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ABSTRACT. Nonautonomous differential equations on finite-time intervals play
an increasingly important role in applications that incorporate time-varying
vector fields, e.g. observed or forecasted velocity fields in meteorology or oceano-
graphy which are known only for times ¢ from a compact interval. While clas-
sical dynamical systems methods often study the behaviour of solutions as
t — o0, the dynamic partition (originally called the EPH partition) aims at
describing and classifying the finite-time behaviour. We discuss fundamental
properties of the dynamic partition and show that it locally approximates the
nonlinear behaviour. We also provide an algorithm for practical computations
with dynamic partitions and apply it to a nonlinear 3-dimensional example.

1. Introduction. In this article, we study nonautonomous ordinary differential
equations

i=f(t,z), (1)
where f : [ x R® — R" is continuous with continuous derivatives D;f, D2f, and
I C R is a nonempty interval. We are particularly interested in the finite-time case,
i.e., in the case of a compact interval I = [tg,t1] with ¢y < t1. Finite-time dynamics
has recently become a very active field of research, see e.g. [6, 7, 10, 11, 12, 13, 14,
16, 17, 18, 19, 20, 21, 22] and the many references therein. Some of the reasons for
the increased interest in finite-time dynamics are:

(i) Numerically computed vector fields are of the form (1). Modern developments
in scientific computing, e.g. in computational fluid dynamics, often yield a
discretized version of a time-varying velocity field, i.e. an equation of the form
(1) where the numerical simulation starts at time ¢y and ends at ;.
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(ii) Observed velocity fields are of the form (1). Recent advances in technology, e.g.
in satellite imaging of ocean currents, enable the generation of high-resolution
data sets on a space-time grid, i.e. a system of the form (1) where the obser-
vation of the vector field f starts at time ¢y and ends at ;.

(iii) The transient behaviour of (1) can be observed on finite-time intervals. Typ-
ically, the qualitative behaviour of solutions of (1) as ¢ — +oo is indepen-
dent of the transient behaviour of solutions on any finite-time interval of the
form [to, 1] since the parts f|(—oc 10](, %), flito,t1](- %) and f|, 00) (-, ) may
not be correlated at all. As a consequence, if (1) does not exhibit a sim-
ple time dependence (e.g., almost periodicity) then the transient behaviour
for t € [to,t1] often is physically much more relevant than the asymptotic
behaviour as ¢t — +o0.

For a concrete application to 2-dimensional fluid dynamics consider two like-signed
vortices of the same size which are close together, circle around each other and
after a while merge to a single vortex [23]. By changing to a co-rotating coordinate
system the average rotation of the system can be factored out, see Figure 1 for
a snapshot of the vector fields before and after merging [5]. During the process

FIGURE 1. Schematic shape of the velocity field of two 2-
dimensional vortices in a co-rotating frame before (left) and after
merging.

of merging the dynamics in the center changes from a saddle-type structure to a
circular structure. Since the merging process takes place in finite time, asymptotic
tools are not applicable. Rather, genuine finite-time concepts are required to analyze
this situation. It is the purpose of this article to develop in some generality one
such concept, the dynamic partition (originally referred to as the EHP partition),
and to discuss its potential applications as well as inherent limitations.

Which concepts are adequate for studying the qualitative behaviour of (1) on
finite-time intervals? A fundamental problem consists in developing a proper notion
of hyperbolicity for the linear system

i=Alt), (2)

where A : I — R™ "™ is continuous. Recall that, for I = R, (2) is termed hyperbolic
if it admits an exponential dichotomy, i.e., if there exists an invariant projector
P : T — R"™ and constants a > 0, K > 1 such that for all s,t € I and £ € R",

[ (2, s)P(s)€ll Ke=et=9)lig| ift>s,

<
Jo(t,s)id— P()lell < Ke9lg| it <s: ®)
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here ® denotes the evolution operator associated with (2). The two vector bundles
S={(t,z):tel,x €¢imP(t)} and U = {(¢t,x) : t € I,z € ker P(t)} are invariant
and consist of solutions which, respectively, decay and grow exponentially with a
uniform rate at least . Thus if for instance P = id then (2) is exponentially stable.
Transient behaviour is not captured by this notion as the constant K can be very
large. On the other hand, (3) with K = 1 implies that the norm of solutions in S and
U, respectively, decays and increases monotonically for ¢ € I. While exponential
decay and growth on I = R is independent of the chosen norm, monotonicity of
solutions in S and U is not: the transient behaviour of (1) or (2) will be different
depending on which norm on R™ is used. Not least from a practical point of view,
therefore, is it imperative to allow for more than one norm. This is one reason
why we pay considerable attention to the family of norms || - ||r = 1/(-, ) induced
by different symmetric, positive definite matrices I'.  Another reason is that the
invariant projector P in (3) for I = [to,t1] is generally not unique. A careful choice
of T', however, can yield uniqueness [2] and thus in turn make accessible deeper
structure theorems for finite-time dynamics. These further developments evidently
rely on the theory of dynamic partitions developed here.

In this article, we follow and extend the approach by Haller [7, 10], see also [4, 5].
We study the behaviour of solutions of (1) in the vicinity of a particular solution
I — R™. By the transformation x — = — u the solution u is mapped to the zero
solution of

T = Dacf(tvlu(t))x + g(tvx) ) (4)

with the nonlinearity g(¢, ) := f(t,z+pu(t)) — f(t, n(t)) — Do f (¢, u(t)) z. We denote
the linearization of (1) along p, which clearly also is the linearization of (4) at = 0,
by

The local behaviour of (1) near y is described by (5), and we partition the extended
state space I xR" into attracting, repelling, hyperbolic, quasihyperbolic, elliptic and
degenerate points, according to their local (in z and t) behaviour. Though similar in
spirit to [4, 7, 10] our approach here is neither restricted to planar systems nor to the
usage of the Euclidean norm. While largely extending the applicability of dynamic
partitions, this increase in generality turns out to cause only minor mathematical
difficulties.

This article is organized as follows. In Section 2.1 we introduce the dynamic par-
tition and discuss its invariance under orthogonal transformations and translations
(Lemma 2.5). An arbitrary linear transformation maps the dynamic partition to a
transformed dynamic partition, while at the same time the norm in question is also
altered (Lemma 2.7). It is shown that all but the degenerate part of the dynamic
partition are open sets in the extended state space (Lemma 2.8). For linear systems
with constant coefficients the finite-time notions are related to the classical notions
of attraction, repulsion, hyperbolicity and ellipticity (Theorem 2.9). An application
to autonomous equations yields a result on the location of periodic orbits (Theorem
2.10). In Section 2.2 we show that even though it is defined in terms of the lin-
earization (5), the dynamic partition locally approximates the nonlinear behaviour
of (1) (Theorems 2.11, 2.13, 2.14). Section 2.3 is dedicated to the presentation of
an algorithm to practically compute dynamic partitions. This algorithm is applied
to an example in Section 2.4.
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2. Finite-time dynamics. Throughout this article, I' € R"*™ denotes a symmet-
ric positive definite matrix, that is, ' =TT > 0, and | - || symbolizes the induced
norm, ie. ||z|[r = y/(z,Tz) for all z € R™. Quantities depending on I" have their
dependence made explicit by a subscript which is suppressed only if ' equals id,, x
the n x n identity matrix.

2.1. Dynamic partition. For an arbitrary solution £ : I — R™ of (5) the instan-
taneous change of 1||£||2 is given by

1d 1d

——EDE = =—(&(t),DEt

SSIEDIE = 5. TEw)

1 T
= (50,3 [Palp0) + ACu0) T]s0) @
with A(t,x) = D, f(t,x).

Definition 2.1 (T-strain tensor). The symmetric matrix

1
Sr(t,x) == 3 [TA(t,z) + A(t,a:)TF]
is called the T'-strain tensor of equation (1).

Thus the I'-strain tensor describes growth and decay of solutions £ of the lin-
earization (5) with respect to the norm ||-||p. For I' = id, xp, the matrix S = Siq, .,
is called (rate-of-) strain tensor. Clearly, all solutions of (5) are strictly decreasing
on I x R™ w.r.t. the || - || norm if Sr (¢, u(t)) is negative definite, i.e., if for all ¢ € I

(& Sr(t,mt)€) <0 for all £ € R™\ {0}.

Next we define the set of zero strain, see also [7].
Definition 2.2 (Zero I'-Strain Set). The set

Zp(t,x) :={£ € R" : (£, Sr(t, z)€) = 0}
is called the zero T'-strain set of equation (1).

For any symmetric matrix L € R"*" let Ay,..., A, denote its eigenvalues, ordered
according to

M2 A >0, Mgt A =0, 0> X1 > .. > Ay (7)

for some nT,n~ € {0,1,...,n} with n™ +n~ <n. We refer to (n™,n~) as the type
of L, and L is degenerate if n™ + n~ < n or, equivalently, if det L = 0; otherwise
L is non-degenerate. Clearly, L is positive definite if and only if it is of type (n,0),
and it is negative definite precisely if it is of type (0,n). If L is non-degenerate then
it is indefinite if and only if it has eigenvalues of different sign, i.e. nTn~ # 0.

