed into S^{n−1}. Given a convex body K in R^n, its support function and mean width are defined by

h_K (u) = max_{x∈K} ⟨u, x⟩ and w(K) = 2 ∫ S^{n−1}

h_K (u) dμ(u), where μ is the normalized Lebesgue measure on S^{n−1}.

In this note we discuss the following long-standing open conjecture and some related results and conjectures.

Conjecture 1.1 Among all simplices inscribed into B^n_2 the regular simplex Δ_n has the maximal mean width. Moreover, Δ_n is the unique simplex maximizing mean width.

This conjecture was briefly discussed in a survey of P. Gritzmann and V. Klee ([24], Section 9.10.2) and was mentioned several times by V. Klee in his talks. It was also mentioned in K. Böröczky’s book [11] and in recent works by D. Hug and R. Schneider [25] and by K. Böröczky and R. Schneider [12]. We refer to [10] for related results on the mean width of a simplex and to [41] for the general theory of convex bodies and Brunn–Minkowski Theory. In the Information Theory community it was a general belief that the conjecture is known to be true (see e.g. [2, 3, 16, 45, 51]). We discuss the importance of Conjecture 1.1 to Information Theory in Section 2.

We would like to emphasize an important difference in the setting of this problem with a standard setting of problems in Asymptotic Geometric Analysis, where we usually identify bodies which can be obtained from each other by an affine transformation (or, in the centrally symmetric case, by a linear transformation), working thus with equivalence classes of bodies. In many problems we usually fix a position of a body, where by a position of a body we understand a certain affine (linear in the centrally symmetric case) image of it. In this context Conjecture 1.1 has to be compared with the following results by F. Barthe [8] (who developed the approach originated by K. Ball in [5, 6] to describe bodies with the maximal volume ratio and surface area) and by M. Schmuckenschläger [40] respectively, investigating maximizers and minimizers of mean width of bodies in John’s and Löwner’s positions.

Theorem 1.2 Among all convex bodies in the John position, that is, bodies, whose maximal volume ellipsoid is the unit Euclidean ball B^n_2 , the regular simplex nΔ_n has the largest mean width.

Theorem 1.3 Among all convex bodies in the Löwner position, that is, bodies, whose minimal volume ellipsoid is the unit Euclidean ball B^n_2 , the regular simplex Δ_n has the smallest mean width.

Corresponding statements for the class of centrally symmetric bodies were proved by G. Schechtman and M. Schmuckenschläger [39]. The maximizer of the mean width among all centrally symmetric bodies in the John position is the cube, while the minimizer of the mean width among all centrally symmetric bodies in the Löwner position is the cross-polytope (octahedron).

We now reformulate the conjecture in the language of Gaussian processes. By g_1, g_2, g_3, . . . we always denote i.i.d. standard Gaussian random variables (g_i ∼ N (0, 1)). G = (g_1, . . . , g_n) denotes the standard Gaussian random vector in R^n. The integration in polar coordinates leads to

w(K) = c_n E h_K (G), (1)

where c_n is a constant depending only on n (in fact, c_n ≥^{2√}_n and c_n √ n → 2).

When K = conv {x_1, . . . , x_{n+1}} ⊂ R^n, |x_i| = 1 for i ≤ n + 1, we have

E h_K (G) = E max_{i≤n+1} ⟨G, x_i⟩ .

Denote ξ_i = ⟨G, x_i⟩, i ≤ n + 1. Then ξ_i ∼ N (0, 1) and

σ_{ij} = σ_{ij} (K) := Eξ_iξ_j = ⟨x_i, x_j ⟩ .

Recall, that the vertices v_1, . . . , v_{n+1} of Δ_n satisfy

|v_i| = 1 and ⟨v_i, v_j⟩ = − 1 n for all i ≠ j.

The (n+1)×(n+1) covariance matrix corresponding to the regular simplex, that is, σ = {σ_{ij} }_{ij} with σ_{ii} = 1 and σ_{ij} = −^1_n for i ≠ j, we denote by σ(Δ_n). Thus Conjecture 1.1 is equivalent to

Conjecture 1.4 Among all Gaussian random vectors (ξ_1, . . . , ξ_{n+1}) with ξ_i ∼ N (0, 1) for all i ≤ n + 1, the expectation

E max_{i≤n+1} ξ_i

is maximal when the covariance matrix σ = σ(Δ_n). The solution is unique.