Proposition 1 (Characterization of Zero I'-Strain Set). Consider system (1) with
T'-strain tensor Sr. Then the zero strain set Zp satisfies:

(i) Zr is the origin if and only if Sr is positive or negative definite.
(i) Zr is a cone if and only if Sr is indefinite or degenerate.

Proof. Let A1, ..., A, be the eigenvalues of Sp, ordered as in (7), and @ € R"*™ an
orthogonal matrix such that

QTSrQ = diag(A i, ..., A+, 0,00, A 1h s M) -
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Then Zr = {Q¢ € R" : (£,QTSrQ¢) = 0} and therefore
Zr=QfEeR™ : M&E+ . A XNt + M-8 T A& =0}, (8)
and the claim follows. O

Remark 1. If St is degenerate then Zp contains the (n — n™ — n™)-dimensional
subspace

62{(07'"7()7§7l+-i-17"'7€’n—n*707"'70)—r S ]Rn : §J € R}v
with @ as above. For example, Zr is a line in R? if QT SrQ = diag(1,1,0), or a
union of two planes if Q" SrQ = diag(1,0, —1).

£1I€l2 <0

lIElE >0 wllElf >0

FIGURE 2. Zp = Zr (to,u(to)) for equation (5) and fixed ¢y € T
when Zr is a cone for n = 2 (left) and n = 3 (right). Arrows
and shading indicate the instantaneous norm change at ¢ = ¢ for
solutions of (5) which are not in Zp.

Remark 2. If St is indefinite and non-degenerate then (8) reads

Zr=QEeR" : ME+ .. .+ X Er = At 1&g — - — Mo}
with nt + n~ = n and ntn~ > 0, and replacing & by &/+/|\i| for all

i=1,...,n yields

§1 én T n o, ¢2 2 ¢2 2
Zr Q{(m \/W> ER™ 24 €2, §n++1+...+§n}.
If, for some to € I, Sr (to, u(to)) is indefinite and non-degenerate then Zr (to, ,u(to))
is a cone, and if the solution ¢ of (5) crosses that cone, i.e., if {(to) € Zr (to, pu(to)),
then the sign of the second derivative of ¢ — [|£(¢)||% at ¢ = o characterizes whether
& crosses transversally from a region with increasing to a region with decreasing
norm or vice versa. With Sp(t) = Sr (¢, u(t)) and Sp(t) = 4 S (¢, u(t)) we find

1d? .,  d
s7ElEOIF = dt(() ()5(0)
= (@), Sr(t)E)) + (&), S t) + Sr(t)&(t))
(A(t)E(t), Sr(t)e t)>+< (1E(L) + Sr(t)A(t)E(L))

= (£),18 () Sr(t)A(t) + () TSr()E)) -
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Definition 2.3 (I'-Strain Acceleration Tensor). The symmetric matrix

Mp(t, ) := Sp(t, x) + Sr(t,z)A(t, z) + A(t, z) " Sr(t, z)
is called the I'-strain acceleration tensor of equation (1), where the symmetric ma-
trix Sp(t,z) := DySr(t,x) + Dy Sr(t, z) f(t,x) is the derivative of the I'-symmetric
part Sp(t,z) of A(t,x) = D, f(t,x) along the solution of (1) starting at time ¢ in x;
note that Sp(t) = Sp(t, u(t)).

X
xQ
Ry

FI1GURE 3. Local behaviour of solutions & of (5) with £(tg) € Zr =
Zr (to, M(to)) and <f(t0), Mt (to, u(to))f(t0)> > 0 when Zr is a cone
for n =2 (left) and n = 3 (right).

The restriction of the quadratic form & — (£, Mr(¢,z)€) to Zr(t,z) is denoted by
Mg (t,x). Given (t,x) € I x R™ it is customary to call Mz, negative/positive
definite if it attains only negative/positive values for all & € Zp(t,z)\{0}, and
indefinite if it attains both negative and positive values on Zr (¢, z). The following
definition extends the EPH partition introduced by Haller [7].

Definition 2.4 (Dynamic Partition). For the differential equation (1) and T' =
I'" > 0 we define the following subsets of I x R™:

(i) Attracting region:

Arp = {(t,z) € I x R" : Sp(t, ) is negative definite}
(ii) Repelling region:

Rr :={(t,x) € I x R" : Sp(¢, ) is positive definite}
(iil) Elliptic region:

£ e {(t, 1) €l xR": Sr(t, ) is indefinite and non-degenerate, }

and Mz, (t,z) is indefinite
(iv) Hyperbolic region:

Hp e {(t,x) c I xR": Sr(t, ) is indefinite and non-degenerate, }

and My (t,z) is positive definite
(v) Quasihyperbolic region:

Or = {(t,x) el xR":

Sr(t, z) is indefinite and non-degenerate,
and My (t,z) is negative definite
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(vi) Degenerate region:
Dr = (I XR")\[AF URFU(‘:FUHFUQF]

We say that (t,z) € I x R™ is of type Tr for T € {A,R,E, H, Q,D} if (t,z) € Tr,
or equivalently, if x is contained in the t-fiber Tp(t) = {x € R™ : (t,xz) € Tr}. As
always, the subscript I' is suppressed if I' = id,, xp, i.€., we write 7 instead of Tiq

Remark 3. If u(t) € Hr(t) for all ¢ € I then the cone field
{(t.€) € I x R™: (&, Sr(t, ult))€) > 0}

is forward invariant under the dynamics of the linearization (5), i.e., 2||£(t)|lr > 0
implies £[|¢(t2)|lr > 0 for all to € I, t2 > t1. Similarly, if pu(t) € Qr(t) for all t € I
then {(t,£) € I x R™: (&, 5r(t, pu(t))€) < 0} is forward invariant.

nxmn "

Remark 4. The linearization of a linear system & = A(t)x along an arbitrary
solution p is the linear system itself. Hence, for every t € I, the fiber 7p(t) with 7 €
{A,R,E, H, Q, D} is either empty or else equals R™. In this situation, we say that
T = A(t)x is attracting/repelling/elliptic/hyperbolic/quasihyperbolic/degenerate
at time ¢ € I if the corresponding fiber 7p(t) is R™.

Remark 5. If (1) is autonomous, i.e., if © = F(x), then Sp, Zr and Mr do not
depend on t. As a consequence, each fiber 7r = Tr(t) for 7 € {A, R, &, H, Q,D}
is independent of ¢. In particular, a linear autonomous system & = Az has one
type 7r, i.e., it is either attracting, repelling, elliptic, hyperbolic, quasihyperbolic
or degenerate.

Remark 6. If (¢,2) is hyperbolic or quasihyperbolic then
[{&, Mr(t,z)E)| >0 for all £ € Zr(t,z) \ {0},
whereas (¢, ) is elliptic precisely if there exist vectors £, € Zp(t, x) with
(&, Mp(t,z)§) > 0> (n, M (t,z)n) .

However, the set {& € Zr(t,z) : (§, Mp(t,x)§) = 0}, being the intersection of the
zero sets of two quadratic forms, can be quite complicated in the elliptic case.

Remark 7. If the norm || - [[p) = /(,['(t)-) is allowed to depend on time ¢ € I
then the strain tensor Sp(t,z) = $[A(t,2)T'(t) + T(1)A(t,z) " + I'(t)] depends on
the derivative of t — T'(¢) and one can easily choose I'(:) such that (¢,x) € Ar or
(t,z) € Rp. A full description of the relation between the dynamic partition and
time-dependent norms is beyond the scope of this paper.

The transformation x — x — p transforms (1) into (4). The corresponding dynamic
partitions of (1) and (4) are mapped onto each other by this transformation, that
is, the type of (t,z) for (1) and (¢, — u(t)) for (4) are identical for all ¢ € I. Let
Q@ : I — R"" be a continuously differentiable function of orthogonal matrices. We
transform (4) by the transformation x +— Q "z, that is, we compute (4) in the new
coordinates T = Q' z, for notational convenience omit the tilde, and obtain

&= [Q(t) " Daf (t, u(t)) Q) — Q1) "Q(1)] & + h(t, x), (9)
with h(t,z) = Q)" [f(t, Q1) + u(t)) — f(t,u(t)) — Do f (¢, u(t))Q(t)z]. The

same transformation x — Q(t) "z transforms the linearization (5) of (1) into the
linearization of (9) along the zero solution,

£ = B(b)E, (10)
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where B(t) = Q(t) "Dy f (t, u(t)) Q(t) — Q(t) T Q(t). If Q(t) commutes with T' for all
t € I, then the dynamic partitions corresponding to (4) and (9) are mapped onto
each other by the transformation z — Q'xz. In other words, the time-dependent
shift and orthogonal transformation x + Q(t) T [x — u(t)] transforms system (1) and
its dynamic partition into system (9) and its dynamic partition, respectively. This
observation is made precise by the following lemma which shows that in fact any
time-dependent shift and orthogonal transformation z — Q' (z — u) with Q(t)T' =
T'Q(t) for all t € I preserves the dynamic partition.

Lemma 2.5 (Dynamic Partition under Shift and Orthogonal Transformation).
Consider the equation

= f(t,x), (11)
together with a symmetric, positive definite matriz T', and let Q : I — R™™"™ and
w: I — R"™ be a C function of orthogonal matrices and a C* function, respectively.

Moreover, assume that @ commutes with T, i.e. Q(t)I' =TQ(t) for allt € I. Then
the transformation x +— Q(t) " [z — u(t)] transforms (11) into

&= Q1) f(t,Q(z +u(t) — Q1) Q) — Q1) "u(t) (12)

and for any x solution of (11), T = Q" [z — u] is a solution of (12). Moreover, the
linearization of (12) along Q" [z — u] is given by

£=1Q) " Duf(t,2(1)Q() — Q(H) T Q)]

and, for every t € I, the points (t,z(t)) for (11) and (t, Q" (t)[x(t) —u(t)]) for (12)
have the same type w.r.t. || - ||r.

Proof. Let z be a solution of (11). Then Z = QT [x —u] is a solution of (12). Let Sr
and Mt denote the T-strain and I-strain acceleration tensor of (11) along . With

At) = Q)" Do f (1,2(1) Q1) — QDT Q(1),
é@:%ﬁ&ﬂ+&ﬁﬂ and  Mr(t) = Sp(t) + Sr(t)At) + At) " Se(t)
are, respectively, the T'-strain and I'-strain acceleration tensor of (12) along 7.

Omitting the argument ¢ for ease of notation, note that Q' = T'QT and also
QT = I'Q; furthermore, Q' Q = I and hence QT = —QTQQT. From

é:%ﬁﬁ+ﬁﬁﬂ
NQTAQ-QTQ)+(QTATQ-QT Q)T
QT(A-QQNQ+QT(AT +QQTIQ)
Q" [P-QQN) + (T +QQNr|Q

QT[FTA+A'T]Q=Q"SrQ,

r—|r—|

SR R ORI Nl

it follows that Sp and Sr determine congruent quadratlc forms, that is, £ € Zp if
and only if Q"¢ € Zp A similar computation shows that Mp = QTMFQ, and since
the dynamic partition is defined exclusively in terms of the I'-strain and I'-strain
acceleration tensors, the proof is complete. O
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If Lemma 2.5 is applied to the linearization (5) with Q(¢) consisting of an or-
thonormal basis of eigenvectors of Sp(t, xu(t)) then the transformation z — Q(t) "=
factors out that part of the time dependence of D, (t, u(t)) that comes from the
rotation of the eigenvectors of the I'-strain tensor St, provided that Q and I" com-
mute. In the fluid dynamics literature this transformation is, for the case I' = id,, x»,
called a strain coordinate transformation (see e.g. [3]).

Definition 2.6 (Strain Coordinates). Consider equation (11) and a solution p :
I — R™. Suppose that Q : I — R™*" is a continuously differentiable function of
orthogonal matrices such that Q' (¢)St (¢, u(t)) Q(¢) is diagonal for all ¢ € I, and also
Q)T =TQ(t). Then z +— Q' [z — p] is called a strain coordinate transformation.
The transformed equations (9) and (10) are said to be in strain coordinates.

If (9) is in strain coordinates then the T'-strain tensor corresponding to B(t) in
(10) is diagonal. In the literature the existence of a strain coordinate transformation
is often assumed to simplify computations. Reasonable though it may be, this
assumption requires justification, which in fact may have its subtleties. For instance,
if T' = idyxn and t — S(¢) is analytic in ¢ then [15, Theorem 6.1] implies that
the normalized eigenvectors of S(t) are also analytic. Hence a strain coordinate
transformation exists for (1) along a solution y provided t — A(t) = D, f(t, u(z)),
and therefore also the symmetric part S(t), is analytic. On the other hand, if
t — S(t) is merely C*° then [15, Example 5.3] shows that in general the associated
normalized eigenvectors cannot even be continued as continuous functions. The
obstruction for the existence of strain coordinates comes in the form of multiple
eigenvalues, as can be seen from the following simple example (cf. [4]). The zero
solution p = 0 of & = A(t)x with

-1 5t 0 142 0 0
Aty= |32 -1 0] fort<0, At)= 0 —1+3t2 0| fort>0,
0 0 1 0 0 1

satisfies p(t) € H(t) for all ¢ € [-1,1] w.r.t. the Euclidean norm. However, the
unique (up to a permutation of columns) orthogonal matrix Q(t) consisting of the
normalized eigenvectors of A(t) is given by

1 1
s 0 100

Q) = —% \% 0] fort<0 and Qit)y=(0 1 0 fort>0,
0 0 1 0 0 1

and therefore is not even continuous. As a consequence, the equation & = A(t)x
cannot be transformed into strain coordinates on [—1,1]. Note that an explicit
strain coordinate transformation w.r.t. the Euclidean norm can be constructed if the
eigenvalues of S stay separated, see [4] for an explicit formula for n = 2. Although
strain coordinates may not exist, one can nevertheless apply Lemma 2.5 to (11)
for each fized ty € I to factor out the rotation of the zero strain set, i.e., choose
Q = (v1|---|v,) with an orthonormal basis of eigenvectors v; of S(to), provided
that Q(to)T' = T'Q(tp). We show in the next lemma that one can always ensure
I' =id,, x» by means of an appropriate transformation.

Lemma 2.7 (Dynamic Partition under Linear Transformation). Let I' and T be a

symmetric, positive definite and an invertible matriz, respectively. Consider
1

&= f(t,x) with norm || - ||p = (-,T) 2| (13)
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as well as the transformed equation
F=T'f(t,TF)  with norm || |z = (-,T)Z, (14)

where T = TTTT. Then (to,z0) for (13) and (to, 7o) = (to, T xo) for (14) have
the same type, that is, (to,xo) € Tr if and only if (to, 7o) € Tx. Moreover, with
T = Tflxl,

d - - - ~
Tl to,21) = 2(tto, 20)lI|,_,, = 21Tt to, 1) = F(t,t0, To) [E],_,, -
where :C(t,to,;vo) and Z(t,tg, To) denote, respectively, the solutions of (13) and (14)
starting at ty in xg and Tg.

Proof. Pick (tg,x0) € I x R™. Let St = Sr(to,x0) and Mt = Mr(to, o) denote the
I-strain and T'-strain acceleration tensor of (13) at (to,x0). With A = D, f(to,x0)
and A = Dj [ 1ftT:v”(t
tensor of (14) at (tg,Zo) are

= T~ 1AT the I-strain and I'-strain acceleration

Sv =g [FA+ ZTF] and Mp = Sp+ScA+ A7Sr,
respectively. From

Sr = Lr'TTT AT+ T TAN(T ) T TIT) =T ST, (15)
it follows that Sp and Sr determine congruent quadratic forms, hence Zp(to, To) =

T~*Zr(tg, wo). Similarly, Mp =TT MrT holds, and therefore (tg, o) for (13) and
(to, o) for (14) have the same type. The proof is completed by observing that

d
g le(tto, @1) — a(t, to, 2o el = 2 (z1 — @0, T f(to, 21) — T f(to, x0))

- <§1 — G0, DT Y f(to, T#1) — TT (o, T50)>

= E”E(tu th*:El) - E\L'i(tatOu EO)”%’tzto 5
for every T, = T 'z;. O

In the next lemma we show that all but the degenerate part of the dynamic
partition are actually open sets.

Lemma 2.8. The sets Ar, Rr,Er, Hr and Qr are open in I x R™.

Proof. Assume first that (tg,zo) € Ar or (to,x0) € Rr. Then Sr(to, xo) is negative
or positive definite, and by continuity the same is true for Sr(t,z) provided that
(t,x) is sufficiently close to (¢, zo). Hence Ap and Rr are both open.
To deal with the remaining cases, let
¥ ={(t,z) € I x R?: Sp(t, ) is indefinite and non-degenerate } .

Clearly, ¥ is open in I x R%, and & UHr U Qr C X. For each (t,z) € ¥ define
the continuous function ;. : S4=1 _ R by Vt,2) () = (§, Mr(t, z)€). Obviously,
the map (t,2) — ) € C(S?™1) is continuous; here, as usual, C(S4~!) denotes
the Banach space of all continuous real-valued functions on S9~!. Also, for each
(t,x) € X the set F(t,x) = {¢ € S 1 : (¢, Sp(t,x)€) = 0} = Zp(t,r) N SI1L
is non-empty and compact, hence F(t,z) is an element of X(S9~1), the (complete
metric) space of all non-empty compact subsets of S¢~!. Moreover, the map (¢, z) —
F(t,z) € K(S971) is also continuous. To see this, assume by way of contradiction
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that (tn,2,) — (to, o) yet di (F(ty,zn), F(to,z0)) > & for all n and some § > 0.
(Here dy denotes the Hausdorff distance in K(S9"1) as induced by the standard
Euclidean metric on S¢71.) In this case, there exists a sequence (&,) in S¢~! such
that infec p(sy 20) [[€—=Enll > 0 but also &, € F(t,,x,), that is, (§n, Sr(tn, 2n)En) = 0,
for all n. Assume without loss of generality that &, — £*. Then, by continuity,
(€, 8r(to, 20)€*) = 0 and thus £ € F(to,x0) yet infecp(rg,ze) I — £¥I = 0, an
obvious contradiction. Hence (t,z) — F(t, ) is continuous on X. Finally, for each
g € C(S41) and K € K(S971) let UH(g,K) = maxeer g(&) and ¥~ (g, K) =
minge g g(§). It is easy to see that ¥+ and ¥~ constitute continuous real-valued
functions on C(S971) x K(S?1). From the above it follows that the function
(t,x) — W (Y, F(t,z)) =@ UT(t,z) from ¥ into R is continuous, as is the
analogously defined function ¥~. Observing that &r = {(t,z) € X : U7 - ¥~ < 0},
Hr ={(t,z) € X : U~ >0}, and Qr = {(¢t,z) € X : U" < 0} therefore completes
the proof. O

Our next result describes the dynamic partition for rest points of autonomous
equations & = F(z). If F(xo) = 0 then the linearization at xo, that is £ = A
with A = D, F(x¢), is autonomous. For any given I' the latter has, according to
Remark 10, one and the same type 7t for all (¢,2) € I x R™. The following theorem
characterizes this type in terms of the eigenvalues of A. To formulate the statement
concisely, let o(A) denote the spectrum of A, i.e. the set of all eigenvalues of A, and
let C- ={z€C: Rz <0}, Ct = —C~, and iR symbolize, respectively, the open
left half-plane, the open right half-plane, and the imaginary axis.