We would like to emphasize that if we add the absolute values to ξ_i’s, that is, if we want to maximize E max_{i≤n+1} |ξ_i|, then the answer is known – the maximum of such expectation attains when ξ_i’s are independent as was proved by Z. Šidák [43] and E.D. Gluskin [21]. Geometrically it says the following.

Theorem 1.5 Among all linear images of the cross-polytope contained in B^n_2 the cross-polytope itself has the maximal mean width.

Indeed, denote the cross-polytope by B^n_1 and let T be a linear operator such that T B^n_1 ⊂ B^n_2 . Denote x_i = T e_i for i ≥ 1. Without loss of generality, |x_i| = 1. Let ξ_i = ⟨G, x_i⟩, i ≥ 1. Then ξ_i ∼ N (0, 1). Therefore, by (1) and by the Šidák theorem,

w(T B^n_1 ) = c_nE max_{i≤n} |ξ_i| ≤ c_nE max_{i≤n} |g_i| = w(B^n_1 ).

The other counterpart of this theorem follows from Proposition 4 in [35] in a similar way, namely we have

Theorem 1.6 Among all linear images of the cross-polytope containing^{1√}_n B^n_2 the cross-polytope itself has the minimal mean width.

A. Balitskiy, R. Karasev, and A. Tsigler conjectured that for every r > 0 the Gaussian measure of a simplex S containing rB^n_2 is minimized when S is regular (see Conjecture 3.3 in [4]). In the same way as Šidák’s theorem and Proposition 4 in [35] imply Theorems 1.5 and 1.6, their conjecture would immediately imply Conjecture 1.1. Moreover, they showed that their conjecture implies Conjecture 2.4 formulated below.

This note is organized as follows. In Section 2, we discuss the Simplex Code Conjecture or the Weak Simplex Conjecture, which makes links between Conjecture 1.1 and Information theory. In particular, we mention a problem, Problem 2.2, on the behaviour of the maximum of a certain Gaussian process which is (if solution is a regular simplex) stronger than Conjecture 1.4 and which is needed to solve the corresponding problem in transmitting signals. In Section 3, we describe two other stronger conjectures related to the Steiner formula and to the intrinsic volumes. Then, in Section 4, we provide some asymptotic estimates, in particular we show that the mean width of a halfdimensional (flat) cross-polytope is surprisingly very close to the mean width of a regular simplex. We also show that the regular simplex is a solution in the asymptotic sense. Finally, in Section 5, we formulate another conjecture on the minimum of a Gaussian process, where, as we believe, the solution is also the regular simplex. It seems that Conjectures 3.1, 3.2, 5.1 have not appeared in the literature yet.

2 Simplex Code Conjecture

In this section we discuss the relation of Conjecture 1.1 to Information Theory. We first describe a problem in transmitting signals which goes back to works of V.A. Kotel’nikov [29], L.A. MacColl [37], and C.E. Shannon [42] published at the end of 40-s.

For positive integers n and N let x_1, . . . , x_N ∈ S^{n−1} be signal vectors to be transmitted. Let Y = λ x_i + G be the observed (received) vector when x_i was transmitted. Here, G is the standard Gaussian random vector (corresponding to the white noise) and λ > 0 is the (fixed) signal-to-noise ratio. The problem is:

Problem 2.1 Observed Y to reconstruct x_j which has been transmitted.

To solve the problem one creates the matched filter – the vectors y_i = ⟨Y, x_i⟩, i ≤ N, and decides that x_j was transmitted if

y_j = max_{i≤N} y_i.

We want to maximize the probability of the right decision, that is, to maximize the function

ψ_λ ( {x_i}^N_{i=1} ) = 1 N N∑ j=1 P ( y_j = max_{i≤N} ⟨Y, x_i⟩ | | Y = λx_j + G ) .

In his works [1, 3] A.V. Balakrishnan essentially developed the theory (see also Chapter 14 of C.L. Weber’s [51] book for self-contained presentation). In [1] Balakrishnan proved that the latter problem of maximizing ψ_λ is equivalent to the following problem.