Theorem 2.9 (Dynamic Partition for Linear Systems with Constant Coefficients).
Let A € R™*™. For the linear equation

T = Az (16)

the following holds:

(i) Qr =0 for all T, i.e., (16) is never quasihyperbolic.
(i1) o(A) C C™ if and only if Ar =1 x R™ (i.e., (16) is attracting) for some T.
(iii) o(A) C C* if and only if Rr = I x R™ (i.e., (16) is repelling) for some T.

(w) Ifo(A) C C™ oro(A) C C*t then & = I xR™ for some T, unless A = aidyxn
with o € R\{0}.

(v) c(A)NC~ and o(A) NCT are both non-empty while o(A) NiR = O (that is,
A has eigenvalues on both sides of the imaginary azis but none on it) if and
only if Hr = I x R"™ for some T'.

(vi) o(A) NiR # O if and only if for every T either E&r = I X R™ or Dr = I x R,
i.e., (16) is always either elliptic or degenerate.

Proof. (i) Assume that Qr = I x R™. Then n > 2, and according to Lemma 2.5
and 2.7 it can be assumed that I' = id,, «,, and S is diagonal, S = diag(p1, ..., ttn)
with 4i; # 0 for all i and p1 > 0 > p,,. From S = 1(A+ A7) it follows that

ai=p; and  a;;+aj; =0 forallij.
Furthermore, M = SA + AT S, so that

EME) = i + > (miay; + pyaz)éi; -
=1

i<j
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With & = (1//p1,0,...,0,4+1/\/=pn) " clearly &4 € Z\{0}, and

1 A1n

5(6x, MEx) = 1 — pn £ (111 un)m -

Thus by letting & equal &4 or £_, depending on whether ay,, > 0 or a1, < 0, we
can find a point £ € Z\{0} with (¢, M¢) > 0. Since this contradicts the assumed
quasihyperbolicity, Or = 0.

(ii) Assume first that o(A) C C~, that is, all eigenvalues of A have negative real
part. To find I' = I'" > 0 such that Ar = I x R", choose a regular real matrix
P such that P~1AP has real Jordan normal form. Since the subsequent argument
can be applied independently to each block in the normal form, no generality is lost
in assuming that either

Al
Al
PflAP: ERan7
Al
A
with some A < 0, or that n = 2m, and
RA 1 A
RA 1 SA
R A
—1 o 2mx2m
PrAP =1 g RA 1 € R
—SA RA 1
-3 R

with R\ < 0 and S\ > 0. In the first case let P. = diag(1,e,...,e" 1) for any
€ > 0, whereas in the second case let

P. = diag(1,e,...,e™ 1 1,e,...,e™ ). (17)
In either case, define B = P P~! APP. and deduce from a short computation that
(@, 2(B+B")Z) < (RA+2)[17]]* = —(|RA| — 2|72 for all 7 € R™.
If we, therefore, choose 0 < & < |RA| then & = B is attracting with respect to
the Euclidean norm. By Lemma 2.7, (16) is attracting with respect to || - ||r where
I = (Pfl)T(Psfl)TP‘;lel.
Conversely, assume that Ar = I x R™. Given a real eigenvalue A\ of A, let v be
any (non-zero) eigenvector corresponding to A and observe that

0> (v,Srv) = (v,TA) = XNv,Tv).

Since I' is positive definite, A < 0. Given a non-real eigenvalue \ of A, there exist
two linearly independent vectors vy, vs such that

Avlzﬂ?/\vl—%/\vg, A'UQZC\\S()\’Ul_"g%)\'UQ.
It follows from

0> <’U1, SP’U1> =RA <’U1,1—"U1> — QA <’U1,1—"U2> ,
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that S\ (v1, Tvg) > RN (v, T'v1) and therefore
0 > (v, Srva) = S (v1, Twe) + R (ve, Tva) > RA((vy, Tvr) + (va, Twa)),

hence A < 0. Thus R\ < 0 for every eigenvalue of A, that is, o(A) C C~.

(iii) Since o(A) C C* if and only if o(—A) C C~, the statement follows immedi-
ately from (ii) applied to —A.

(iv) If A = «aidpxy, with some a # 0 then (16) is attracting or repelling for
every I', depending on whether o« < 0 or a > 0. In any other case, however, we are
going to show that (16) is elliptic for some I'. Three cases will be studied: Either
A has two different real eigenvalues of the same sign each of which corresponds to
a trivial (i.e. 1 x 1) Jordan block, or A has a pair of complex-conjugate eigenvalues
with non-zero real part, or A has an eigenvalue off the imaginary axis corresponding
to a non-trivial Jordan block, i.e., with geometric multiplicity less than algebraic
multiplicity. In general, if A is not a multiple of id,, x, and satisfies o(4) C C~ or
o(A) C C*, then at least one of these cases occurs. Thus the proof will be complete
once we demonstrate for every case how to find T' such that (16) is elliptic with
respect to || - [|r. Each case will be dealt with separately.

Assume first that A has two different real eigenvalues \; > Ay with A\j A2 > 0,
each corresponding to a trivial Jordan block. According to Lemma 2.7 no generality
is lost in assuming that Ae; = A\je1, Aes = Ages, where e; denotes the i-th element
of the canonical basis of R™, and Ae; is contained in the linear span of es, ..., e,
whenever ¢ > 3. To ensure that x — (x, Az) is definite on that linear span, we
can proceed as in (ii) and use matrices of the type P which, however, must not
affect the span of e; and e;. Define I'ey = e7 + aes, ['es = aey + PBes, where the
numbers «, § > 0 have yet to be determined, and I'e; = e; for all ¢ > 3. It is readily
confirmed that I' = I'" is positive definite provided that 3/a? > 1. On the other
hand, Sr is indefinite and non-degenerate whenever 5/a? < 1+ (A1 — X2)?/(4\1\2).
Thus choosing for instance a = /2 and 8 = 2+ (A1 — A\2)?/(4\1\2) we obtain, for
all s, t,

A2 4+ 61 N2 + A3 .2
4\ ’
so that se; + teg € Zp\{0} provided that sA;/t = —%()\1 + X)) £ %|/\1 — A2| and

st # 0. Moreover, for this particular choice of s,t we find

<S€1 + tea, Mp(Sel + t€2)> = :tSt()\l — )\2)2 #0,

(seq + teg, Sr(se; +tes)) = A\1s® + \/5()\1 + Ao)st +

which shows that (16) is elliptic with respect to || - ||r.

Next assume that A has a pair of complex-conjugate eigenvalues A, A with non-
vanishing real part. Invoking Lemma 2.7 again, and replacing A by —A if necessary,
we may assume that Ae; = RAep — Sheq, Aes = SAhey + RA ey with RN, SA > 0,
and Ae; is contained in the linear span of e, ..., e, for all i > 3. As before, we can
ensure that (-, A-) is definite on the latter space, and choosing I as above, with a, 3
such that

R R+ |2 R

) 7%)\| | and ﬂ:1+2a§,
we deduce from a completely analogous computation that Mz, is indefinite, and
hence (16) is elliptic with respect to || - ||r.

Finally, if A has an eigenvalue A for which algebraic and geometric multiplicity
do not coincide, then we may distinguish two subcases. If A, S\ > 0 then n = 2m
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and it can be assumed that

A61 =R €1 — RY) Em+1 A82 =e1 + RA €1 — RSP Cm+2,
A€m+1 = 3Aep + RA €m+1, A€m+2 = SN ey + €m+1 t RN Em42 ,
that is, A is in real Jordan normal form. With T'e; = e1 + aemy1, e =

e+ fBemy1, and Te; = ¢, for all i € {1, m+ 1} the same argument as in the second
case above shows that My, is indefinite. On the other hand, if A € R\{0} then we
can assume that Ae; = Aey, Aes = e1 + Aes. In this case, letting I'e; = ae; with
a > 0, and I'e; = e; for all ¢ > 2, yields a symmetric positive definite matrix I" for
which Sr is indefinite whenever a > 4\?, and My, attains positive and negative
values. (In either case it may again be necessary to proceed as above to ensure that
Sr is non-degenerate.)

(v) Assume first that o(A)NC~ and o(A)NCT are both non-empty while o(A4)N
iR = . As in (ii), choose P such that P~!AP has real Jordan normal form. Again
it is enough to deal with a single Jordan block. Note also that

(z, Mrz) = (z,(TA%> + ATTA)z) = (x,TA%z) 4+ (Az, T Az) > (z,TA%z),
so that the proof can be shortened if (z, T A%x) > 0 holds for some I' =T'T > 0 and
all x # 0. Assume first that

Al
Al

PflAP: eRan7
A1
A

with some A € R\{0}. With P. = diag(1,¢,...,e" ') and B= P-'P"'APP, it is
straightforward to check that

(T, B*7) > (\* = 2¢|\| — 9)||Z]|*  for all T € R™,

so that @ — (z, BT) is positive definite provided that 0 < & < (v/2 — 1)|A|. Hence
(16) is hyperbolic for all sufficiently small ¢ > 0 and T" as in (ii). Similarly, if

RA 1 SA
RA 1 A
_ RA SA
1 o 2mx2m
PrAP =1 g RA 1 € R
-3 RA 1
—SA RA

with n = 2m and A, SA € R\{0}, then choosing P. according to (17) and letting
B = P-1P~1APP. again yields

(@,(B*>+ B'B)Z) > ((R\)? — (21RA| + [S\))e —?)[|Z]|*  for all 7 € R™.
Carrying out the above for every eigenvalue of A separately, we obtain, for all suf-
ficiently small ¢ > 0, a matrix B such that $(B + B") is indefinite, and (z, (B* +

BTB)Z) > 0 whenever T # 0. Thus & = BZ is hyperbolic with respect to
the Euclidean norm, and (16) is hyperbolic with respect to || - ||r where I' =
(P_l)T(PE_l)TPE_lp_l.
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Conversely, assume that (16) is hyperbolic. Pick any n € {£ € R™ : (£, Sr€) >
0}. According to Remark 3, t +— |e“y||r is increasing. On the other hand, if
o(A) € C~ then |le'n|lr — 0 as t — co. This obvious contradiction shows that
o(A) ¢ C~. Similarly, 0(A) ¢ C*. Thus the proof of (v) will be complete once it is
demonstrated that o(A)NiR is empty. To this end, assume by way of contradiction
that o(A) NiR # (), that is, A has eigenvalues on the imaginary axis. If 0 € o(A)
then Av = 0 for some non-zero vector v, so that (v, Spv) = (v,I'Av) = 0, showing
that v € Zp\{0} and hence Ar = Rp = 0, but also

(v, Mpv) = (v, (TA% + ATTA)w) =0,

so that Hr = Qr = 0. Thus either & or Dr equals I x R™. If, on the other hand,
A = ib € o(A) with some b > 0 then there exist two linearly independent vectors
v1, V9 such that Avy = —bvg, Ave = bvy, and hence

(v1, Srv1) = (v1, T Avy) = —b{vy, Twe) = —(va, Srva) .
From
(sin p vy + cos p vg, Sr(sin pv1 + cos pva)) = bsin 2¢ (v1, Tv1) + bcos 2¢ (v1, Tva)
it follows that sin g vq + cosp vy € Zr\{0} whenever
(v1,Twg)
(v1,Tvq)

There exists a unique solution * of (18) with |p*| < 7, and ¢* + 7 also solves (18).
Consequently,

tan2p = — (18)

(sin ™ vy + cos @™ ve, Mp(sin ¢ vy 4 cos p™vy)) =

<1)1,F’Ul>2 + <’Ul, F1)2>2
) #0, (19)

and replacing ¢* by ¢* + % results in multiplying (19) by —1. Therefore Mz, is
indefinite, and (16) is either elliptic or degenerate. Since (16) was assumed to be
hyperbolic, this shows that 0(A) C CTUCT with o(A)NC~ # 0 and o(A)NCT # 0,
and hence completes the proof of (v).

(vi) Assume that o(A) NiR # (). The proof of (v) above has shown that & =
IxR™ or Dr = I xR™ in this case. Conversely, if o(A)NiR is empty then exactly one
of the cases (ii), (iii), and (v) applies and shows that (16) is, for an appropriate T',
attracting, repelling, and hyperbolic, respectively, and for this particular I" clearly

= 2b% cos 2p*

E&r =Dr =0. O
Remark 8. The converse of (iv) does not hold, as can be seen for instance from
1 2 0
A= 0 1 2],
0 0 -1

for which £ = I x R3 yet 0(4) N C~ = {-1} and o(4) N C* = {1} are both
non-empty.
In the following Corollary to Theorem 2.9 we point out which cases can occur

in which spectral situation and provide examples showing that all cases do actually
occur.

Corollary 1. Let A € R"*™. For the linear equation (16) the following statements
hold:
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(i) If o(A) C C~ then Ap = I xR™ or &p = I x R™ or Dr = I x R", i.e., (16)

1s either attracting or elliptic or degenerate.

(i1) If 6(A) C CT then Rr = I X R"™ or &p = I x R"™ or Dpr = I X R", i.e., (16)
1s either repelling or elliptic or degenerate.

(iii) If o(A) N C~ and o(A) N C* are both non-empty while o(A) NiR = 0 (that
is, A has eigenvalues on both sides of the imaginary azis but none on it) then
Hr =IxR" orEp =1 xR™ or Dr =1 xR", i.e, (16) is either hyperbolic or
elliptic or degenerate.

(iv) If o(A) NiR # () then E&r = I X R™ or Dr = I X R™, i.e, (16) is either elliptic

or degenerate.

Proof. The possibilities Rr = I x R™ and Hr = I x R™ in (i) are ruled out,
respectively, by parts (iii) and (v) of Theorem 2.9. Similarly, the possibilities Ar =
I xR"™ and Hp = I x R™ in (ii) are ruled out by Theorem 2.9(ii,v). In (iii),

remains to show that all other cases can actually occur. To this end consider the

following examples.

(i) Let ' = (; g) For A = diag(—1,—1), Spr = —T', and (16) is attracting.

Choosing A = d1ag(—1,—5) y1elds SF = <:é __2?)> and MF = (32 22(6))

Since 5172 = ( _6:l:1\/ﬁ

the system (16) is elliptic. Finally, for A = diag(—1, —%) one finds det St = 0,
and so (16) is degenerate.

(ii) Choosing I' as in (i) and replacing A by —A yields examples of (16) with
a(A) C CT which are, respectively, repelling, elliptic, and degenerate.

) are both contained in Zr, yet (§1, Mp&1) >0> (&5, Mr&s),

1 2 0
(iii) Let T = [ 2 5 0 |. For A = diag(—1,—1,1), det Sr > 0 and My =
0 0 1
2T°, so that (16) is hyperbolic. Choosing A = diag(—1,-5,1) leads to Sp =
-1 -6 0 2 36 0 -6+ /11
—6 —25 0 ) and My = [ 36 250 O |. Since &2 = 1 are
0 0 1 0 0 2 0

both contained in Zr, yet (§1, Mp&y) > 0 > (€2, Mr&s), the system (16) is elliptic.

Finally, for A = diag(—1, —3+2‘/5, 1) one finds det Sp = 0, and (16) is degenerate.

a 0 0
(iv) Choose I" as in (iii), andlet A= | 0 0 —1 | witha € R. From det Sr = a
03 0
and Theorem2.9(vi) it follows that (16) is degenerate if a = 0, and elliptic otherwise.
(Note that the elliptic case can occur only if n > 3, see [1].) O

We next consider an autonomous equation
i = F(x), (20)

with a C? function F : R™ — R"™. According to Remark 5, each fiber 7r(t) in the
dynamic partition of (20) is independent of ¢. The following theorem states that a
periodic orbit either lies entirely in the elliptic region or else contains a degenerate
point. Note that a planar version of this result is already contained in [4].
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Theorem 2.10 (Location of Periodic Orbits). Assume that (20) has a nontrivial
periodic solution p with period T > 0. With O = {u(t) : t € [0,T]} exactly one of
the following two alternatives holds:

(i) O C &r(0), i.e., the periodic orbit is contained in the elliptic fiber, or
(1)) ONDr(0) # 0, i.e., the periodic orbit intersects the degenerate fiber.

Proof. Assume that O N Dp(0) = (). Then the closed set O is contained entirely
in one of the open regions Ar(0), Rr(0),&r(0), Hr(0) or Or(0). Since ji(t) =
DF (u(t)) [(t), the function [ is a nontrivial T-periodic solution of the periodic
linear equation

§=A(t)¢  where A(t) = DF(u(t)), (21)
with symmetric part Sr(t) and zero strain set Zp(¢). Assume that O C Ap(0).
Then u(t) € Ar(0) for all ¢ € [0, T] and by (6) we get the contradiction ||a(T)||r <
[l£e(0)||p. Similarly, © C Rr(0) leads to a contradiction. Next assume that O C
Hr(0). Define the two cones W~ (t) := {€ € R™ : (¢, Sr(¢)¢) < 0} and ¥ (t) :=
{€ € R?: (£, Sp()€) > 0}. If fu(t) € U= (t) for all t € [0,7T] then (6) implies the
contradiction [|(T)||r < [|f2(0)||r. Analogously, fi(t) € UT(t) cannot possibly hold
for all t € [0,T]. Consequently, there exists to € [0,T] with (o) € Zr(to). But
then, by Remark 3, fi(t) € UT(¢) for all ¢ > t(, which in turn yields the contradiction
L(to) = p(to+T) € t(to +T) = U (tp). Similarly, assuming that O C Qr(0)
yields a contradiction. Thus O C &p(0) whenever O N'D(0) = (). O

2.2. Local results. In this section we prove that the local behaviour of solutions of
(1) can be approximated by means of the zero strain set and the dynamic partition.
We fix a point (tg,zg) € I x R™ and denote by p the unique solution of (1) satisfying
wu(to) = xg. Also, let z(t,to, 2o+ Z) denote the solution of (1) with x(to, to, zo+Z) =
To + .