Problem 2.2 Given a Gaussian random vector (ξ_1, . . . , ξ_N ) with ξ_i ∼ N (0, 1) for all i ≤ N and a covariance matrix σ of rank n set

ϕ_λ(σ) := E exp ( λ max_{i≤N} ξ_i ) . Maximize ϕ_λ(σ) over all choices of covariance matrices σ.

Differentiating with respect to λ, one gets the following [1].

Lemma 2.3 If there exists a solution of Problem 2.2 which is independent of λ in an interval (0, λ_0) for some λ_0 > 0, then this solution maximizes mean width of the convex hull of x_i’s.

We turn now to the case of the simplex, that is, we fix N = n + 1. The following is the Simplex Code Conjecture or the Weak Simplex Conjecture.

Conjecture 2.4 Let N = n + 1. For every (fixed) λ > 0 the function ϕ_λ(·) is maximal for the regular simplex, that is, when the covariance matrix of ξ_i’s is σ = σ(Δ_n).

The following two theorems were proved in [1] and [3] respectively.

Theorem 2.5 Let N = n + 1. For every (fixed) λ > 0, the regular simplex is a local maximum in Problem 2.2. Furthermore, if there exists a solution of Problem 2.2 which is independent of λ on some interval (λ_1, λ_2), then this solution is given by the regular simplex.

Theorem 2.6 Given λ > 0 let σ_λ denote a point (or one of points) of maximum of ϕ_λ(·). Then lim_{λ→∞} σ_λ = σ(Δ_n).

In [3] a similar statement about the limit at 0 is claimed but its proof essentially uses Conjecture 1.1.

In 1966 H.J. Landau and D. Slepian [30] published a proof of Conjecture 2.4 for arbitrary n ≥ 3. The proof was based on the geometric technique developed by L. Fejes-Tóth ([18], pp. 137-138). However, as was noticed by S.M. Farber [17] and R.M. Tanner [48], the 3-dimensional proofs of corresponding geometric results in [18] do not extend to higher dimensions (see also [4] for more insight and related conjectures). Therefore the proof of Conjecture 2.4 in [30] holds only for n = 3. We refer to [49] for two more related conjectures, which are stronger than Conjecture 2.4. We would also like to mention that T.M. Cover [15] noticed that Conjecture 2.4 can be reduced to the following geometric problem.

Conjecture 2.7 Let A > 0 and B ⊂ S^{n−1} be a spherical cap with the center at x ∈ S^{n−1}. Let S be a spherical simplex of the area A, where by a spherical simplex we understand the intersection of the sphere S^{n−1} with n half-spaces. Then a regular spherical simplex with the center at x maximizes the area of the intersection B ∩ S.

Finally we would like to mention the Strong Simplex Conjecture, which asserts the same as the Weak Simplex Conjecture, but instead of constraints x_i ∈ S^{n−1}, i ≤ n + 1, in the initial problem one uses the constraint

n+1∑ i=1 |x_i|^2 = n + 1,

i.e., instead of choosing x_i’s on the sphere we fix the sum of their squared lengths. The Strong Simplex Conjecture was disproved by M. Steiner [45], who used essentially a one-dimensional example. For other counter-examples see [31, 47].

3 Two more geometric conjectures.

In this section we discuss connections of Conjecture 1.1 to the Steiner formula and to the intrinsic volumes and provide two more geometric conjectures which are stronger than Conjecture 1.1. Both conjectures were communicated to us after the first draft of this note was written. We refer to [41] and references therein for the general theory of convex bodies, Brunn–Minkowski Theory, in particular for information about and relations between the mean width functional, quermassintegrals, intrinsic volumes, etc. (see also [46] for relations between intrinsic volumes and Gaussian processes).