Theorem 2.11 (Local Attraction and Repulsion). Consider (tg,z¢) € I x R™ and
the solution p of (1) with u(ty) = xo.
(i) If (to, z0) € Rr then there exists 6 > 0 such that

d _ _

a”x(t,to,xo +)— ,u(t)H%‘t:tU >0 for all 0 < ||Z||r < 0.
(i) If (to,zo) € Ar then there exists § > 0 such that

d _ _

a”x(t,to,xo +)— ,u(t)H%‘t:to <0 for all 0 < ||Z||r < 0.

Proof. Using Lemma 2.7 we can transform (1) together with the norm induced by
T to (14) together with the Euclidean norm. For notational convenience we denote
the latter equation again by @ = f(¢,x). To verify (i) assume that (to,zo) € R.
Definition 2.4 implies that there exists o > 0 such that

(€, S(to,20)€) = (&, Daf(to, 0)€) > forall [[{] =1, (22)
which in turn shows that
h(z) := f(to,z0 + ) — f(to, o) — Dz f(to,z0)% = o(||Z[|) as [[Z]] — 0.
Choose 6 > 0 so small that
[(z,h(@)) | < allz]*  forall 2] <4. (23)
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Using (22) and (23) we deduce that for all 0 < [|Z|| < ¢

Cllnltsto,mo+ ) — (0|, = 200 Daf(to,70)7 + h(z)
= 2(2,Daf(to, 20)Z) + 2(T, h(T))
> aofz|*>0.
This completes the proof of (i). The argument for (ii) is completely analogous. O
Next we compare the zero strain set Z(to,xo) which, by its definition, only de-

pends on the linearization (5) with its nonlinear analogue, the nonlinear zero strain

set of (1)

_ nd _
Z(tow0) i= {2 € R : Z|alt to,0+2) = p(®)F],_,, = 0}

Lemma 2.12 (Relation between Nonlinear and Linear Zero Strain Set). Consider
the linearized equation (5) along the solution p : I — R™ of (1) with u(ty) =
xo. Suppose that Sr(to,xo) is non-degenerate and indefinite. Then, for each § €
Zr(to, o) \ {0}, there exists ¢ > 0 and a C* curve v : (—e,e) — R™ satisfying
7(0) =0, 4(0) = €, and graphy C Z(to, o).

Proof. As in the proof of Theorem 2.11 no generality is lost in considering & =
f(t,x) together with the Euclidean norm. Applying Lemma 2.5 with « = 0 and
an orthogonal matrix @ such that QT [D, f(to, z0) + D f(to, z0) ']Q is diagonal, we
can furthermore assume that S(tg, z¢) is diagonal,

S(to, Io) = diag()\l, ceey )\n) y (24)

with the eigenvalues \; ordered according to (7) with nt € {1,...,n — 1}. Let
5 = (51, - ;fn) S Z(to,Io) \ {0} Then

MET 4 Xl + .+ N2 =0, (25)

and there exists at least one i € {1,...,n"} with & # 0. Assume w.l.o.g. that
&1 # 0. The function v : (—¢,¢) — R™ will be of the form

v(s) = (1(s), €25, -, &ns), (26)
with a function 77 yet to be constructed. To this end define F : R2 — R as

d
F(o,5) = —lla(t,to, w0 + 7) = p(®)II],_;, = 2(, f(to, 20 + 7) = f(to,0)) , (27)
where T = (0,28, ...,&,8). Since f(tg,zo+T) = f(to,x0) + Do f(to, x0)Z + o(||Z|),
we find F(o,s) = \o? + 523", \ié? + o(0? + s?). Define

F(o,s)—)\loz—SQZ?ZQ)\iff .
7«(0—7 S) = o2 + 52 if (Uv S) # (07 O) ’

0 if (o,5) = (0,0),

so that r is continuous and, except perhaps at (0,0), even C', and F(o,s) = A\jo? +
23 N 4 1(0,8)(0* + s?). Together with (25) this implies that

F(o,5) = (A +1(0,5))0* — (M&f —r(0,5))s>.

Since r is continuous and r(0,0) = 0, there exists § > 0 such that |r(o,s)| <
min{A;, A\ &7} for all (0,5) € Bs = {(0,8) : |o] < d,|s| < §}. In order to write
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the solutions of F' = 0 near (0,0) in the form (o(s),s) we define two functions
F~,F*:Bs —Rby
FE(o,8) = /M +7(0,8) 0 £ \/ ME2 —7(0,5) s, (28)

so that F = F~F* on Bs. We first study F~. Clearly, F~ is C' on Bj except at
(0,0), and F~(0,0) = 0. To prove that F'~ is actually differentiable at (0,0) with

0= (Vin-yag) | (29)

F~(0,5) — F~(0,0) — (\/)\—10 —\/ A& —r(o,s) s)
=(VA+1(0,) = VAo = (Vg —r(os) — (Jagd)s

r(o,s)o r(o, s)s

\//\1—|—TO'S +\/— VAE —r(0,8) + V&G
<|r(o, s)|V o2+
eIV (75 i)

Since r(0, s) — 0 as Vo2 + s2 — 0, we deduce that

L [P (05) = F7(0,0) = (VAo — VAigE — (0, 5) 8)|
lim =0,
024520 \/m
which proves (29). A direct computation shows that lim(, s —(,0) VF(0,5) =
VE~(0,0), hence F~ is a C! function. In particular,

2 5=(0,0) = VA £0.

By the Implicit Function Theorem there exists ¢ > 0 as well as a C! function
v i (—g,6) = {0 : |o| < §} with v~ (0) = 0, such that F'~ (v~ (s),s) = 0 for all
|s| < e. Together with (27) this implies that (7~ (s),&28,...,&,8) € Z°(tg, xo) for
all s € (—¢,¢). Moreover, by (28) we have

ﬁ*(o):nmﬂS) \/Alfl—T “(5)9) _ Vg
N Y= e ey M w

In a completely analogous manner we can also construct, with some € > 0, a function
vt (—e,e) — {0 : |o| < &6} with vT(0) = 0 such that (v (s),&as,...,&.s) €
Z"(tg, z¢) for all s € (—¢,¢) and

70) = L g,

we compute

=&l

Therefore, by defining
_Jr(s) if& >0,
7(s) = { yT(s) if& <0,
for all s € (—¢,e) we obtain, via (26), a curve v with 4(0) = 0, ¥(0) = &, and
graphy C Z™ (g, zo). This completes the proof. O

The remaining two results in this section clarify the implications that (quasi)hyper-
bolicity and ellipticity have on the local behaviour of solutions of (1) on the nonlinear
zero strain set.
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Theorem 2.13. (Local Hyperbolicity and Quasihyperbolicity). Consider (to,xo) €
I x R™ and the solution u of (1) with u(ty) = xo.
(i) If (to,z0) € Hr then there exists 6 > 0 such that

d2

@Hx(t,to,xo +z)— u(t)H%}t:to >0 forallz € ZM(to, z0) with 0 < ||Z||r <.
(i) If (to,zo) € Qr then there exists 6 > 0 such that

d2

@Hx(t,to,xo +I)— ,u(t)H%}t:tU <0 forall z € Z:\(tg, ) with 0 < ||Z|r < J.

Proof. Asin the proofs of Theorem 2.11 and Lemma 2.12, it is no restriction to work
with the Euclidean norm, i.e. I' = id, x», and to assume that the non-degenerate
matrix S(tg, zo) is diagonal, i.e., S is given by (24). By assumption, S(to,xo) is
indefinite, i.e., the eigenvalues \; satisfy (7) for an n™ € {1,...,n — 1}.

To prove (i) assume that (tg,x0) € H. First we will show that for any ¢ > 0
there exists 6 > 0 such that for each # € Z"!(¢y, z0) with 0 < ||Z|| < § we can find
& € Z(to, xo) satistying

1€ — 2| <ellz]l. (30)

To this end define |\| = minj<;<, |\i| and
h(z) == f(to, o0 +Z) — f(to,x0) — Duf(to,z0)z = o([|Z]|) as [z| — 0.
Fix € > 0 and choose § > 0 so small that
[(Z, h(2))] < Le||z|? for all 0 < ||z]| < 4. (31)

Let & = (Z1,...,%,) € Z"(tg, 79) with ||Z|| < §. Then

Ni@? + (z, h(z)) =0, (32)

-

1=1

and combining (31) and (32) we obtain

Soh(+e)zi+ Y. M(l—e)z? >0 and Y N(1-e)zi+ Y Mi(1+e)z; <0.

i=1 i=nt+1 i=1 i=nt+1
This implies that there exists o € (—¢,¢) such that
E=(W1+azy,...,.V1+aZ, ., V1 —aZpii1,...,V1—aZ,) € Z(ty,x0).