Let t > 0 and K be a convex body in R^n. Consider the Minkowski sum

K_t := K + tB^n_2 = {x + ty | x ∈ K, y ∈ B^n_2 } = {z | dist(z, K) ≤ t} ,

where dist denotes the Euclidean distance. The Steiner formula says that the (n-dimensional) volume |K_t| of K_t is polynomial in t. It can be written as |K_t| = n∑ j=0 κ_{n−j} V_j(K)t^{n−j} ,

where κ_0 = 1, κ_i = |B^i_2| = π^{i/2}/Γ(1 + i/2) for i ≥ 1, and V_i(K), i ≤ n, are coefficients which depend only on K. These coefficients are called intrinsic volumes of K. Analyzing the Steiner formula it is easy to see that V_0(K) = 1, V_n(K) = |K|, and 2V_{n−1}(K) is the surface area of K. Moreover, it is known that V_1(K) = nκ_n/(2κ_{n−1}) w(K) and V_1 = √ 2πE max_{x∈K} sup ⟨G, x⟩ (see e.g.

Proposition 2.4.14 in [46], cf. (1)).

R. van Handel [50] suggested the following natural extension of Conjecture 1.1.

Conjecture 3.1 For every (fixed) t > 0, among all simplices S ⊂ B^n_2 the regular simplex Δ_n maximizes the volume |S_t|. Moreover, Δ_n is the unique simplex maximizing this volume.

Conjecture 3.1 is stronger than Conjecture 1.1. Indeed, using the Steiner formula and that V_0(K) = 1 for every K, we have

|(Δ_n)_t| − |S_t| = n−1∑ j=0 κ_j (V_{n−j}(Δ_n) − V_{n−j}(S)) t^j ,

therefore, sending t to infinity, we observe V_{n−1}(Δ_n) ≥ V_{n−1}(S).

Furthermore, Z. Kabluchko and D. Zaporozhets [28] suggested even stronger conjecture.

Conjecture 3.2 Let S ⊂ B^n_2 be a simplex. Then for every 1 ≤ i ≤ n one has V_i(S) ≤ V_i(Δ_n). Moreover, if S is not regular, then the inequality is strict for every i.

We would like to note that some cases in Conjecture 3.2 are known. Indeed, the case i = n corresponds to the volume. It follows from the John theorem ([26, 7], see also [49] for a geometric proof). The case i = n − 1, corresponding to the surface area, was proved by Tanner in [49].

4 Asymptotic results and comparison to crosspolytope

In this section we discuss asymptotic behaviour and compare mean width of the regular simplex with the mean width of corresponding half-dimensional cross-polytope, showing that surprisingly they are very close to each other. All results of this section with complete proofs can be found in [27].

As before, let g_i’s denote i.i.d. standard Gaussian random variables. Let (η_1, . . . , η_{n+1}) denote a Gaussian random vector with the covariance matrix σ(Δ_n).

We believe that the following observation has been known for many years. A.V. Balakrishnan [1] tributes it to C.R. Chan (in the context of the function ψ_λ defined in the previous section). It can be obtained by direct calculations, since Δ_n can be realized as the (properly normalized) convex hull of the canonical basis {e_i}^{n+1}_{i=1} in R^{n+1}.

Claim 4.1

E max_{i≤n+1} η_i = √ n + 1 n E max_{i≤n+1} g_i = ( 1 + 1 + o(1) 2n ) E max_{i≤n+1} g_i.

The next statement claims that the regular simplex is the best asymptotically. Its proof is based on standard estimates for Gaussian processes.

Lemma 4.2 If S_n ⊂ B^n_2 is a simplex with the maximal mean width then

w(Δ_n) ≤ w(S_n) ≤ ( 1 + C ln ln n ln n ) w(Δ_n),

where C is a positive absolute constant.

Note here that in [19] the mean width of the regular simplex was calculated as w(Δ_n) = 2 √ ln n n ( 1 − (1 + o(1)) ln ln n ln n ) . We turn now to the comparison with the cross-polytope (octahedron).

Recall that we consider convex hulls of n + 1 points on the Euclidean sphere. Assume that n = 2m − 1 and consider the m-dimensional cross-polytope B^m_1 = conv {±e_i}^m_{i=1} in R^n. Clearly, B^m_1 is a (degenerated) simplex in R^n. Surprisingly, the mean width of B^m_1 is very close to the mean width of Δ_n as the next theorem shows (recall that the mean width can be computed via corresponding expectations of Gaussian processes and that Claim 4.1 relates dependent Gaussian random variables corresponding to the regular simplex with independent Gaussian random variables). The left hand side inequality in Theorem 4.3 is immediate by Slepian’s Lemma ([44], see also [32, 34]).

Theorem 4.3 Let n = 2m − 1. Then

E max_{i≤2m} g_i ≤ E max_{i≤m} |g_i| = ( 1 + 1 + o(1) 4n ln n ) E max_{i≤n+1} g_i.

In particular, w(B^m_1 ) = ( 1 − 1 + o(1) 2n ) w(Δ_n).

Moreover, using the S. Chatterjee technique ([14]), a path σ_t, t ∈ [0, 1], in covariance matrices of Gaussian vectors can be constructed so that σ_0 corresponds to the vector √ n + 1 n (g_1, . . . , g_{n+1})

(that is, to the regular simplex) and σ_1 corresponds to the vector (g_1, −g_1, g_2, −g_2, . . . , g_m, −g_m) (that is, to the m-dimensional cross-polytope) and such that the expectation of maximum is not-decreasing along this path. This gives the following estimate, which is slightly weaker for large n, but better for small n.

Theorem 4.4 Let n = 2m − 1.

E max_{i≤2m} g_i ≤ E max_{i≤m} |g_i| ≤ √ n + 1 n E max_{i≤2m} g_i.

In particular,

w(B^m_1 ) ≤ w(Δ_n) ≤ √ n + 1 n w(B^m_1 ).

5 A conjecture on the smallest order statistic

In this section we formulate a conjecture on Gaussian processes, which, to the best of our knowledge, appears for the first time. Although it is not directly related to the mean width of convex bodies, we have decided to mention it here, since it also deals with an extreme order statistic of coordinates of the standard Gaussian vector (cf. Conjecture 1.4) and since we believe that it has the same solution as Conjecture 1.1.

Conjecture 5.1 Let n ≥ 2 and p > 0. Among all Gaussian random vectors (ξ_1, . . . , ξ_{n+1}) with ξ_i ∼ N (0, 1) for all i ≤ n + 1, the expectation E min_{i≤n+1} |ξ_i|^p

is minimal when the covariance matrix σ = σ(Δ_n). The solution is unique.

The main motivation for this question comes from the Mallat-Zeitouni problem which is still open in full generality ([38], see also [36] for discussions, history, references, and a partial solution). In the original notes, published on O. Zeitouni’s webpage in 2000, S. Mallat and O. Zeitouni suggested a way to solve it. Their method would have worked if a more general result in the spirit of Conjecture 5.1 had held with p = 2. Moreover, in [22, 23] the authors were able to prove that for every sequence of real numbers {a_i}^{n+1}_{i=1} and every p > 0,

E min_{i≤n+1} |a_ig_i|^p ≤ Γ(2 + p) E min_{i≤n+1} |a_iξ_i|^p,

where Γ(·) is the Gamma-function. This result, together with the Šidák theorem also supported the intuition that the independent case gives the minimum (see also [33]). However later, R. van Handel cheked that for n = 2 the arrangement corresponding for Δ_2 is better than three independent variables [38].

Acknowledgment. The author is grateful to A. Akopyan, Z. Kabluchko, R. Karasev, J. Prochno, R. Schneider, R. van Handel, D. Zaporozhets for valuable remarks on the first draft of this note and to Z. Kabluchko, R. van Handel, and D. Zaporozhets for bringing conjectures described in Section 3 to his attention.

References

[1] A.V. Balakrishnan, A contribution to the sphere-packing problem of communication theory, J. Math. Anal. Appl. 3 (1961), 485–506.

[2] A.V. Balakrishnan, Research Problem No. 9: Geometry, Bull. Amer. Math. Soc. 69 (1963), 737–738.

[3] A.V. Balakrishnan, Signal selection for space communication channels, In: Advances in Communication Systems, (ed. by A.V. Balakrishnan), Academic Press, New York, 1965, 1–31.

[4] A. Balitskiy, R. Karasev, A. Tsigler, Optimality of codes with respect to error probability in Gaussian noise, https://arxiv.org/abs/1701.07986.

[5] K. Ball, Volumes of sections of cubes and related problems, GAFA (1987–88), 251–260, Lecture Notes in Math., 1376, Springer, Berlin, 1989.