Moreover, using the fact that |[v/1 £ a — 1| < |a| < € we obtain (30).
Since (to,z9) € H, there exists a > 0 such that (&, M(to,z0)§) > « for all
[I€]l = 1. A direct computation shows that

d? _ _ _ _ _
Tzt to, w0 + @) = p@)l1*],_,, = (&, M(to, z0)z) + o(l2[|*) ~as [z — 0,
and hence there exists d; > 0 such that for all ||Z| < 41,
d? _ _ _ _
D et to. w0+ 2) — )] _,, — (& M0, 20)2)| < Ballsl2. (3

Define m = || M (to, xo)|| as well as
«

= 34
200 + 6m’ (34)

€
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and choose d2 > 0 such that (30) holds whenever 0 < [|Z|| < d2. Let § = min{dy, 02}
and consider z € Z"(tg, x) with ||Z|| < §. We have
<j7 M(t()u :EO)‘%> = <€7 M(th x0)€> + <j - 67 M(t()u ,’Eo)§> + <£.7 M(t()u :EO)(:E - §)> ’

where § € Z(to,x0) is chosen appropriately such as to satisfy [|§ — Z|| < ¢|Z]|.
Together with (33) and (34) this implies that

d? 7 _ _ _ _
Tt to, o +2) = p®)*| _,, > ellzl* —em|zl| €]l - em|zl|* - oz
1 —12 o’ —112
Since the argument for (ii) is completely analogous, the proof is complete. |

Theorem 2.14 (Local Ellipticity). Consider (to,z¢) € I x R™ and the solution u
of (1) with p(ty) = xo. If (to,x0) € Er then there exists ¢ > 0 and two C curves
v,y 1 (—g,e) — R™ with the following properties:

(i) v£(0) = 0 and graphy® C Z2(tg, z0).

(ii) For every x* € graphy™ \ {0}

d2

@ ||I(ta tO; Zo + I+) - :u(t)”%‘t:to >0 ’
whereas for every x— € graphy~ \ {0}

d2

@Hx(tvtOVIO + 'ri) - :u’(t)H%‘t:tO < O

Proof. As in the proof of Theorem 2.13 we can assume w.l.o.g. that I' = id,, x,, and
Sr(to, xo) is diagonal. Since (tg, ) is elliptic, by Remark 6 there exist two unit
vectors 1,8 € Z(to, xo) satisfying

(€1, M (to, z0)61) > 0 > (§2, M (to, w0)82)-

Define o = Hlin{<€1, M(to, $0)§1>, —<§2, M(to, I0)€2>} and m = ||M(t0, Io)H Ac-
cording to Lemma 2.12 there exists €; > 0 and two C' curves Wi i (—e1,61) = R
satisfying (i), more precisely, v(0) = 0, graphy® C Z™(tg,z¢) and 47(0) = &,
47(0) = &2. A direct computation shows that
d2
at?
This implies that there exists ¢ > 0 such that for all ||Z|| < ¢

(¢, to, zo +2) — u(t)l|?|,_,, = (&, M(to,z0)z) + o(||Z]|*) as [z — 0.

d? _ _ _ _
et to, 20+ %) — (D], — (7 M(to0,20)m)| < Loz

We now verify (ii) for y*. A Taylor-expansion of v at s = 0, using the fact that
4T(0) = 0 and 4T (0) = &, yields v (s) = &1 + o(]s]). Consequently, there exists
e € (0,e1) such that ||[y"(s) — & s|| < L|s| holds for all |s| < &; here L > 0 is chosen
so small that 2o > Ta(L +1)? + mL(L + 2). Thus

(vF(s), M(to, 0)y ™ (5)) = 8* (€1, M(to, 20)&1) — [(v"(5) — &8, M (to, w0)561)]

= [{rF(s), M(to, 20) (7" (s) — 561))]
> s*(a—mL(L +2))
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whenever 0 < |s| < €, and therefore

d2
St to, 2o +97(s)) — pO?],_,, = s° (@ = mL(L+2)) — ga(L +1)°

> %as2 > 0.
As the verification of (ii) for v~ is completely analogous, the proof is complete. [

2.3. An algorithm to compute the dynamic partition. In this section we
describe an algorithm to compute the dynamic partition associated with (1) with
respect to the norm ||| = (-, T-)2. Given (o, zo) € I x R™, the following schematic
algorithm lists the steps required for determining the type of (¢g,xo).

Simplify Norm
Diagonalize Strain
begin switch type of S = (n,n~) satisfies
nt +n~ <n, then (to,z0) is degenerate
nt4+n" = n, then
begin switch ntn~ is
zero then
begin switch n™ is
zero, then (tg,xzo) is attracting
non-zero, then (to,xo) is repelling
end switch
non-zero then
begin
Simplify Zero Strain Set
Construct Polynomial
begin switch rangeP contains
only positive values then (to, o) is hyperbolic
only negative values then (g, ) is quasihyperbolic
positive and negative values then (tg,xo) is elliptic
end switch
end
end switch
end switch

All steps in the above algorithm will now be explained and justified in detail.

Simplify norm. Choose 7" € R"*" such that T'I'T = id, xn, i.e., T~ is a root
of T'. Apply the transformation x — T 'z to

@ =f(t,z)  withnorm || - ||p = (-,T-)2. (35)
Lemma 2.7 implies that (to,z) for (35) and (to, T~ 'zg) for
&=T7 f(t,Tx) with Euclidean norm || - || = (-, ~>% (36)

have the same type. By (15) the strain tensor and strain acceleration tensor for
(36) at (to, T 'xg) are, respectively, given by

S =T"Sr(ty,z0)T  and M =T " Mrp(to,xzo)T.
Diagonalize strain. Choose an orthogonal matrix Q € R™*™ such that

S=Q"SQ = diag(\1,...,\n),
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with the eigenvalues A; ordered in accordance with (7). Apply the transformation
z+— Q" to (36). By Lemma 2.5, the type does not change under this transforma-

tion, and S and M = QT MQ are the new strain and strain acceleration tensors,
respectively. Thus (tg,zo) is degenerate if n* +n~ < n. If n™ +n~ = n and
ntn~ = 0 then (to,z0) is attracting or repelling, depending on whether n™ = 0
or n* # 0. In the remaining case, that is, if n* +n~ = n and n*n~ # 0, then
S is indefinite and non-degenerate, and to determine whether (to,zo) is elliptic,
hyperbolic or quasihyperbolic we simplify the zero strain set.

Simplify zero strain set. Define the matrices N := diag(1/+/|A1], ..., 1//|An])

and )
M = (), == NMN  with iy = —d

g VINA]

as well as the set
Z={6eR : &+ ...+, = +...+&}.

By Remark 2, N¢ € Z if and only if € € Z. Moreover, (N¢, MNE) = (¢, M¢) and
thus M |7 is positive/negative definite or indefinite precisely if M |7 has the same
property.

Construct polynomial (characterizing strain acceleration on zero strain
set). Since the sign of (¢, ]/\/[\Q does not depend on the norm ||&]| # 0, we restrict
our attention to & € 7 with

4. 4= +...+& =1, (37)

ie. |€] = V2, to check whether 1\7|2 is positive/negative definite or indefinite.
Moreover, if ny equals 1 or n — 1 then w.l.o.g. we can set §&; =1 or &, = 1 in (37),
respectively. Let

Bio = {(&k &1, ..., &) T e REFHL | &2 +&i .+ =1}

denote the (I — k)-dimensional unit sphere, where ¢ — k > 1. We parametrize By, 4
by ¢ — k angle variables as follows:

& = cosay,
k11 = sinagcosagyt,
(38)
&1 = sinagsinagyp-...-sinag_gcosap_1,
& = sinagsinagy)-...-sinag_gsinag_g,

where o; € [0,27] for all k <4 < ¢ —1. Letting z; = tan § and using the fact that,

2
consequently, for all k <i < /-1, cosq; = 1: as well as sin o; = 1%:;'2 , we obtain
from (38) that
1—27 7pi—1 2% . .
T+27 j:kﬁ ifk<i<fl-1,
6= 0 (39)
1 22 ifi=1/
HJ:k 1+zjz. L )
where we use the convention that Hf;,i ffzjj = 1. Next we utilize (37) and (39)

to construct a polynomial which characterizes the sign of <§,]\//T &) for € € Z. In
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accordance with (37) we check the sign of (¢, JT/[\@ for

=, 6) €Z  with [¢]| =2, (40)
depending on n*. If n™ =2,...,n — 2 then
(51,...,€n+)—r S Bl,vﬁ and (§n++1,...,fn)T IS Bn++17n. (41)

If nt equals 1 or n — 1 then w.lo.g. & = 1 or &, = 1 in (37), respectively. For
each of these different cases we construct a polynomial P which allows us to decide
whether M is positive/negative definite or indefinite.

Case n™ = 1: Assume w.lo.g. that & = 1. If n = 2 then (37) takes the form
€2 = ¢2 and we need to deal with this case separately.

Subcase n = 2: Since & =1,
(€, ME) = iy + 2028 + M22E3 .
Replacing & by 2z and using the fact that £ = 1 we get the polynomial
P(2) = Mggz® + 2Moz + My with 2z € {—1,1},
and sign(¢, ]/\4\@ = signP(z), i.e. (to,zo) is hyperbolic/quasihyperbolic if
rangeP = {P(z):z € {—1,1}}

contains only positive/negative values and elliptic if it contains both positive and
negative values.
Subcase n > 3: Since & =1,

(€, M¢) = D W& +2) Mk + (42)

i,j=2 i=2

with (40), i.e. (&,...,&,)" € Ba,,. Substituting (39) into (42) yields a rational
function, and multiplying this function with its denominator

(L4222 (14+22_)?,
we obtain the following polynomial P of degree 4(n — 2),

P(z)= Y mijPyj(2) + 2 muQi(z) + ma1R(z), (43)
i,j=2 i=2
where
R(z)=(1+2)%...-(1+25_1)%,
and P;;(2),Qi(2),2 <1i,j < n are polynomials of the form
Pij(2) = P(2)Pj(2) and Q;(z)=(1+23)-...-(1+22_))Pi(2)
with

(1= T[22 (142 if2<i<n,
Pi (Z) — . J J
[T} 22 ifi=n.
Then (to,x0) is hyperbolic/quasihyperbolic if
rangeP = {P(2): 2z = (29,...,2,_1) € R"7?}

contains only positive/negative values, and elliptic if rangeP contains both positive
and negative values.
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Casent € {2,...,n—2}: To check the sign of (£, M\@ for £ satistying (41) we define
z = (21, s Zn+_1,Zn+41,-- -, 2n—1) and substitute (39) into (£, M¢). As before,
this yields a rational function which we again multiply with its denominator

(L2 (L 220 ) (L 22 e (L 22,

to obtain a polynomial P of degree 4(n — 2),

where each P;j(z), 1 < i,j < n, is a polynomial of the form P;;(z) = P;(z)P;(z)
with

i—1 nt—1 n—1
(1- 212) H_j:l 2z; H_j:i+1(1 + 232) H] n++1(1 + 25 )
for1<i<nt—1,

I 25 Tk (1 22) for i = n,

1—1 n—1 nt—1
(1_21‘2)1_[ 1127 [[2 1+1(1+Z M (1+232)
forntT+1<i<n-—1,

H] n++12zJHJ1 (1+23) for j=n.
Consequently, (tg, xg) is hyperbolic/quasihyperbolic if
rangeP = {P(2) : 2= (21, ..., Znt —1, Znt41s -+ 2n_1) € R" 72}

contains only positive/negative values, and elliptic if rangeP contains both positive
and negative values.

Case nt = n — 1: Note that only the case n > 3 has to be considered here, since
n = 2 implies n* = 1, which case has been discussed earlier. Assume w.l.o.g. that
&, = 1 so that

<€7 M§ Z mljglgj +2 Z Min&i + Mpn, (44)
1,j=1
where (£1,...,6,-1)" € Biy—1. We define z = (21,...,2,_2) and substitute (39)
into (44). The result is again a rational function, and multiplying this function with
its denominator

(14297 (T4 2ny)”
we obtain the polynomial P of degree 4(n — 2),
n—1
- Z ﬁlij ZJ + 2 Z man + mnn (Z) ) (45)
i,j=1
where
R(z) = (1+2)" ... (1425 5)%,

and P;;(2),Qi(2),1 <i,j <n—1 are polynomials of the form
Pij(z) = Pi(2)Pj(2) and Qi(2) = (1 +27) ... - (1 + 2 _5) Pi(2)
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with
}ﬁ@:{<1i§nﬁj2anziar+@> i1 <i<n-1,
H?:12Zj ifi=n—1.
Thus (o, zo) is hyperbolic/quasihyperbolic if
rangeP = {P(2): 2z = (21,...,2n_2) € R"?}

contains only positive/negative values, and elliptic if rangeP contains both positive
and negative values.

Example 1. The polynomial P which characterizes the strain acceleration on the
zero strain set in three dimensions, i.e. for z € R3, is of the form (see (43) and (45))

P(z) = Auz" + A3z’ + A2® + A2+ Ay (2 €R),

where the coefficients A;,0 < i < 4, are determined as follows: If nT =1 then

Ay = My — 2 + Moo,
Az = 4myz — 4mag,
Ay = 2my1 — 2Mag + 4Mmas,
Ay = 4mgz + 4imoas,
Ay = my1+ 3ma2 + ma2,
and if nT = 2 then
Ay = My — 2z +mas,
Az = —4mgo + 4mas,
Ay = —2mqy + 4ma + 2Ms3,
Ap = 4dmag + 4imos,
Ay = M+ 2ma3 + sz,

1 \A0|+\A1\+|A2|+\A3|}
b

cf. [10] for a similar but slightly different formula. If || > max{ ]

then |P(z)| > 0, since
[P(2)] | Adll* = A4s][2° — [Az2]]2]* — |Ax]|2] = |Ao]

|[Aall[* = (|As] + [A2| + | A1] + |Ao])]®

[2* (| Aall2] = (| As] + [A2] + [A1] + [Ao])) > 0.

Thus we can easily estimate the compact domain which contains all possible zeros

of P. It is worth pointing out that for x € R™ with n > 4 the polynomial P

depends on z € R"~2. While it is possible to decide in polynomial time whether

either |P(2)| > 0 for all z € R"~2 or else P(z1) > 0 > P(z2) for some 21, 22, such a

decision can be a practically hard problem already for n = 6, see e.g. [1].

AVANAY]

2.4. An example. In this final section we compute the dynamic partition for the
equation

io= (@ o) -1,
j o= -1 -y, (46)
o= @+ -HE -0,

for (z,y,2) € [-1,1]> C R3 with respect to the Euclidean norm. The faces of the
cube [—1,1]® are invariant under the flow. All horizontal edges {(z,y,2) : |z| =
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. i @ﬂlﬂ@

¥ -1 -1

FIGURE 4. The vector field of (46) and some trajectories.

1,(Jz| = 1)(Jly| — 1) = 0} consist of equilibria. A heteroclinic orbit connects the
two equilibria (0,0,—1) and (0,0, 1), see Figure 4. Since (46) is autonomous, by
Remark 5, its dynamic partition is independent of time, i.e., the regions 7 (t) = 7
for T e {A,R,E, H,Q,D} as well as S, Z and M do not depend on ¢t. For example,
the components of the strain tensor S(z,y,2) = (si;)i j=1,2,3 at a point (z,y,2) €
[—1,1]? are

sii= (322 = 1)(y° =Dz, s = (2> —1)(3y" -~ 1)z, s33=2(2"+y° - )z,

s19 = 8591 = xyz(x? +y2 —2), s13 =853 = %:C(x2y2 —2? =yt 4222 -1),
and
$93 = S39 = %y(mzyQ —x? —y? 4222 - 1).
An easy but lengthy computation shows that a point (z,y, z) is attracting if and
only if
511+ 822+ 833 < 0,
511822 + $11833 + S22533 — S12821 — 13531 — S23S32 > 0,
511822833 — 11523832 — $22513831 — $33512821 + 2812823831 < 0,

and it is repelling if and only if

s11+ 822+ 833 > 0,
511522 + 511533 + 822533 — S12521 — $13531 — S23532 > 0,

511522833 — 511523532 — $22513531 — 33512521 + 2512523831 >

The points satisfying either of these two sets of polynomial inequalities define the
open interior of a solid torus, see Figure 5. We use the algorithm described in Section
2.3 to compute the elliptic region £ in [~1,1]3. Figure 6 shows the boundary of the
elliptic region (in red), as well as some yellow points indicating on which side of the
boundary the elliptic points are actually located. In fact, the plane z = 0 consists
of degenerate points, since
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FIGURE 5. The lower torus consists of attracting points, and the
upper torus contains all repelling points of (46) in [—1,1]3.

0 0 513
S(z,y,0) = 0 0 s23
s31 s32 0

is degenerate. To better visualize the elliptic region we do not display the square
{(x,y,2) € [-1,1]* : z = 0} belonging to the boundary of £ so as not to hide the
structures underneath. Figure 6 again shows the top and bottom torus consisting

FIGURE 6. Part of the boundary of the elliptic region £ of (46) in
[—1,1]? (in red; the square {(z,y,2) € [-1,1]>: 2 = 0} C D is not
displayed). £ is indicated by yellow diamonds.
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of repelling and attracting points, respectively. Outside the tori, the elliptic region
is indicated by yellow diamonds.

The remaining boundary of £ consists of two cones which meet at the origin and
a tent-like structure which altogether form the boundary to the hyperbolic region.
The results of the computation of the hyperbolic region H in [—1,1]® are displayed
in Figure 7. In agreement with Theorem 2.9, the hyperbolic rest points (0,0, —1)
and (0,0, 1) together with cone-shaped neighbourhoods thereof are contained in H.

(1]
2]

[10]
(11]

FIGURE 7. The boundary of H of (46) in [~1,1]* (in red). The
hyperbolic region H itself is indicated by yellow diamonds.
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