[6] K. Ball, Volume ratios and a reverse isoperimetric inequality, J. London Math. Soc.

(2) 44 (1991), no. 2, 351–359.

[7] K. Ball, Ellipsoids of maximal volume in convex bodies, Geom. Dedicata 41 (1992), 241–250.

[8] F. Barthe, An extremal property of the mean width of the simplex, Math. Ann. 310 (1998), 685–693.

[9] T. Bonnesen, W. Fenchel, Theorie der konvexen Krper, Reissue of the 1948 reprint of the 1934 original. Chelsea Publishing Co., Bronx, N.Y., 1971.

[10] K. Böröczky, Jr., About the mean width of simplices, Period. Polytech. Mech. Engrg.

36 (1992), 291–297.

[11] K. Böröczky, Jr., Finite packing and covering. Cambridge Tracts in Mathematics, 154. Cambridge University Press, Cambridge, 2004.

[12] K. Böröczky, Jr., R. Schneider, Circumscribed simplices of minimal mean width, Beiträge Algebra Geom. 48 (2007), 217–224.

[13] D.G. Chakerian, M.S. Klamkin Minimum triangles inscribed in a convex curve, Math.

Mag. 46 (1973), 256–260.

[14] S. Chatterjee, An error bound in the Sudakov–Fernique inequality, 2005.

http://arxiv.org/abs/math/0510424.

[15] T.M. Cover, B. Gopinath (editors), Open problems in communication and computation, New York etc.: Springer-Verlag, 1987.

[16] B. Dunbridge, Asymmetric signal design for the coherent Gaussian channel, IEEE Trans. Inform. Theory, vol. IT-13 (1967), 422–431.

[17] S.M. Farber, On the signal selection problem for phase coherent and incoherent communication channels, Tech. Report No. 4, Communications Theory Lab., Dept. of Electrical Engineering, Calif. Inst. Tech. (1968).

[18] L. Fejes Tóth, Lagerungen in der Ebene, auf der Kugel und im Raum, Die Grundlehren der Mathematischen Wissenschaften in Einzeldarstellungen mit besonderer Bercksichtigung der Anwendungsgebiete, Band LXV. Springer-Verlag, Berlin-Gttingen- Heidelberg, 1953.

[19] S.R. Finch Mean width of a regular simplex, 2011, http://arxiv.org/abs/1111.4976.

[20] E.N. Gilbert, A comparison of signaling alphabets, Bell System Tech. J. 31 (1952), 504–522.

[21] E.D. Gluskin, Extremal properties of orthogonal parallelepipeds and their applications to the geometry of Banach spaces, Math. USSR Sbornik, 64 (1989), 85–96.

[22] Y. Gordon, A.E. Litvak, C. Schütt, E. Werner, Minima of sequences of Gaussian random variables, C. R. Acad. Sci. Paris, Sér. I Math., 340 (2005), 445–448.

[23] Y. Gordon, A.E. Litvak, C. Schütt, E. Werner, On the minimum of several random variables, Proc. Amer. Math. Soc. 134 (2006), 3665–3675.

[24] P. Gritzmann, V. Klee, On the complexity of some basic problems in computational convexity II: Volume and mixed volumes, Bisztriczky, T. (ed.) et al., Polytopes: abstract, convex and computational. Proceedings of the NATO Advanced Study Institute. Kluwer Academic Publishers. NATO ASI Ser., Ser. C, Math. Phys. Sci. 440, 373–466, 1994.

[25] D. Hug, R. Schneider, Large typical cells in Poisson-Delaunay mosaics, Rev.

Roumaine Math. Pures Appl. 50 (2005), 657–670.

[26] F. John, Extremum problems with inequalities as subsidiary conditions, Studies and Essays Presented to R. Courant on his 60th Birthday, January 8, 1948, 187–204. Interscience Publishers, Inc., New York, N. Y., 1948.

[27] Z. Kabluchko, A.E. Litvak, D. Zaporozhets, On the expected maximum of correlated Gaussian variables, Zapiski Nauchnykh Seminarov POMI, 442 (2015), 75–96; English translation in Journal of Math. Sciences, 225 (2017), 770–787.

[28] Z. Kabluchko, D. Zaporozhets, private communications.

[29] V.A. Kotel’nikov, thesis, Molotov Energy Institute, Moscow, 1947, translated by R.A. Silverman as The Theory of Optimum Noise Immunity, McGraw-Hill Book Co., New York, 1959.

[30] H.J. Landau, D. Slepian, On the optimality of the regular simplex code, Bell System Tech. J. 45 (1966), 1247–1272.

[31] D.E. Lazich, C. Senger, M. Bossert A Corrected Disproof of the Strong Simplex Conjecture, SCC 2013; 9th International ITG Conference on Systems, Communication and Coding.

[32] M. Ledoux, M. Talagrand, Probability in Banach spaces. Isoperimetry and processes.

Springer-Verlag, Berlin, 1991.

[33] W. Li, L1: Introduction, Overview and Applications, CBMS Lectures at UAH, June 4-8, 2012, http://jamesyli.com/wenboli backup/papers/CBMS-10Lectures.pdf

[34] M.A. Lifshits, Gaussian random functions, Mathematics and its Applications, 322.

Kluwer Academic Publishers, Dordrecht, 1995

[35] A.E. Litvak, P. Mankiewicz, N. Tomczak-Jaegermann, Randomized Isomorphic Dvoretzky Theorem, C.R. Acad. Sci. Paris, Ser 1, Math., 335 (2002), 345–350.

[36] A.E. Litvak, K. Tikhomirov, Order statistics of vectors with dependent coordinates, and the Karhunen–Loeve basis, submitted, Annals of Applied Probability, to appear.

[37] L.A. MacColl, Signalling in the Presence of Tnermal Noise, I, II, and III, Bell Laboratories internal memoranda issued May 27, June 30, and September 13, 1948.

[38] S. Mallat, O. Zeitouni, A conjecture concerning optimality of the Karhunen-Loeve basis in nonlinear reconstruction, arXiv:1109.0489.

[39] G. Schechtman and M. Schmuckenschläger, A concentration inequality for harmonic measures on the sphere, Geometric aspects of functional analysis (Israel, 1992–1994), 255–273, Oper. Theory Adv. Appl., 77, Birkhuser, Basel, 1995.

[40] M. Schmuckenschläger, An extremal property of the regular simplex, Convex geometric analysis (Berkeley, CA, 1996), 199–202, Math. Sci. Res. Inst. Publ., 34, Cambridge Univ. Press, Cambridge, 1999.

[41] R. Schneider, Convex bodies: the Brunn-Minkowski theory, Second expanded edition, Encyclopedia of Mathematics and its Applications, 151. Cambridge University Press, Cambridge, 2014.

[42] C.E. Shannon, Communication in the Presence of Noise, Proc. IRE, 37, January, 1949, 10–21.

[43] Z. Šidák, Rectangular confidence regions for the means of multivariate normal distributions, J. Am. Stat. Assoc. 62 (1967), 626–633.

[44] D. Slepian, The one-sided barrier problem for Gaussian noise, Bell System Tech. J., 41 (1962), 463–501.

[45] M. Steiner, The Strong Simplex Conjecture is False, IEEE Trans. Inform. Theory, 40 (1994), no. 3, 721–731.

[46] V.N. Sudakov, Geometric problems of the theory of infinite-dimensional probability distributions, Trudy Mat. Inst. Steklov, 141 (1976), 3–191.

[47] Y. Sun, Stochastic iterative algorithms for signal set design for Gaussian channels and optimality of the L2 signal set, IEEE Trans. Inform. Theory 43 (1997), no. 5, 1574–1587.

[48] R.M. Tanner, Contributions to the simplex code conjecture, Tech. Report No. 6151-8, Information Systems Lab., Stanford Univ (1970).

[49] R.M. Tanner, Some content maximizing properties of the regular simplex, Pacific J.

Math. 52 (1974), 611–616

[50] R. van Handel, private communications.

[51] C.L. Weber, Elements of Detection and Signal Design, McGraw-Hill, New York, 1968.

Alexander E. Litvak, Dept. of Math. and Stat. Sciences, University of Alberta, Edmonton, Alberta, Canada, T6G 2G1.

e-mail: aelitvak@gmail.com